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December 18, 1936 

Special Report $5 

Subject: Some Commtntr on the Problem of Sortha. 

We are given a collection of objects hertinafter called itamr which 
atre linearly ordered fn such Q way that the! rahtfve order of aay two 
items can be determined by direct cemparlsoa of the iterr11 thernoelve48~ 
mr objective i r  to arrange the item8 80 th8t their h e a r  raquenca 
agreara with their intrinaic order. Many procrdurer hive bean dareribad 
for bringing items into requance and it ir important to know which 
method ir the faetart. The method6 of Lnformation theory enable ub to 
find certrin theorem8 which are at l a ro t  rdrt8d to the 
detcrmhfng the faotert method of sortfag. 

In any machine computation, the i t 4 p  can be divided roughly into two 
kinds, the sdmidstrative and the decidvo. By the dsci+iva #tap# we 
mean thore place8 the computation where the data itsslf enters 
rruch a way a b  to affect the final result. The other step8 854 adnnW8~ 
trative; they include any rort of data rearrangement, counting routines 
(when the counting objactiveo are independent af the drtr), addrerr 
modificatioar, print aut#, etc. The dirtinction i s  not ahayr  chdbr-cut, 
but in the problem of oorting it ir, or at least for the procedursr whkh 
arc widely used. fnforrnation theory proves that there arb defbite 
lower bounds to the number of decirfve atepa for any oparation, 80 that 
o m  m9l;lura of efficiency in any procedure ir,ob;tsinad by comparing 
the actual nUMber Of decirslvs Otep8 %dathe th@Qraf id&hIlUM. UA-

fortunately this measure trkrkl~no account of the admfnirtrrtive r topr 
which can frequently be the principal part of the computation &a far a6 
overdl t h e  i o  concerned. 

We ohdl diercurs s o r a g  by counting decis~onr,where we: arauma that 
dl decision8 are of the simple binary type: item A ahead of itemI f h 

B 3 "  

Let us note that the fair artimate of the length of ~ ' ~ O G O I Iirr the average 
length *en over all posriblr input data, weighted by tha a priori proba-
bdliths of there data. 

Theorem 1. Consider the problem of rrelactfag one of n prribla, altarnrtfvtr, 
al l  equally lifrely a priori, by a rruccesrion of binary decirioar, The 
mbimum, ovur all prcocedurtm, of the expected number of decirriona i r  
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(Proof w i l l  not be 	included here) 

Theorem 2. If 	 C = 1 - logz.e + logz iogze fJ .086, then 
loga n 6p(a)c tog n t C. 

\ 2 
The lower inequality i r  equality if n irs a power of two. The upper bound 
i a  approximated when n f ~ZP/rOg2e. 

In proving theorem 1, it SI assumed that one may ark any rort of a qquarrtion 
requiring a two-valued (yes or no) anrwer. The minimum will always be 
attained Jf at each stags the porribla alternative# av'b diyidhd into two 
group8 LB nearly 	equal a1 porsiblc and asking whether the correct choice 
liaa in the first group. Xn practice# we cannot r lwayr  ark a qusrtion of 
this type by a r h p l s  #tap, a0 art p ( n )  CM be weu befow tho minimum 
of practical anrwsrr, E'lxamplo: Given a file of n itemr, known to be 
iorted, and known to contain exactly one pair of duplicatcsr, find them. 
h thirr problem there arc '~li- 1 altarnrtivae, r b c s  the 
first and aecond card, the 2nd and 3rd, ., (nll)rt, nta. 
the theorem, the minimum length of a process far findia 
logz;(n-l). This would be achieved if we could ask the g 
pair in the firrt half of the fila P f t  But rincs there l o  no way of answering 
this qusotion rhort of lookbg through the whola firrt half af the fila, whkh 
i t o d  would iovdve OL lot of dtcirioar, we cannot achieve the minimurn of 
the theorem, or anything near it. It i r  cJssr that the beat we caa do uriag 
elementary quertionr, i s  to turn the f i le  from the baginning campring 
ruccassivs card#. Since we expect to find the pair halfway through on the 
average, t h a t  length of thir procerr i r  1/2  ( ~ ' 1 ) ~it far cry from logz(n-l) 
if P irr large. Our procaro wuld be ideally sffichnt UE w ware aakedto 
find the duplicates in a Oorted filar, without knowing that oaly one duplicate 
occura. In that came wc, would have to go through the d o l a  r tack in any 
cam 80 the procerr would have length n-1. But there are prccirely Znol 
way6 that the fur could contab duplicate#. fn the ffmt problem, we m e m  
to be obliged to raqcquire information which we already h a w ,  that mort 
cardsl are unlike their neighbor#. 

Let UB apply theorem 1 to the quertioa of sorting a mixed ma of n itsmr. 
Our problem i a  equivalent to determining which of the ni raarr&ngernanta 
crf the file actually puts it in rort ,  and there rearrmgeme&r are equally 
likel;y, since the file ir  poerumlrd ',lobe randomly mixed  Therefore the 
absolute lower bound to t&e number of binary daciriona is (aI ) .  Now we 
cannot actually ark an arbitrary quertion; we are rertrfctsd to ar3dng 
quertionrr comparing just two itsrnr, and rtherufora, thi8 tower bound may 
not be attainable. By actcurl trial8 it war found that It  fa  hdeccd attainable 
for n = 2, 3, 4, or 5, but there -8 no apparent ryrtem for doing bo, and 
even if there were it would probsbly be unfa~ariblefrom the adra;inhtrative 
view-pcdnt. 


Consider tho following method of rorting: Succeesivsly put each item into 




l o g p !  
4 

.We cam ahow that 

%'hi#prove8 that the method of succerrsive f i l h g  af ringla itsma fa vary 
close to the plbaofute lower bouad psrcentags-wire. Thus for o * f , , O Q O , O O O  

---a-
we findthrt ~ ( 1 , 0 0 0 , Q O O l )w 18.5 (lo6) 810 tb t  j@(1) f t 
p (1,000,000) i o  only 0 . 3 5  larger. 

We conafder the method of merging hto blocks d two, then four, atc. Ws 

~immc3that the block riser art  rlwayo exact p w e r o  of tm, yd,for coli-

venienca, that the total number of itamr t i  a power d 2, lray 2 * Wr UIU 

the ordinary procar8 far merging two brocks of a h a  Zk. Thir never 

taka more than 2kt - 1 compariioni, and on the avc~rae it will taka 

t k + l  - 2 t -2 . Z%rrm the entire process wil l  taka on the average 


2k+ 1 

stapr. The prkncipEIT tcrnaa work out to be 
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where 4-3 1 + 1 t 1 t f 1 /L/ , 7 3 6y' 


l ( 1  t 1) 2(2 t 1) 4(4 + I )  zP-1(2P-1 t 1) 

Using Stesling'a approximation to log n!, we find 

Therefore, this method is proportionately longer than pepfect by 

When the method of euccerr ive  collation is applied to block8 of mixed #fee$# 
it f a  neceaaary to continually check for the end of the block. Tkir ha6 the 
effect af nearly doubling t h e  number of cornpariu~ni,while i ta  affect on the 
number of pasca~through i 8  to reduce it by one, hence th is  method will 
always be markedly inofficiant when judged by the rrlmplc criterion of numbar 
of c~mparironemade. Thir is not to ray that the method i r  unratirfactory, 
Rather it auggeste that the number of comparisons i r  not otn appropriate 
measure of efficiency. 

The two procedurer dircurrssd in detail a160 rhow that the meaourc of 
dficisncy $8 inappropriate. $ingle item fuing can bo &hie very efficiently 
in term8 of number of compari~on8,but in practice it ir not e u y  to do on 
tapes. It would require a groat deal of administrative tima. The facto* of 
two ha campmieons between the f ixed-dead and rurdorn-~rfaedblock methods 
ir alro illusory, becauac in the fixed size method a cGzunt aad correrponding 

& interior cornpariron murt be made to identify the ends d blocks. Unlars 
tho method of determining precedence between items i 8  complicated, the 
random oiotd block method. will be easier. In fhirr method, hard comprironr 
for end8 of blocks can be avoided if en extra corrtrd ~ymbolia addad to the 
brsghinga of blockr. mi8 reducer the cornpariaon to ar rbmph rcrrch for  the 
control rsymbol which fr rr*trnosta1wayr quicker, Thir give# up any random 
incrasaoeisi in block a h a ,  but thaaa are in any event rare after the firrt parr. 

Theorem: Support we are given P equally likely hypothesirr concerning an 
object and wirrh to determine which ilo valid by binary conbinational qusrrtioabg 
(i. e. each quorrtion we aak receives a yes-or-no anower). Each quertioning 
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procedure yields on expected number of quartioae and also a maximum 
number of Q U C @ ~ ~ C ) P ~ .Among ru questioning procedures, the minimum 
value of the axpectod number of quastionrr i s  

E (n) = (p t 1) - -2P whcrss p is the least integer for which n 6 2p. 
n 

Among all quert~orrhgprocedures, the minimum value of the maximum 
number of questions is 

Buth of these bound$ are attained by t h e  procedure of hiways dividing the 
hypothcuta remaining bta two oqud groups (or groups a s  nearly aqud  a8 
P o r i b b ,  1. e. within one) and asking in which g'coup does tbt correct 
hypothesir lfs. 

Proof: Whatever qusrtian we m a y  a&, the two answero have the effect of 
dividing the  hypothesee into two diejoint groups, 80  vim may 81 w d l  coaridsr 
every qua#tbn tct ba of the form "h it h this group?i1. New 8bcs  the 
kypothcsres a m  eseaumad to be a priori hdirtinguiabablc, the ]Pb#ultof arkiag 
the qusrtions qumtion % i t  in thir group of k?" i a  either 1 )  to put u6 b th8 
position of d k t e d n i n g  which of k hypotheses is valid, which happen8 if tba 
answer it# t ' y ~ ~ " ,&n event of probability k/n or 2) to put u8 fn the  poritfon 
of determining which of a-k hypothesea i a  valid, which happanr tf the mawI)r 
i r s  %o", an want of probability (n-k)/n. fn any care, we than proceed to 
a& about tho rc&ucedgroue by whatever procedure f8  optfmum far the ri.0 
in quastha. u[ ,  then, Elp) h the expected number of que8tiana by the 
optfmym procedure for a group of n, the expected number of queetionr by 
tba procedure outlined above i a  

1 t k E (k)+ n-k E (n-k),
CI 7 

13. n 


Tba optimum procedure for  n4aypotheess is, than obtdasd by chooring the 
m b h u r n  value of thir expramion for porribh vahe of 'Ir; 1, 2, . #  

n-1). Thur 

e(n) = 1 + min k E (k)+ n*k E (n-I.,) sr 

k n n 


This giver UI a ro~u~rlrbncefrom which E can 401Uy be cstculated. W e  may 
howlaver achieve a clobtd form by firat putting 

mailto:QUC@~~C)P~


Firrt, we note that. F,(n) - n t Fa ( 

by direct COmputatbn tW0 C88lb8 according 911 i 8  8V@aII, odd. 8econ4 
obrsrving that F,,in a h a a r  interpolation of the functionx logax, agrsabg 
with the latter for powerr of two, it i r  dear that Fois convox, 10that 

We get E (n) p + 1 - -t P  ab rrtrtad, 
n 

Theorem: 04 E (n) logz XI f 1 - logze + logtlogZa n) A 8 4  

~ r o p t :  F (n)ir linear b6twsma n - 2p-l and ltll ID 2P ana agrsse with 
n l o g p  at there two pointr. The latter baing atrictly convex 
P logZn6 F (A) for all n. 
Hence log2(n) 4 E (n) for dl n. 
ltn the iqterval 

ZP+ n* t P  we may write 

The value of t&m function 

p i  1 - 2 p- - l o g x2

% 

$8 achieved when 
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Application ta oorting problem: 

1. To put ths n-th aumber in eaquenco in a fi le already cont8Mng 
n iterne properly asquanced. There are n paasibh placer to put the 
new t b c ,  Therefore the minimum expected aunober crb comprrirnnr 
is at hart E (n). But &nee it ir plsrribls to 3161115. the corn-
pafiron 10ILI to split the jgorribilitiar a8 nearly avedy ar parrfblt, 
f .  e. a3wayr compare the new item with the middlrr fQs;mof tho atring 
€nwhich it belongs, &e aurnbsr of cornparximum natd not be more 
l;hmh: (n). 

2. To arrange n items in mquence, with no a priori information 
abaut their order. There llcrd nl xearrnagsm*ntr paarribls, .To 
requencca the fi16 oorrdcay we muat determine b r r i b l y  B - O ~  
wplicftlyl which caf the049 arrangemanta to correct. Hsaca any 
procedure must have an e~pectednumber of comparironr aE(n1) .  
Xt  is by no mean41clear that the quertioas which achiave this expectation 
can actually be phrared in the form of rim@@cempariionl~between 
two itame, s10 it m a y  not be pordble to achieve tbfs bound. Hc~wsver, 
wa c a n  a.6 that the metbod of adding one mere item t~ the f i la  after 
pnothm_r hao rn arpectatian 

E(1) t lic(2) + --- +- log 1 + log 2 t 0 - 0  t log n t r ( E ( i )  c log i) 4 logZnf + n(.084) 

ACljh A. Ofearon 


