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SUBJECT: SCOPE SYNCHRONIZER

. Tos 8348 Engineers, Sylvenia
From: R. L. Best

Date:  July 21, 1948

Duoriﬁi on

The Scope Synchronizer will .take positive pulses of any prf
betwoen 500 cyolep and 6 megacyoles, and divide these to any output
frequency between 500 cycles and 30 ko, The output pulse mey be de-
layed over a 10 nseo renge, and synchronized with one of the imput
pulses if desired, to produce a jitter-free outpub. Two input jacks
are provided, one for input prf's above 500 ko, and the other for
input prf's below 500 ko,

When the input sync. selector is in position 1, the signal
applied to input jack #1 is fed to the first multivibrator, which
divides this frequency to about 100 ke, The free rummning period of
this multivibrator may be varied a small amount by the "first M.V."
oontrol. The output of this firest multivibrator is fed to a second
multivibrator, whose free running period is comtroiled by the "output
frequency™ ocontrol.

When the input symo, selector is in position 2, the signal
applied to input jaok #2 is fed to the mecond multivibrator direotly,
and power supply voltege is removed from the first multivibrator.

The output of the second multivibrator triggers a single
shot multivibrator, which puts out a gate, variable in length by the
"delay" control from about 515 useo.

When the "output syme. selector” is in position 0, smooth
delay is obtained. When this switoh is in position 1, the signal
applied to input 1 is also fed to this delay oircult in suoh a manner
that the trailing edge of this gate is synchronous with ome of the
incoming pulses, the delay then being in steps equal to the time be-
tween pulses. When this switoh is in position 2, the signal applied
to input 2 is used to synec. the delay.

The output circuit is en RLC peaker, which puts out a posi=
tive pulse at the end of the variable length gate. This pulse is a
half sine wave of .5 psec duration, veriable in amplitude from 0 to
175 volts,
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The input pulge should be at least 15 volts in empiitude,
One convenient method of using the unit is to feed the ™00 Lo syno.
gulse" from & restorer pulse generator inte input 2, and put the

input sync. selector” in position 2, One mo clock pulses are fed

into input 1, and the "output symo. selector" is put in position l.
Then the unit divides the 100 ko signal by some integer, which may be
varied by changing the "output freq.” ocenmtrol, and the output pulse is
synohronous with e olock pulse, the delay being in steps of 1 mioro~
second. The "sync. gain" comtrol varies the smplitude of the pulse
fed to the multivibrator selected by the "input sync. selector”, but
doec not vary the amplitude of the symc. pulses fed to the d-lay oir-

ouit.
Circult

Drawing 3-59822 shows the oircuit of the Soope Synchronizer.
Both multivibrators ere similar except for the time constant of the
crossover networks, the first multivibrator being the faster, With
the "input syno. selector” on position 1, the incoming pulses are
applied to the cathode of the first multivibrator through the "syne.
gain" potentiometer snd a crystal dlode. These positive pulses are
smplified by the conduoting tube, and appear.as poeitive pulses on the
plate of this tube. The amplified pulses are coupled throug the oross-
over capacitor to the opposite grid;, so that the rising exponentiel of
the grid of the non-conducting tube has pulses superimposed on it. As
this grid nears out-off, one of these pulses cmuses the multivibretor
to flip, whersupon the operation is repeated with the other gide. Thus
the multivibrator is synchronized with the applied pulses.

One plate of the first multivibrator is comnected to each plate
of ths seoond multivibrator through small capecitors which differentiate
the waveform of that plate of the first multivibrator. The alternately
positive and negative pips which therefore appear on the plate of the
off tube in the second multivibrator are passed through the orossover
cepacitor to the grid of the on tube, whioch amplifies them. These
amplified pips are large enough to overide the oppositely phased pips
coming direotly to this plate through the small capacitor from the
plate of the first multivibrator. The amplified pips are fed through
the orossover capacitor to the grid of the off tube, being superimposed
upon this rising exponentiel. When this grid nears outoff, it is ons
of these pips which causes the multivibrator to flip, symohronising it.
The operation is then repeated for the opposite side of the multivibrator.
When the "input syno. selsotor” is in position 2, the second multivibrator
operates in a manner similer to the preceding description of the first
multivibrator, the syns. pulses being applied to the cathode,

A spmall capaocitor is conmnected from cme plate of the second
miltivibrator to a voltage divider, differentieting this waveform, and
putting the result at a d-c potential of about 20 volts. Only the nega-
tive pip osused by this plate conducting is large enough to pess through
the orystal commected to the normally on grid of the single shot or delay
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miltivibrator, and this pip flips this delay multivibrator. The "delay”
control determines the length of ‘the gate generated at the plate of this
tube., The normslly off plate conducts during the delay interval, and

12 commected to the output symo. selector through e orystel diode and
cepacitor, The pulses seleoted by the "output symoc. gelector” are fed
to this plate, amd to the exponentially rising grid of the off triode
through the cressover capaocitor. The end of the gate is therefore
synohronous with the pulses seleoted by the "output sync. selector”
switoch., After the delay multivibrator hes returned to its original
state, the orystal dicde comected to the normelly off plate passes

no eynohroniszing pulses, since its cathode is atb 150 volts, while

1ts anode is at about £70 volts.

The output circuit is an RLC peaker, operating on the positive
gate generated by the normally on plate of the deley multivibretor, This
gete is R-C ocoupled to & variable bias, veried by the "output amplitude”
control, which determines how heavily the output tube conducts during
the gate interval. At the end of the gate interval, the output triodes
are sharply out off, and the resulting inductive voltage swing in the
plete circuit is the output pulse. Negative voltage swings in the plate
sirocuit ere olipped by orystal diodes. Due %o the method of coupling
the gate to the peaker, variations in output frequency and deley effect
the output amplitude. The output pulse is a % psec hslf sine wave,
that may be varied from gero to 4 176 volts,

Lol A Rt

Re L, Best

Approved
RLB/spr

Drawing: 39822
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SUBJECT: NUMERICAL SOLUTION OF LINEAR INTEGRAL EQUATIONS

Tos Mathemgtics Group

Trom: Alan J. Perlis

Dates September 16, 1948
Introduction:

The purpose of this report is a survey of numerical methods
for solving integral equations. Only linear integral equations of real
variables will be considered. There are three important tyvee of such
equations:

(a) The Fredholm equations of the second k'nd

.-S.(x): 8(") + A g: K(x, -3) f(?)ig L PO RN
f(n) = A (: K (x, '3) 5'(‘3) 0‘-3 {homo geneous)

(b) The Volterra equation

$0= o0 r (7 Kixy) Slydday

and

(¢) The equation of the first kind

4(x)= gbl/\(x,‘g) S"‘?M*a

In each of the above equations the function f(x) is to be obtained from
the given functione g(x) and K(x,y). Under quite general conditions (a),
and (b) possess unique solutions whereae (¢) will, in general, have many
solutions except under certain restrictive constrainte.

Thus far, at leaset by comparison, say, with linear algebraic
equations and differential equations, little has been accomplished in
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In general, 1% would be nicest to attack each equation b
mothod best suited to ite own structure. This puts o premium on snalysis.
The attitude taken here will be to develop quite general numerical meth-
ods which can most easily be treated by a computer of the digital tyve.

On the same level of importance as the design of . a solving meth-
od for an equation is an avpreciation of the status of errors in each
step of the problem. Besides the usual numerical round-off and truncation
errors, all methods of solution introduce an important stadility error
caused by the lapse of a transcendental problem into a discrete ons. In
general, the numerical methods show excellent stability (at least where
unique solutions to the problem exist) due chiefly to the smoothing prop-
erties of integration.
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with the functione f(x) and K(x,y) given and g(y) to be detemmined.
Examples of this tyvne of equation are:

§lx) = \ﬁ_%\' S: eL3 2 9(‘3)9{? (The Fourier transform)
o .
and ' 5'()0 = go e. "9 3 ('a) A‘} (The Laplace transform)

Often the eolution g(y) will not be unique; for, to the solution of (1)
must be added solutions, if they exist, of

G= S‘:K(*)'&)g‘;w)d’? (=12, A

In both of the above mentioned exammles definite inversion formulae of
the tyve:

%l ‘3) = S\Lh(ﬁJg)S‘(*)Jx (L, a path in the x vlane)

yield anslytic expressions for g(y). In general, such inversion formulae
do not exist. The integral equation does not always have golutions, since
for a given K(x,y) f(x) must nossess certain nroverties dependent upon the
kernel. If K(x,y) is a polynomial in x, then f\(x) must be a volynomial in
x. Likewise if K(a,y) = O for a1l y and if the equation is satisfied for
all y, then f{a) = 0. The function f(x) ie not perfectly arbitrary, for
1f X(x,y) is a polynomial in x, then f£(x) must be a nolynoial. That is,
ve rust restrict £(x) to a class of functione assoclated with K(x,y).

A theorem to this effdct will be discussed later. In certain special
cases an equation ¢f the first kind can be reduced to one of the second
kind and here f(x) can be highly arbitrary.

As rezards the uniquenes= of the solution g(y), vhere ely) is
constrained to .be continuous, the followins may be s.id. If the kernel,
K(x,y), is "definite", 1.e.

b
{Su K(x,q\w(x)urlv)dxo(a >0
for all contimudus w(x), then the equstion
(" Kix,y) wiyldy=6

has no continuous solution w(y) except.w(y) = 0. In varticular, 1f two
continuous solutions gl(y) and g?(y) of the equation
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80 by the following artifiee. Form:

- 1

? L}

| @ -\ f / \ 2
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L\-‘);.~ \} KLXJt) K\tﬂ)ul&;t\
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Since L(x,y) is syrmetric 1ts characteric values are resl. Furtherrore,
if (Ph (x) is a characteristic function,

4%00: M C Lix,y) (bv,(ta)d\a,

From which 1t follows that Ay %0 since

g:’dnltx)olq‘ : )ng: b, (x) dee fqbt(x,:)) ¢n(?).4(?
M f:ct),.(xw ja%,,(,u? yq"’mx,f)mv,é)dt
s f( §:mx,f>¢“(ew)ﬂ¢ |

hencs My %O - Indeed if the {§,(x)] form a complete set,
b
(o Kix,£) d00dx #0 T e SN
o that A >O . Hence L(x,y) is definite and the integral equation:

ulx) = S: L(x,y)?(q)d?
i) S: L) Kix,t) Mt

has a unique continuous solution. If the function g(y) is restricted to
be continuous £(x) will usually be required to satisfy linear conditions

of the form: ° .
‘ Sa w (x> S’CX)Ma-o ; g@w(x) K(x,g) dx=0

An analogy to linear algebraic equ-tions proves fruitful. The
equ~tion is analogous to the system:

S*‘-' ﬁK"l?gt (xa1,2,3,.. ™)

T\
and can he obtained from g.ho system in the limit as m,n —» o0 . The prop-
erties of the system depend on the -relation between m and n. Hence three

cases Can occur:

and

L1

whers




n implies the existence of relatlons of the form
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In the 1imit these relatione may take several forms, an olvious one bhesing: ;

S:a(x) F)dx =0

(2) m =n. A unique set of gya exists and is given dy:

.." "
%'a- f Ay Kx,} : 'ﬂ:('/zi M)

-

L

provided no relation A=)
‘am : (
- all
x_i? Ay K""a 0 y)

is satisfied.

(}) n < n yields an infinite number of sets of solutions but
particular sets may be obtained by immosing (n = m) linear conditions on .

6y°

Hence, in general, it is too much to expect that the solution
will be unique. An important question, particularly in numerical calcu-
lations, is the range in x over which £(x) is given. Decreasing the
range may well involve making g(y) zero over » portion of the range to
maintain uniqueness. In the particular case of the moment problem of .o
Stieltjes, f(x) is defined only over an enumerable set of values xi} 1=1
and the side conditions induce a unique g(y). : &

In general, then, if the conditions are satisfied which will
" make the solution unique we shall expect to obtein an expression of the
form:

%(ta): H& 5(3)

where HK may be built up of linear combinations of the tyoe
o) 050 5w p) S“H(v;,xnmdx
? T\’ ) ‘3 ) B
In two cases mentioned the jnversion formula is of the highly
desirable form: :

E S._ Hly, %) £n)dx 4 ‘lon'o path)
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Only rarely will this integral be of the same Uype as thal de
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¢ining £(x). Yor a g(y) may be discontinuous at some y =y _, and ti1l
3 ol A o wn & . “ { 2 \ ."‘4

risld a contimwus £(x), hence the integral for gly) mus n

st be ir
that is H(y,x) must be discontimious or the limits be infinite.

In those cases whera the equations of condition are not oantls-
£ied 1% will then not Ve possible %o obtain an exact representation of
#(x) by an integral. But by analogy %o the method of least squaree, the
problem of solving the integral equatiéon is essentially equivalent to that
of minimizing an integral, i.e. a problem in the calculus of variations.
The point being to obtain the best possibdle approximation to f£(x) in the
least squares sense by an integrel of the given type. As in the lenat
squares proceedure we may introduce a positive weight function a (x) which
weights f(x) according to some law. Then if

S()\): Sb KL%,‘%) 3(-6)0‘3
gt sl S s 2 [

o fs)= ), LE. qidy
where Lls,9)s 5: K(x,s) Kin, y) §exddx
and B OF S: 90x) K(¥,$) $(Dd .
1f we assume that k(x,y) is "perfect", 1.e.

(s, ) wigddy=o

implies, if u(y) is continuous, that u(y) = 0. The L(s,y) is definite,
and symmetric. Hence the golution is unique, but may not possess a con-
timuous solution g(y). This can be anewered by ascertaining the existence
or non-existence of a continuous function g(y) vhich minimizes

W= gbsz,cx)(s-(x)- g: K(x,4) j(a)o";,')"a(%

over a set of values in x. This minimum may not always exiet tut W may
be made as small as desired,and tims an nmoproxinate representation for

£(x) is obtained.

A rewarding way of examining the integral equation of the first
kind is as an operator equation:

flx)= S:K(x,j)gly)oltg as 5(8)= L 9ls?

and then the problem is $o find 1 euch that

al)z L, §(s)
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and, in general, will not be unique. TFor numerical work the problem of
unigreness becomes largely an academic one, in any caee. The inter
question here is under what general conditicns can a solution be
how securate will it be; and is there a quite general, easily ari
algorithm which will yield a reasonably accurate result. A general %theo-
rem by Bateman proves useful. '

,,,,,,

The equation is:

$()= Q:'K(x, v) 9(7)4«3,

Bither K(x,y) is symmetric or it ie gymmetrized by the operation:

uls)= S:Hx) K(s,x)dx = S;K(s‘,x)ow L b/\’(x,;)gfg)‘(?
uis)= S: K(s, %) K(r,y) M{G@a(?),{? - 5: L( 5,3)7l7)4?,

Henceforth K(x,7) will be assumed to be symmetric. The theorem then is:

(1) 1f K(x,y) has a complete set of characteristic functions,

pn(x), satisfying :
XESERRY ¥ K(x,9) daly)dly
and

(11) f£(x) can be expanded in an absolutely and uniformly con-
vergent "Fourier" series

S’(X): ef Cﬂ¢n(x)

Nz3e
then there exists a g(y) such that

| $00- § Kooy g g

may be less than any arbitrary€ » 0. The proof of the theorem provides
the algoritim for the solution.

Proof:
Lndl Nt

N Yl [ g b :
Define: 'F(l,x) & “Z; S;_\_") 'Z LK ()O ) LK LOE gaK(":‘ﬁ)%i}‘i:
Hs Fe g™ 1 0

. e




They imoly

| L se0] < b=)' 5 K
and so0 each sariss becomes less than the exvonential series.
Pick an M and write:
Gy =2 V\F(g) z)dz.
g K(x)%)gﬁj)dg: zS K%,y d‘?j F(y,2)d2

= 2( 4 Ry 2 Kixyhdy
/Integration term by term yields 1nf| Nt

2§ Kixyg) Fly2)dy= 2 SEn gLy o

V\-o

A a’z H('ZJX)

Therefore: M
o d
(CrGugpdy = = (%
= §(x) - H(xM)

An expression for large ‘M, of. H(x,M) is to be found.

H(z,x)dz

Uge: S‘(x)- i Ca 4) (K) .
Fomm: gm K(;\,s)) ‘f(ﬂ&.a C" d)n()‘) which converges.
Aleo:

L% sx) i 9:- Bey o lamge,. )
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So; & N X% 2n o0 < e
: j g '\-"P n h « t‘ :

33 / ~ 7 N, A \

Hix2)= Z( 4 = £(x) = Z_’( )2 ’/4- Cn ‘;f),rff?:/,
J n=o n' Nz m.‘ :\n {4

implies, for m large enough,

ml ‘Pﬂf")/.< l“)%“!

since )\"ﬂ N >“n-n. ; (by formal ordering of the eigenfunctions)

2[cn¢n(§)l<€

Hence: o0 :
3 ¢ (x
Hx,2) ni’(l)L i_n_%;))+§
:her'e 2 'S' < 6 C'- /’\M
o rearranging: iy /
H(x2) = “Z; Conlc) e s "‘S
Pinally: o _22/1.
H(xz)- ,,2 Cn 4, (x) € M
80 now > -22/,\,' s
| 3 cne ¢cx>[<lfcn¢,,(x)(< Z
and - f’ C e /)s.\ 4))4 (K)[< % ’forM large enough.
n—
Therefore ' H(X M), &6
o S Kh,g)g(«a)ob}- fw| < € ‘

and so the solution is
9ly)ew 2 g Fly,2)dz

1£, in sddition, g(y) is constrained to remain finite over the entire
range of 1ntogration, more can be said. It has been showd that

g Kx,4) 3(9)0‘3 -5l <e

but not that

wn. §oL9) = 9(y)

€—%0



f -

vhere P(y,z) is defined by the series on page (7).

Ag an ex:mmle ¢f this method of solution, considsr the equation:
: 1

5 a(t) em st cH:

The solution is known tc be a(4) = ~t%
on i , g = lﬁ-'r €
The function F(t,x, is formod 0 1_
3 53
Flt, %)= g e -s" coastds = X gwots‘o!s goo,mg,rwdszjo st z
$i

wntl

‘ ¥ t"/q fp(i)m((h—,') L+

e T ——

N30 n‘l ;znﬂ

j(’t): ) Sowe-t%(Z (F)

wnt|

"‘VH")O{X

ﬂ+l

\

a e_t% S‘md(e‘mx)

‘'
]
e
b




Selution in Terms of Orthozonal Funetio:
e luvion 1n Termg 01 UPthogZonal FURCVAONS:
b -l el B L B el o

B TP . v S om0 L AV 80 S

o ancsar

The conditions for the existence of a solution of the e 1on
of %he first kind may be rather neatly stated in terms of orthoguna
functions. The treatment will be restricted to equations and functiions

satisfying the follewing conditiona:

(1) The variable y is real on (a,b); the variable x is veal
on the same finite interval of definition (a,b). ; »

(11) The functions f(x), k(x,y) are real.

(114) The kernel k(x,y) is bounded and 1nte§rab1e squared (LE)
in x and y; the function f(x) is integrable squared (L°) in (a,b). Hence
e(y) 18 12 in (a,b).

It will be convenient to sey that. if
b 1
- ( ) =
f.. ($t0-q(g) =0

Then 2(y) = gly).

A set of real functionms &#{x)} are ortho-normal 12 on (a,b)
if they satisfy: -

b
y %(x) %(x)d.‘ el i : m/ﬂ"")"ﬁ%"' :
: a

If the set is orthogonal and L2 on (a,b) it may be mdg ortho-
normal. The set ig said to be comnlete if no function u(x) in L° exists

for which b
§Q ¢, () u(x)dx =0 (all R

If the setg. 'ifj“’ﬁ! not complete, it may be completed by adjoining to it
a eetgb"-a;( (13) which ie called the cormlementary set to §¢.()o? %

Bessel 's inequality is:

& ({50 proode)'= 2 0 & § 5007

LEX
If the set fb,.(»)} is complete the equality holds, In addition, for a
complete set, the relation

SL f(x)g(x)ou < 2- §, %

a ; ha
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is valid. If not commlete the equality helds if and only if
o g
\}, alx) Qu(x)ddX =6 n=i,t
Ja

implies

§a‘° £0x) g(0) d =0

for all g(x) on La(a,b). Tris cen be put another way. In order that
£(x) be orthogonal to all g(x) which satiefy the abtove, it is sufficient
that b ! °

(x) be orthogonal to the set{ ﬁ 6()} complamentary to Z ¢”(K)}]

. £
The’ﬁmdamental Riesz-Fischer theorem states: if { n }‘ exists
such that 5 ¢ + then there exists and f£(x) in 12(a,b) stc
that I

o S:: £(x) ¢,(x) Ax h=1,1,
qu 4’#\(‘) ¢n(’<)(l¢:0 mENLL
J‘h 4)"1,()‘) 0(# < oo ! n:l)l) 3

and if the ut;%(*)} 1s complete, f(x) is unique except possibly for a
set of measure zero.

where

, One point which may now be made cleer is that there functions
for which the equation (1) has no solution. TFor if #(x) 1.2 on some (a,b),
then for some orthogonal set on (a,b);

B b
tnz § 500 Guoards = [ Anly) gldy
i Anly)= S.: k(n9) Q(x)o(x

Then
b “ b v /.
Cn 2 Se. An ('7)0(‘3 .Lv 9(7) d7 ;
» :

1 5
S; Anly) dy zan
g0 that E_: be bounded is a necessary condition if £(x) is to be a
solution of (1); however it is not sufficient. Bub:

% G §:[ ﬁ". Ax (4) ],{.3 < S:g: K “(x,9y)dy dx.

Let




<d
%
-~ nt (2 { . F 2 . 3
LN & -
R ,;,l 3 >
, b e n (,, l 1
e Lner ar saries ‘!’ - ‘j andc ) ¢ e y
L ER I S
nicn Ca is uwnbounded. 7T oxanple! e - Y
s 4
i (‘{.(“3
N ot o0 , U
o 2 Lo L < (i 5
~ , A 73 - A n - ” y
z Ca 2 2; NQpy = } b i.e. both series converge
BERLL I AT N
It is possidble to reduce the solution of the given equation to thai of
the following problem: DBeing given a demuméradle set of consbanie 2 f
A
and a set of fu.n-:t!.ouaiﬁ.n(y)} , to find a g(y) wheh satisfies: o
.‘b : ¢ . §
K . \ { e 4 4 A o= A
Co= (" Aaln) gly)dy Nz, .
@

m y P 3 A . 3 > -
The following may be sald at once: If the A (y) form an ortho-normal
set on (a,b) the necessary and sufficlent condition for a solutlon.g(y)

is that %
ke L .
2 Ch < o0
nei

then the solution is the limit, in the mean, of

o
2 CaAM(Y).

AvT
Neturally, if% An(y)z be not closed there must be added, to the above,

golutions of:

b
S Aa.ly) C;(*f])o(\y:“r)

(<%
iy 4 the} An(}r)z are not ortho-pormel, they may be made linearly

{ndependent by suppressing those w'i ch obey reletions of the form:

n-|
(a
A )= : (
i ?‘ %ALY
This creates similar equations among the c's:
ne ! (
n)
Pl . C'
w g X& “A
The remaining equatione are ortho-normalized. Hence one gets serles of
the form

=s) ~d A PRI

1 = (nY
\7:1 s Z(OJ B tiarcss o ad
N




which must converge and the solution is the 1imit in the mean of
- :
S %)
4 bm éDn{ﬂ}'
¢ 7 Rz,
whore { B \y)} are the derived ortho-normal set. Conversely if this mrob-
lenm is solved, where the Cn are the Fourier coefficiente of £(x), the
equation is solved.

The solutions previously given demand knowledge of tha charac-
teristic values and functions of the kernel or of the symmetrized defi-
nite kernel constructed from it.

It will now be show that solving the integral equation :s equi-
valent to that of maximizing a functional equation whose maximum value,

if attained, is the solution. The conditions that the maximum be attain-
ed, then, are the conditions previcusly obtained which insure the solutions.

The functional H(g) is defined as
b A~
H[aj___, (Sa §(x)9£x)dx)
U ol d P A,
g& g‘ Lix, \9)‘?(&) 3,('7)4/%4;7.
where L(x,y) is the previously defined symmetrized kernel:
»
LOx9)= [ K(x4) K(t) dt;
f(x) is defined by:
: "
£ix) = Sl K(x,4) 9ly)dy.
and g(x) is any Le(a,b) function. The denominator of H[ g is bounded
away from zero if L(x,y) is "closed" or if f(x) is orthogonal to each

member of the complimentary set of sigen functions of L(x,y). This will
be sssumed. Define now the Fourier coef<“iclents:

C; = S‘: $(x) @x)dx

A

~

9. = fb 9x) 9. (dx

where the Y ¢ (x)} are the charscteristic functions of L(x,y). Then H(g]
can be written as:




Q

¥ 11
.

b
Engineering Notes E-143 Page 15

Now introduce tho identity:

N I, & 4 ;

Sl e T < W A 0 !
2 % Zé‘ (,{' DR
: {21 ¥ a2l 4=

L

g oo
. 2
Now as N —P o0 , 1!‘2 ay and i- bf converge then z aibicoxxve:'fgas and

n=1 n=1 , n=1
hencs the series :
ed 4 ‘ ’_
; Z- (“A b o an,«,‘)
taf gz 3
convergee. The substitution a8y =)i°1’b1 = 9//’(’ yields, the inequality
Z ).Lc."> (c.z:.l 9‘; C")
: B L

(3 S’ 9%/
AZH //\"
Now let N=»e® : the right side apnroaches H(g) and if the series con-
verges H(g) is bounded. Turthermore 2. & Vv, , converges so that
| 7
)

the identity can be written: ¢

v i 00 WLy 2
H(a):z AC — ..oim,- LC‘ A -9 C. VR
(.;M:)Z L S )

R

Fow put g, = )\ f C,. Hence for the function g(x) possessing these Fourier

o0
coefficients H(g) attains the maximum. Hence if the serles 2‘ )\“ICT
R

-t .
converges and }\“"’\C\‘ converges, then there exists a E(x) whose
=
Fourier coefficients are A 20 and which maeximizes the functional H(g);
furthermore, this F(x) 'satisf&eo the integral equation (1).

For mumerical work, one would define 'Ei = 7\1201 for 1 € N and

'é’ =0 for 4 > N. The N being selected as large as necessary for a good
approximation. The method used for the variational proceedure would be,
perhaps the Trefftz variation of the Rayleigh Ritz method. But here again
e knowledge of the characteristic velues of L(x,y) are necessary.




The equation %o be solved is:
h {
) \0 f
& ¢ N ( 2~ v ‘><,T i § e
SRR N e

We form L (x,¥):

b b Fasg
g: 560 K(x,y) dx= & K( %) 7)dxj: K(x,+) 9 E)dT
L) [ Kl Ko dx

uly)= g: L(y,+) g(t)a(t = = Vly)

So we wish to find a g (t) such that
?bL (\,If)g(t) at + V—(‘j):o.
. :

and the solution of this prodblem is the eame as of {1},

The method of steepest descents can be used ae an iterative method
providing certain conditions are satisfied. It will be assumed that L(x,y)
1s such that, for all v(y) under consideration,: :

b o
(1) S‘a v‘(v;)dgg Liy, ) vit)de > M 'S‘a vi+)dt [ m>o

b
o

G

an L Ly 8) FLtrdt ] dy 2 M [ vipdy M >e

(¥) can be written as:

(:olx ( g:»{\(x,q) rtg)dyg)” 5 m g:v‘(t)att

Now if the characteristic functions of L (y,t) form a closed get, an m can
be found such that (I) holds true for all v(y) which are L°(a,b). If the
characteristic funotions of L (y,t) do not form a closed set, a set o'y}

ts adjoined to yield the complete set{&(y)]= {¢u)} +{o'}
Then for there to exist an m, must all v(y) be orthogonal to the complementary

set S()c‘\')} o




.....

1y bl te inequali ,
b :
BT Y o : (b 2
i’d I o il Ao L d1 Ja, 50 e ’{«; :
: b h b
Cpr / (2 § ol
¢ ( vty (( (Lig00) dydt
J v >~ Al v
a a i
o
€ M (v (ndy
%

So (II) follows if the kernel L (y,t) is i-a(a,b)u As in the case o alge-
braic squations the functional W(g), defined by

b
W(‘a)‘: '/2 g%(ﬂ)dy gbL(th)g(t)dt *SbV'(y)Cﬂy)c/‘c/

is considered. Squaring

b b b
(gundy § Lty ) qLeidt + Xﬁ vy 9(dy.

yields the inoqual:ityz
? gbqlq)d |pL( +) (t)dt§W(?)‘+§S;U'(t1) 3(&7)0((»5,'}/0
. \J i ) ? » v .
Schwarts 's inequality applied to the second integral and condition (1) appli-

ed to the first give: % :
g r'(pdy 20
aQ

am( §, Gl0dg) Wig) + (" gt dy
ence: -1 : V’t("[)"l
. W(g)) Y/ mga. 7

and W(g) has finite lower bound indspendant of g(y).

Now, to improve and app:_'oxima’oion, g(v) (y), we consider the functional

W(9¥" = W(§™ + Ywin)

where Y, a real number, and w(y), a function, are to be determined.




(ollecting terms in powers of Y:

b v
W( (V-H)) W(gm) % Y{ /Zg (V)(\“dj S; L.(Lj){:) 9£ )(‘i‘)o{‘t
b L "
(el wipdy J Y™ w‘”(v;)v(pj Lix, ) w U t)dt

or, x.sing an obviously convenient notation:

(gm-n) W(?M) .,.YW'(? W"’) +Y W (w W”
Then, completing the squere in Y: ()
» W|( (v) W ) 2
. W(?(”')): VV(DL)) h wz(w( )i ( /2 Wl(W(”) /

g »/4( w, (9" w”’)) e
W (w')
The largest decrease in W(g) occurs when

3 | W. ( (v)/ WM)
Y— /Z W,_ (WU,) .

In sgreement with ths rpsult obtained in linear algebraic systems wvhere
the correction vector V) 48 taken along the gf%diont of a functional W
and turne out to be the residue, the function w'¥/(y) is teken as:

wip= (O Lgt) gedt trly)

Hence, the next ap'oro::lmation is:

a**y)= a"'(w) + Y (4)

b v), \V
® o %M(ﬂ) - wy) L (W 71y)) dy
YS.LH,Hw(”(\a)ufm(‘t)alvdt

T e T e e L S R B e




et harmora the deanva b ) pe % .
Furthermors the decrease in the fune onal W is:

']

1
W™ - <3”"“‘ (LW"”W’ ‘3)_
R? M(y)dt}g L(q,ﬂw("('t)df*

Hence the aequence W g( )fis monotonic decreasing and 1t has a finite lower
bound. Therefore ihe sequence converges to a unique limit. It follows that

1in. ( W(g‘w) i W(glvm) ) =

y-»00 :
and the denominator satisfies (II) so that the equation yields the result

‘(-7@0 (v)
The sequence ) v ' (y) i‘convergoe to the mull function.

o Hence; 5 L(\j)t)[g (4 ,g(vm(.t)] dt =0
a

But, by (1) and by the Schwartz iannality

( ( (V)( ) lVH)l ))C/ ( 't) M(-(;) (,fr)(t))ld ] |
3 g1} 9" el) dy
>/( S,,,b(a("lﬂ'g("")(v))o(; Y:L(v,,ﬁ(?‘”(t)-7“{5,)&)

H(LTq" - 0T )

Hence:

1 Uty el ym [ G371y

'I'hereforo the sequence, g( )(y) » converges to a 1imit function g(y).




) | {
|
| {\‘ }
] \ y \‘ [ ? v 18
o ¥ i 3 b b | \ ok
Y,tiqluac & Kiqltv
') 1 o3
o { / LY} ¢
s

Then the "triangle® inequality gives:

b y b /)
!‘ : ! i) i .4 ,-)' el 0l i | 'Y r‘»-\, l\/':,’ ) o} s ) 1‘
? (“ iR 1:’3,' '13",) 3 ('1:} C% t 'i,“ \! &li} J :_{“ { ‘); Lé‘n#) L,}j “{‘j r l/f:fl} } i
¢ 40, Ja ,
at

\
v

oAt 5% 2
[ [ Ly { e —g™ie)

and, in the 1imit, as v ~¥20, it 1s seen that the 1imit function g(t)
satisfies the given equation. $ot-

v v)
[ Lot erip] < Lwin] ¢ Kl glt) 9" (E]
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5 A Mathod of Back Substitutlon:

Jo
e B A . A T B (MR TR Al - AR

e mathnd a® h 1. hatd ¢33 AR 9 - P o
The method of back sudstitution can be apnplied to the sivdy O
.
& o

intezral equations of the Tirst kind:

§= (" Llxy) glyddy

wvhere L (x,y) satisfies the condition of the previous sectlon. An itera-
tion algorithm,

%(m)(ﬂ); ?(vlty) + Y( S:L(VIX)jM(x)JK-f(y)))
can be easily obtained, for
b (%
(" Loug 5 -0+ g ) Ty = § 06),

Hence:

gly)- 4= = | Plyx)dx

where the integrnl operator P(y,x)f (x) dx is the operator(if it exists)
that has the pioperty ,

g: Plapddx ( { Llx, ) plp)dy )= bly)

for a p(y) in Lz(a,b)° In general, such an operator does not exist; and

in every case of interest is not known; for this is equivalent to having

se}ved th?v¥{3b1°m° Then replace the operator by a real scalar operator,
, and g (y) is definedby '

%(Vﬂ)(ﬂ): ?“)('1) v Y E S:L(W,X ) j‘"CX)dx- §(~,)1

This equation is analogous to that obtained in the method of
steepest descent; however, in this case J, being a real constant, does
not vary from one iteration to the nex%. This reduces the rate of con-
vergence but lessens considerably the number of calculations involved.
Purthermore, with the kernel satisfying conditions I and II a Jcan
alvays be chosen such that the jteration method converges, i.e.

. . tv#t) o (n =0
< el B




Then, using an obvious operator formalliem,

ROE Y(E+aL) fly)- Yy

Hence: | . . S
9Uy)= Y (EuL)Fly) - (€470 3D - Y HY)

80 that

%Lw)(\ﬂ.. ,3("(.1) o - (Earmey )

Then it is necessary and sufficient for convergence of the iteration
process that

v+l _
un (&4 ¥0)" = (o]
vhereEO ]is the mull operator.

' 2
. Since all of the functions g(v)(y), v = 0,;,2,:.. are L
(a,b), it 18 sufficient to consider a function ¢1(y) satisfying

¢, (x)= ) S: L(x, ) ¢.(3)d‘a-

Hence 1im.(E + (L)’ ¢1(y) =1n 1 +5)7 9, (y)
Ve .

Since both)" and Y are real it is necessary and sufficient that }’ satisfy:

0< = Y <\

Furthermore from the nature of L(x,y) it follows that, since all 11 are
positive, Y must be negative. Let the) be so ordered that

et X 6]y NS et
Then, convergence is insured if 0 <~ ¥ < X, - The conditions on L(x,y)
insure that ), >0 - ;

An obvious estimate for k min. = ). ig obtained by considering
the defining equation :

6,02 = & f Lo by




By Schwartz' inequality:

E
[ dcofdg ¢ N ([f 1etanlayd) ™

or, using an accepted notation:

oy

Il Lix, i,

(\ “ (1 (-\( )f‘/‘/
Jo Q174K

Hence & possidble ) is

s PN
e

Furthermore, even if L(x,y) is not "closed" btut is "definite", the above
estimate will insurs convergence.




6. Solution by Quadrature:

4 < Vil s
PR e R B T vy

A rather obvious avproach is to reduce. the integral eq

to a set of linear algebraic equations, whose solution will presumanly
give an sporoximation to the function g(y). This may be done in eny of
saveral ways.

i Firstly, the integral may be approximated over somo set of values
E\J by a suitable quadrature formulated. As an example, use may be
4 8.
=\
made of the Gauss quadrature formule. The range (a,b) is iransformed to
(<1, 1) and the integral is apnroximated by:

S: Kx) alpdy = Z‘ 4" KU, v:.)90y,)

where the values 0(,;,(”) are real constafte vhich depend on ths mumber of
points chosen. The set of valnoas yi} =B are the n solutions of Pn(y) =0,
=)
vhere Pn(y) is the nth Logendre polynomisl. These geroes ara real, dis-
tinct, and 1lie in the range (-1,1). They have been tabulated for fairly
large values of n. By thie double choice of weight factors and ordinates
the integral, eveluated by n points, is exact if the functions integrated
are polynomiale of degree 2n = 1 or less. For small n this is a decided
improvement over the Lagrangian interpolation polyno ial. The given func-
tion f(x) is then evaluated at the set of pointli xig' with each x, =y,

4=1,2,...n and the system of equations: i

"
(n . . 8 T A
Sed= ol KOG,y gy JEB Y
)
is solved for g(yi) (4 =1,2,...,n) the answer being obtained as a eet
of valuex { g(y1)3 120 e integral equation may be used to afford

some idea of the er’is}-. Once the av~roximations are introduced, there
is 1ittle point in debating over uniqueness of solution. Obviously this
method may well give a solution to the algebraic porblem where there is
none to the integral o't';uation, However, if no relation of the form

_z P Klx,,9:.)=0 (al xy)

is satiefied, this method should give a resgonable spnroximation com-
mensurate with the number of points used. In actuality if the ranges
in x and y are different, a set of linear equations with a singular
matrix will be obtained providing the intervals in x and y are

different.




In addition to the method mentioned any of the iterative sche
for solving aimultanecue equations mpy be used to advantage.
However the immortant factor of solution gtnbility must be kept

in mind. The roduction to a system of algebraic equations involves one
avproxim:te quadrnture and the remaining calculations are glgebraic. An
iterative scheme like the steepest descent or back-substitution methods
involves repeated integrntions each of which i1s aporoximate but essential-
ly no solution of a set of linear esquations.

It is a matter of extreme complexity to make a precise ferror®
analysis when an integral equation is solved by numerical methods; however,
the need for such an analysis is pressing. Of course once a solution is
obtained the error is immediately calculable from the equation itself.

An a priori estimation of error, i.e. of the needed fineness of the in-
tagration scheme, or of the degree of avproximating polynomiels, however,
is usually a problem of the s;me order of magnitude as the eolution of

the given equation. Since iteration methods tend to forestall the un-
limited accrueing of round-off and truncation errors which occur in each
calculation, it appears that an iterative method would show more stability.

The functions can be maintained as tables of functional values
for given ordinates or as tables of coefficiente of intervclation DOly-
nomials, in which case presumably the quadratures can be performed exactly
except for round-off error. Certainly, the case of the kernel, e function
two variables, if 100 points were required, 10~ values need be stored,
whereas an interpolation nolynomial of 99 degree would require ns much
stor-ge for its co-efficients.




Sle)y= §y KG9 gldy.

Thiz mathod will be limited to those varticular cases where k(x,y) is
0o tha tyve k(x-y), k(xty) or ki(xy). By a simrle variabdble transformation
each of these can be transformed into k(x-y). So we wish to solve

X j’”m el
Jv)) 3 \K‘(’) ?"’)Jv

Tormally we can obtain a solution in the following way-

Formally:
e Rttt U7 sinlgterd
u) = Gir j X )€ aAX
- w 4
r S o ‘o(xg K (x-4) 90q)oly
S (vnc( j l"(x-‘v))cc"‘“xo/x:

let x =t + y and obt nin

4
Fw = = | atndy [ ke
e o
ek i Lou e cwt
. _fp 9(7)4\3.@ J4 S.a kiz)e " dt,

Au(f*v)kb
(7

Therefore:

’

Flwy= 6}(«) K(u)

vhere G(u) and K(u) sre the Fourier transforms respectively, of gly) and
k(t).

Tinallv we obtain:
|
G(u\ %
’if : Ull/l \(H)
and our desired result is
(4 % Yb Ffu) .~
% L

—
S




Then 4f and only if

(1) FIW) o -0 ,00)

K
is ?(“)) - Ll(‘obloc).

; We are specifically interssted in a numerical solution when
the given function f(x) hae certain properties:

(1) It is defined, either through leck of comlete information
or foronvenience, at but a finite number of points.

(11) These voints, except perheps for an assumed constant value
at o , are distributed over a finite portion of the real axis.

(£41) It will usually be the caee that the values.tabulated
over the set of points{xi’; will not de f(xi) but f(xi) + & (xi) or even
more likely f(xi) + € (x), where € (x) 1s an error function. That is,

the simplest case is where the error at any voint is functionally
defined by
- & -n .

Usually, through having interpolated by one means of another to obtain
each f(x,), the error at any voint x5 will depend on all pointe, i.e.

¢ =e(:53)o
Naturally we are going to assume that a unique golution to the

equation exists. And, due %o the incompleteness with which f(x) is
given, we must exvect to get at best an apnroximation to ely).

The Numerical Solution

W Flos & S“f(x)e':”dx

l Flu) = §x° P T (1)
| A




Mha Azt oAl L3 RN - 2 & Y . & . » & - ~ »3
The cut-0ff at x =~ ¢ in the intezration interval snd the

<
o mE by Gl “e F . - T % g P } 2 o G - & g o
of I(x ,a) 1s equivalent to folding the %ra

O ,%X2>%

mix)= 3 g

<

- P : % é O x<-'><5
i.8., g F(t) sin °L$E§ﬂ (u=-t)dt. Ths precise effect this has on
-— o> 7‘«0 ’

the zolution ie difficult to estimate. Hence we have here a first 1l-

mitation, It is necessary that a finite x exiet such that I(x ,u)

will be sufficiently smgll. Sihco F(u) erxists this would appear irivial,
but if f(x) is a tabulsted function or an experimentslly measured quan-
tity; knowledge out to Xy at least, is required. It is possible then

then that the renge of definition of £{x) may be so limited that I(x ,u)

will be of such a size as to a render a good solution imossible. This
difficulty will be discussed later. For the moment we will assume I(xo ,u)
t0 be sufficiently small. :

The evaluation of the transforms requires that there be avail-
able tables of sines and cosines or thet they may be conveniently manu-
factured in the machine during the process of solution. We assume seis
of trigonometric functions will be sveilable.

mrther; on the x scnle, we assume, since this will usually be
most convenient, the values of f(x) to be spaced equidietantlyj then let

. eu‘ﬁli iy eUTLth ; e 0,1, Z) R | hma)‘
and let Yo-—?-hm’,'l'hen h= hm“ e 72 ¥e have:
h - RS
. i max LTihivr X .
har Flw) _Shm [‘}(x)—_lwe R::xclh ¥ b W)

We cen alwsys make dh = 1. Using, in affect the Euler-MacLeurin summation
formula: :

hmax .
s o h
ﬁl\' F(W)k:ur ’-'X-::‘* z [‘E(X)]x-’ he‘l.ﬂ’b u/"

: “hwmax
Similarly, for the kernel,

X, Puax VITuhw

\)TLF K(“)u-)urz r 2 [K(“]\(-ahe
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1 , |
-

e . i~ -. {
AT T SR ER £ S L2 0,1,28, . o —
Ray L L1iTeaw : € w
3 P 1 VP e
j ks - *\(’\r__l»"ﬂh ~
Mmax gﬁ(. \
shich 18 to represent Flu) at X yalues of w corresponding %o u.
Kiuw) Law wrh
That means that for 0 £ we Viax? U TUB8 Over 0 £u & i O L o
Max
)

Next wo form:

L O () o4 di 07RO gAYe
9y)= *yc,(we du = Flu) o= 14y,
e J- Wr 2, K

: Uma g -ty u e
22 L g E-——,m’ e du+ T (Unn,9)
| 5 Klu)

umax g

The Bul er-MacLaurin integration scheme gives:

W2 T Uy, .
pes umav. Fluw) -1TLMZ
AT aly), = [ Q. A
3 L J-‘)z M wax Z__: Kluw) u.»me "

and azein let & m=1. The variable ronges are as follow_s:
(1) «x: 0 %o x_
(11)

(141) w: 0 to W(= wmx) (say 0:250 of a cycle)

=

: 0 to H(=hmnx); Ah=

hence from H values of ths integrand, we gel

W
ok values of Flu).

(iv) u: 0 fo w
W

of the —  vwalues of [E.‘.'A)] we may use all, or an equidistant
Aw ) “u-w

gubset in eveluating g(y).




(vi) 2 Oto2(=g )

hence from M values of[ﬂ-‘f) we obtain
, Klw) dusyw

z/ A z vaiues of g(y) g

=y
for which: '
(vit) v 0 to l%l'yo = %‘6 YO'

Having obtained g(y), the prodlem is essentially solved.

More may be sald about the actual avaluation of the tranasforms.
We caun alweys choose our zero on the x axis so as to maintain the follow-
ing syrmetry:

Xo
Flw)= u‘%‘. g. §[§'b‘)+ $(-x)] e wr +a [500)- ’;(‘X)]Sﬁvwxgdx
0

and likewise for K(u). Both F(u) and K(u) are evaluated over the same
seta of voints. And

Gl‘ ) _!_Fcu(“) firsm(u) g (E +LF;)( KL-—L' K;)
! ﬁ\' &o;(“) + \-K:.'n W m Kcl(u) + K;L"u).

Since we integrate over (- ® , 9©) all odd terms vanish., Hence we must
furnish:

(1) Ki(u) + Ki(u)

(11) chc

(111)4'1('

and

gly) over the range 0 to y___ will be the (coeine + sine) transform of
¢(u), while being the (cosTRS - sine) tronsform of G(u) over -y . to O.




avide wecumilativy feact or il
t Yo OTTOre are usu
Cl L0 shiam hers. They are:
(1) The funetion f x), either through expedicncy, or in
fact, is incomnletely def ;el en, a8 mentioned hefore, will never,
copt poseibly for a constant valus, bve given over %ba entirse (0 ).

(i1) In addition, aach value, f(xi) will be conianinated by

errore. These will be, at least, truncation errors.

(1i1) The infinite integrals rust alweys, unless they can
be evaluated exactly by some analytic procedure, be cui of* at some finite
value. This is equivalent; as mentioned before, to the folding of the
precise transform sgainet the step function Sin WX, > 4 X, is the

U Yo
cut-off value. This means that the frequency spectrum of f(x) is warped
by thie factor. What is rmore important, though, the warping cannot de
removed form g(y) by any unfolding.

However, we can make some esmumptions about f£(x) for large X

and develop an error formule for the cut-off. We obsorve that we have
two cut-of“ integrals to evaluate:

(a) S:o f(—x)c-bu"xdx

SRR ¥ L e““*dx

As . P B these errors —P 0; and the high frequency comvonents of
F(u) should ba largely transformed at any reasonadly lerge X, end similar-
1y for the cut-off error in the evalustion of K(u)

The integration schame

The eveluation of M(u) and G{u) is to be done numerically and
in those cases where it cennot easily be eveluated anslytically X(u) will

be also @0 treated°

Since we are evaluating special tyves of integrals, i.e. Fourler
transforms, it is best that we use an integration scheme which allows us
to make most use of the duplicative pronerties of sines and cosines,
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B A T R N LEaY ] : pLE \: e .
Yislhldt = i IUL T ST+ 5 f(n)- () S, (1
3

Y o by : s

-

n=2 !
vhere - TP,
Si4)= =4 Y Spaamrnt
é ned Qn'ﬂ"
Ve are to evaluate an integral of the form:
%5 : W H 1Tthw
L 0
S Flx)e dx = -gg S(We dh
0
o
where K
H =

The sum formula yieldse:

H 2% ; g
( $tne™ “hs L[46)+ 501" il

M- : ” g
. + 3 el s (" < (sme™™* ™ )Sthd,
5

n=)

An analysie of the error term is desirsble for it develops certain facts
about the relation of the h and w intervals. Naturally as the number of
intervals —» oo , the function S(h) = 0. The functional relation-
ghip hetween the error and the interval length resides, of course in
$(h). We will assume that | £(h)l < M, M a finite constant, over(0,H).
Tris is not unreasonabie. We consider the error for W =0

o
E(OJH)z Mg: (<Y j;rs“f\,ln'nh)dh

:MSOH(N"/L -Lhl M=o

‘ ([h)ie the lenst integer in (0,1), (1,2),...0tc)
For ¥ =M, TH = integer
| M

e b M Lﬂimh : C‘h-'. MH
E(M,H)-’- Z(ln‘r{)mimgo ST nh Ym*T

® o




e,

over (0,H). This it cannot be.

Hence it would appear that, sincs ¥ = 0 is a valne we.-ues, we should
though the peak about W = 1 is narrow, 1imit W to lie certeinly in the
range 0 €W £ C <1, to minimize the error. This of courss ls a con-
gequence of the fact that we are fortunate to be dealing with periodic
functions, e”Tih¥  guper-imposed uvon, as we have assumed, a funciion -
containing practically no frequencies above some finite cut-off point.
Thig concludes the analytic discussion of the erroras exclusive of those
occurring from round-off, truncation, or in the function f(x) itself.
These latter cen probrbly be trented statistically and this may actuselly
be done later. :

Convergence Factors

Before going on to the more numerical treatment we must men=
tion some important considerntions concerning convergence. We agsume
thnt P(u) and K(u) exiet and are finite. lence F(u) must have a higher
order zero at infinity than K(u) to insure convergence of

“Flw Loty
L gl du
Zn Klu)

But it ie precisely those features which we lack in any an-roximate
solution which make this extremely difficult to achieve. Every error
that eccours in the procedure has the effect of adding into Flu),
Fourier comvonents which extend the range in u on which F(u) maintains
aporeciable value. It is only throuch a secrifice in "resolution” of
#(y) that we will de able to obtain a convergent mmerical solution.
Nevertheless, admitting the necessity, and even justice, of such a re-
golution deplation we can obtain solutione which are quite good. The
extent of this "smudging out" of g(y) will depend, then, on the nature’
of ely), the extent of @efinition of f(x), and, of course, the accuracy
we maintain in the numerical computations. A detailed erample will be
shown later where the function g(y) is a sum of § - functions. Even
though its tronsform does not converge we are able to obtain a partial-
1y resolved solution; indeed in this worst vossible case we do ohtain a
regsolution as fine as desirable by merely extracting an increasing nume-
ber of values of £(x) and refining our integration scheme, accordingly.
Hence to obtain a g(Y), we must ueually expect to be forced to introduce
a convergence factor. A convenient one, since up to cOnegant amplitude
and half-width factors it trensforme into iteelf, 1s "% . Antther is

(94)= L
W= 7

A
coat o and #6111 & third 4a e MY . As 1n the fometion of
lax)~
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S - 1 ﬂ.»"}h \,\': ,‘:‘ M
We introduce the factor T{u) and get:
~eld . 4
: ‘ w LYWL
%‘M} - J’f () D Tye™ "1 d u
L LR
o~ QA
= | 9ly-5) 4l ds,
Joo v

In short, our solution is "folded azainst the tronsform of T{u). The
step function yields a g* (y) which has oscillations of decpessing amp-
litudes and obscurss much of the result. The function e~au” transfoms

& Tds means that the

e

into

» up $0 an amplitude factor.
" W
greater the value is u at which %%E:\ remaing well behaved, the narrowexr

will be the spread by which each voint will be weighted in the g*(y).
Thie 18 almost poetic in its justice,. For in just this way does the
incomplete definition of #(x) affect the result.

A apecifig example
Consider the Laplace integral equation
-
$(£)= hada i
(9 )= ¢ A EAR
0
The transformation

. "]"e-? o

X

-
o

e

g" e_ch-V)ex-g ?(6“’)4‘3

yields '
1 e S(C:‘)‘-' =
g L P G F o e
T T TR e %}(”D"(“é‘
n L o :
Flud = iy Q e Sryd " dy

“h

» %
& 6_‘3 e't' eb(ftt‘o{t




With +hie RS ey e ;
iith this kernel, K(u) can be evaluated analytically and 1s easily
~ y and 1s easily

tc bo the Euler integral for.L ['(1 + iu) lLikewlse a necessary and
- { o’ =3 Iy and

wa
fficlent condition for the behavior of f(x) for large x(i.e. ) can

be Btatedg With respect to the two cut off intsgrals 1¢ is as wi'lo"a
The cut off integrals are:

B s g o o R
W § e f=x)e T
(v) S: c;« § (%) G'L“’(d/,c,
o .

Then for convergence, it is both necessary and sufficlent that, for (o),
‘ for large x, f(-x), be 0(e®™), n <1 or £(x) be 0(e=BX), n<1.; and

that for (b), for large x, £(x) be 0(e™*); n < ~1. TFor both these cases

an error formula can be simply obtained by a single integration by paris

They are: (ﬂ“‘x“)

L (3) H e 0™ ) e e ‘ [—0(6
b lul H (e 'W")e'“"llxl

\n—n
| 5k e *0(e™) e Xy | < '( "’.‘__.......")T"
n-i - A

and (b) ylelds similarly:

% ‘ (nti1)Xo
\ Y e* flx)e“dx| ¢ Qgria s
ke, 1] = lul
A more specific result holds for the cut-off in forming K(u).
¥We observe that these two formulas yield an exact expression for the
error in the two cut-off's. They are:

o t ; ' '
gx LA b e € nax.('““) t Thee o)
- KXo &9 t Lt
B e

e i)
e e @
- where r (x) referes to the in-
complete garmma function of x with integration limit J.

"




racior

is governed by the behaviour of " a8 u increases. The necessary

‘ Kiwn) 2 i

exiatence of undasmped Fourier terms in F(u) implies that for somo

value of u, the quotient will begin to grow without bound. Ve select

an "a" such that €lw) e-aw,‘* will be essentially zerc for all
Kiw)

u beyond this. eritical value. Hence we have:
'\' .
N A 1 2 Rlw) R ol I
4 (ta )= % A’ € A clu

i 0 -0 R OFT:

an

and we ses at once the way in which a emall "a® (i.e. a large critical

' *u') yields a good 2'(y). Here then is the crux of the resolution
problem. It is all dound uo in the constant "a". The size of "a" will
then depend uvon just how well we can demp out the "noied' in the evalu-
ation of P(u). That 1t can be made to be as near zero as we wish is a
consequence of the uniqueness of the solution.




equation to be considered 1u:
v‘“;g.,.' A ’ oy e
- ~ 3\ L \ L1 o < ) p [ = ] A%
wix)= qlr) + Ay AWX,T/WLT)a L,
G ‘o
The functions w(x), £(x), and E(x,t) are assumed to be roal
functions of the real variables x,y. As in the preceeding sect e
A :
K(x,t) is not symmetrical 1t may be made to yleld a symmeiric kernol.
The above equation may be written in symbollc form:

wilx)= ?(x) + AT wix)

or

gx)= (E-2T)w(x) (%)
where & is the identity operator and T is the integral opsrator. Ob=
viously the equation is solved if (B - AT)=1 can be obtained. In gemeral,
3% will be shown that such an inverse exists, subject to certain condi-
tions, as an infinite series in powers of T(i.e. as sums of iterated in-
tegrals).

, Left multiplication of both sides of (¥) by (B - AT)' (the trans-
pose) yeilds ;

wix)= (E"\L)E(") R S

where L 1s & symmetric integral operator end hence has only real eigen=-
values. The equation to be considered then is elther (¥ or (¥). For
theee equations the following existence theorem is fundamental:

1f the known functions g(x) end K(x,t) are integrzble squared
over (a,b), then is w(x) integrable squared over (a,b). Furthermore
1f Ais such that the homogenecus eguation

) = AT

hes only the solution ¢(x) = 0, then there exists a unique solution
w(x). If, however, the homogeneous equatio.. has m independant golutions
" then there exists a w(x) if and only if g(x) is orthogonal to each of the

m solutions of 3
np (%)= AT ' Yx)

The solution w(x) is not unique for there can be adjoined to 1t any linear
combinstion of the m solutions of the homogeneous equation.

2, he $ e Itera Pr ce@ T

We form, from:

b \
s Sley s ML AU

the iteration procedure:

W s $(x)+ AT Tl 79
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Re= A" T Uplx)e

IR £ (AUt T

& necess:ry and sufficient condition for convergence is that lim. ll R n“ 20

so thet: ; L
Lim. ‘ X”"T'H =y (&) /
e sufficient 2::21tion is, of course,
IALITH <
ol
I ML <)

We define the morm of T by the following equations:

p T Y
o = (iﬁ‘LIL(x,a)ld»w('j)1

S& Lix, ) u(\a)d-a = T uly)

We define: :
Nuooll ~ 1.8, the least number for which the
inequality is true. It follows that

I TwlE2 ILIE Hueol”
from the Schwartz inequality. Hence:'
NTh < fei

Furthermore

NT w0l < 1T T ol

Hence, if

-]
Nig & ? 'Tm
n=\

we have

® IS, < | +UTI +UT N+




MU S a giisd 4 f
'Re solution so ob sained is vnlous

Q 1 S
melte use of an itsrative process when, say WLl 21
- 2 iy & P % 3
bt lInk(x,y) |l be bounded, Then an algebrale procedure ca
s adjoined to the i%eration procsdure to provide Y
My ¢ \ 2 - i A y
B { o 4 [ rée 2. y , o 2 s d'D & U & -l a & i A A
| .~.1.I'\:\2yus}i o It is always possible to find a set of functions 4, (x),
’31"::) such that: :

N
Loy = 2 A Bl <1

L) = 2 AR By + M

where N is chosen so that || M(x,y)f< 1. Hence M(x,y) has an inverse, J,
coneisting of convergent infinite series of integral operators. Then:

u )= Tf(x) + _%(TAJX) ) g: BA(‘I) u(q)o(va,

13}
or, using an obvious notation: :
(8, ue) = (B0, T ) + .i('?;(*%”;(x)) (B, (y),uln);

IR A G <k JN

b
(B, 00, wbx)) = g‘ B;(x) ulx)dx

The solution this set of linear equations for (B,(x), O(x) ) when sub-
gtituted in the equation for u(x) yields the desired gsolution u(x).
This method, in essence, can be regarded as a double iteration scheme,
1f the algebraic equations are so solved.




~Ny (‘ v ' (A j
K =zat + A Kixy) Flyddy
0 Ja P, | 0
in operator form is
(6-27T) L) =9 (x)

and T will De eesumsd to be a positive operator. Then, it follows that
the inequalities

0<& M g:fix)ux P ga?ftx)o(xg:rﬂ(mp) 5—(«9)4,9 ¢ ML%(K)%{’,{

are satisfied, the first from the positive nature of the operator, the
second from the bounded nature of ths operator and Schwartz's inequality.

The functional w(f) is dofined by
wed)= e € 5007 -Af(x)g K(x,‘a)S'('y)fL?EJA ¥ j EINPISSrES

Squaring the expression
g {5 0 =\ ;c,oy :«(x,«;)}(»,)clu,}olx ¥ [bf(x)ﬁ(x)cix'

yields the inequality
(S ig (%) =\ &(A)S; IKLx, 7)9(q)d~1}olx W({) i(& &(ﬁ)g(ﬂ)dx/
from which follows
2m( 1 5 0dx) W) + | 0 du (g0 de y0.
Therefore w(f) has a finite lower bound, independant of f(x), given by
w(#) > - g :3 Lix )X

ir f(')(x) is an approximation, then an improvement, f°
ig obtained by considering

WH(‘"')) (*‘%x)'k o i (x))

v*'l)(x)

where %, a real number, and r(V)(x) a.re to be determined, Then

(#(m)) W(f"’l 3 &J_g § Wigy) S_(v)(x) }\l‘\ (X)SK(‘MH «)Ju}

okg alx) udx + A g n"'(x) 3 T '()()f K(x, ‘j)ﬂ (u oﬂmi




A/v'\-;[ \ \..- 1A L N
VY | 9 / Yvi y = WA /) 2
Completing the square in Ol 3

3 v - . \
2 P )\
( pIVEI) 4y tW) = & (o + £ ®, . e - )
A i ‘Aj(“i" = @, ¢ /A== | T\, /

5 \5’3);. L

w(f) decrenses most rapidly when
o=-"% @
- &
as befora, the function r zx) js taken as the residue, i.e.

n"'(x)= DC‘"(x)... )S: K(x,?)Fm(y)d\j - 18,95

The next approximation is

(vl
T t
LW () = %% + AT
and this isv the iteration algorithm. The seguence, g w(f(v)(m%,, being
monotonic decreasing, has a finite lower bound and so converges to a
unique 1limit, from which it follows that
: ) =
Lim [W(£)-w(£7)] =0

Yoo
which by a previous inequality implies

»
dim. giz("(x)bdx =0
Ve o
f(v)(x)3 converges to the solution £(x),

from which it follows that
almost everywhare.
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The 0! yrator in q-j.(.w vion May 08 Maie " definite oy re Iaction %o
uﬂ

$(4) = 1',“?,-&;,) 2 (" Kiga)grdx
+ A g: K(x,q)dx g: Kix,y) f(%)o/?.

or

§(9) = uly + }\"'X,: L(x,) Flx)dx
The iteration scheme is:

§%y= ~ & gly)

S_(vra)“ﬂ) & f“’(*g)‘i‘ J "“’{‘7)

and

where

AV (y)e _F(w(%) X S“LLX;\{) )cm(%)dx -v(v’)

and o ie to be chosen so that 1lim. \ v)(y) l =0
V-9

/LUHI/"I"" .F‘"”){")_ A\ L"'L(x,y)fw”?x)a’x < 7['1)

Then;

Ll v v
= $709) ¢ A ATy < A (a. L(x:%)ff( 1t ol
-?(?).
(r)f ks ik b y e (x)edx
R 3): NYM9)+ X R (y)fho(j‘a L(x,92 87X

and

or, in operator notation:
v/
Rty 2 (E +4(E=T) ' ().
Since the operators are bounded end commte this becomes:

(V!‘)(‘?) [E‘f‘ d\(: AT)J IL‘”{?)

end { must now be chosen so that 11m r( v) (y) = 0. Since the functions

considered are L (a,b) and T is a bounded "positive" operator, it will be
assumed that

e [0y & (30 A Ly & M 7S ke




A
Jence lim, afg; r' )(':»'} Il =0
b0
1f andonly if

[ E+ale-xTl <!

or

. 1 ¢ b4 oy
Sw $Y RVl -f-\(g&bﬁ‘ () = dn Y;-Hx)c(xg; L(\(,V)Hq)c{j ¢ gabffx)z,:,‘.i.

Then,
| 1+d = oam |[<|

yields a relation for ({ . At this point it might be mentioned thet the
convergence criterion is the seme as for Newton's method, withol ==Y
Hence, subject to this change in sign, the two methods converge or di-
verge together. This method also fails, then, for A = A. , a charac-
teristic value of the homogeneous equation. Newton's method will, in

\ - general, however, converge more Trapidly.




insering Note

can be represanted in operator fornes
(£-2T)$(x)= 5

defined on the interval (a,b), where E ie the identity operator and 7

is a positive integral operator. An operator (E =AT)~! exists and

in the case of ll AK(x,t)} < 1 is represntable as an infinite series in
iterated integrals operating on g(x). VYFewton's method may be employed
to obtain (¥ - )\T)“l, in those cases whers | AK(x,t)\ 21.

By analogy to the Newton algorithm for abteining reciprocals
of numbers, the equation

P(v-ﬂ) » P(V)E.LE ) (E_XT)P(V)]
is formed where the operator p_(v) is such that

un P = (F-AT)T
V=) od (O) 3
Considrgﬁationa of commtativity may ?ve)ignored it P = 3’, 2 scalar.
Then p  ’, and hence, by induction, P (v =1,2,...) commute with the
integral operator )T. This is quite obviously S; sufficient, and even
convenient, but not necessary constraint on plv (v =0, 1,2,0::)0
By applying the recurrence relation 1t is seen that

v
E- (E. NT)F(V): (G'(e‘)\T)P(O))z

Hence

-1
WA T R

Y= R
if and only if
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i2. Solution by Approximate Guadrature

W

The Fredholm G-quat:i,on : b ’(
~ R M > %) E, ppr et
¥ (k) = 55()() ¥ )\\3’7_ K Ge,y/ flpa Y

uway be regarded (and was so treated originally by Fredholm) as the
limiting case of n simultaneous ]{}near algebraic equations

5060 = g0x0) + A, KO g $ly5) b=, m

as n—2od, If Ais not a charscteristic value of the homogeneous equa-
tion, the above, for n lerge enough, may be assumed to ymeld a solution
£(x,) 1= 1,2,..,n, which clossly approximates f£(x) at least at n points.
Since = soluticn can only be obtained for a finite number of points, in
any case, when numerical methods are employed the above appears %o be an
attractive wey to dispose of the Fredholm equation by reducing the trans-
cendental to an slgedbraic problem.

The above equation represents a solution at "n" distinct points
equidistantly spaced. However, it involves the most primitive quadrature
method. A linear guadrature scheme which best approximstee the integral
is desired. One method is to approximate the functions involved by ine
terpolation polynomials, and prevail upon an exact integration to give
the algebraic system. Lagrangian or orthogonal polynomials are most
commonly employed. Another method involves the use of non equidistantly
spaced points and the concept of Geusslan mechanical gquadrature. Firstly
the interval (a,b) is mapped into (=1,1). The integral is approximated

( kong) Heddy = 2 457 KO ") #L4)

with a given fixed n. The @) ore weights which very with J and each
n. The points y n) = 1,2,3..011 are the n real, distinct, zeroes of the
nth Legendre polyngmial and lie in (-1,1). Tables of the y3?/ are avail-
able for n¢ 10 and, in time, will be no doubt avelilable for larger n.
Such a quadrature ylelds an exsct eveluation of the integral if the in-
tengrand is e polynomisl of degree 2n - 1 by the use of only n points.

The method may be generalized to treat any interval providing
the points and weights are chosen to depend upon that polynomial °<’.'&1-’-‘3f.’
gonal over (a,b) with respect to a unit weight function. The more,or-
‘thogonal functions may be used providing the proper weight functicns are
introduced, For exsmple, on (-1,1) the Tchebichef polynomials may be

used if the integral is written as: = £ # RS —
g’ [K(xy) Fly) 0] dy = b ﬁ; 'K(x,'g(h) $(y, )Jl—?,
< _ =4

|-\’V L

(n)

Eere the B(n) are identical for 211 1 and a given 1, though the y are
not equldiq%antly gpaced being the n zeroes of the Tchebichef pol. mia]).
7 (y). Likewise use may be made of the Laguerre polynomials over (o,

wBth veilght function e*/Bnd Hermite polynomials over (~, w

wveight e—X B2 .
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Project Whirlwind
Servomechanieme Laboratory
Magsaclugette Institute of Technology

Cambridze, Massachusetis
SUBJECT; PULSE TRANSFORMERS AND INTERSTAGE COUPLIEG IN WHIRLWIND I
Tos Systems Group, Storage Tubde Group
From: C. A. Rowland
Date: January 31, 19%0
Abgtract: Pulge transfecmers are useful for coupling between pulse

circults of a system bevanse they permit a saving in the mm-
ber and size of the tubes required.

& one-to~one inverter transformer is useful for coupling
between adjacent stages, and a step-down step-up arrangement
is useful for coupling remote stages. Crystzl diodes are use-
ful in coupling circults for damping, isclating, and clamping
purvoses; the application of crystal diodes is particularly
helpful in point-to-multipoint and multipoint-to-multipoint
coupling. Unless fractional-microsecond pulses (order 0.lusec)
are at a very low impedance level, these pulses will normally
feed loade that are predominately capacitive. When relatively
large amplitudes and smsll delays teke precedence over pulse
shape, it 18 best to replace the load resistor of the transe-
former with an inductance; the inductance is normally neces-
sary to produce overshoot on the pulse and thereby permit the
uge of a crystal diode to damp out oscillations. Such circuits
have handled 0.1 psec pulsecs at repetition frequencies as
high as 3 megacycles without appreciable variatlon in pulse
amplitude as a function of repetition frequency.

There is a good possibility that the present Whirlwind
transformers designed for 0.1 Usec pulses could be improved
upon; this is particularly true when ths transformere drive
on RLC load instecd of a predominately resistive load. It is
belisved that non-metallic magnetic materials (ferrites)
might prove to be batter than metallic materials for cores
of trangformers designed for 0.1 Hsec. puleses-

A. Introduotion

Information in Whirlwind I is transmitted in the form of uni-.
lateral pulses. The polarity of a pulse is reversed every times it passes
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through a vacuum-tube amplifier. If capacitive coupling ie used between
stages, every other stage muet be normally on. The use of normally-on
stages is undesirable for two reasons: (1) since pulses azre present less
than half the time, the vower consumption is greater than with normally-
off stages, (2) swall noise pulses and pulse overshcot are amplified.

The use of inverter pulse transformers with the proper turns ratio for
interstage coupling permits all rulse amplifiers to be cut off during the
absence of pulses. This rethod of coupling is used extensively in WWI
allowing the use of emaller tube types and providing noise reduction
throughout the system.

B. The Transformer Vg the Cathode Follower

When a buffer emplifier is required to drive a low-impedance
source, there may be a question of using & cathode follower inastead of
a conventional amplifier and a step-down transformer. The gain of a
cathode follower having & load resistor R is:

R
r + (LH-ISR

P
The gain of an amplifier using = pulee transformer with a turns ratio of

N:1 is
Y

The gain of the amplifier exceeda the gain of the cathode follower if
R

) Ep + (p+1 >rp + N°R, or the gain of an amplifier exceeds the gain
of & cathode follower if N<. (u+l). A catrode follower has a lower inmmut

capacitance and & lower outout impedance than an amplifier so that pulses
with faster rise times may be handled; however, in most cases the desired
rise times and greater amplitudes can be attained with uffer amplifiers
and pulse transformers.

Interstage coupling can be classed into four groups (1) point-
to-point coupling, (2) multipoint-to-point coupling, (3) point-to-multi-
point coupling, (4) multipoint-to-multipoint coupling. The coupling of
short pulsesn%). usec or less) is accomplished in the comruter by using
pulse transformers of the required ratios and by the use of crystal
diodes for mixing and isolatlion purposes.

Five transformers have been desirned for use in Whirlwind cir-
cuite. The design specifications for these transformers are included in
the standards booke for Project Whirlwind. Pulee transformers with
turneg retios of 1:1, 3:1, and 5:1 have been designed for 0.1 psec half-eine
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wave pulses. A pulse transformer with a turns ratio of 5:1 has been
designed for e trapezoidal pulse with a rise time of 0.1 microsecond
and a duration of 1/2 microsecond. A thres-winding pulse transformer
has been designed for blocking cecillators. Rervort R-122 contains
valuable information on the theory and desisn of low-power pulse transg.
formers. A large portion of Volume 5 of the Radiation Lab. Series is
devoted to the theory and design of pulse transformers.

C. Point-to-Point Coupling

Point-to-point coupling may be from a pulse amplifier to an
adjacent staze or from a pulse amplifier to a remote stage. A one~to-one
inverter is used to courle adjacent stagee, and a step-down step-up
arrangement is used to couple remote stages.

1. One-~to-One Inverter

The 6-193~-6 (Whirlwind Spec.) transformer was designed for
O-l-microsecond pulses and has a turns ratio of 1l:1. This transformer
is used to reverse the polarity of pulses that are coupled from a gate
tube to a buffer amplifier or from one buffer amplifier to another in
the manner indicated in Figure 1. The 6-193-6 transformer was originally
designed to work into a resistive load of 1000 ohms; a 1000-ohm load
gives the best transient response for this pulse transformer when it is
driven from a current source. Because of the gimay capacitances in the
eircuit it is impossible to present a resistive load to the pulse trans-
former without sacrificing a large portion of the pulee emplitude. The
circuit in FPigure 1 1s the most satiefactory errangement for coupling be-
tween two pulee amplifiers, assuming the pulse amplifiers are normally
cut off. The transformer works into & parallel R-L-C combination that
behaves something like an R-L-C peaker that 1e underdamped for the firet
half-cycle of oscillation and critically damped for the second half-cycle.
The leakage inductance of the transformer and the capacitances of the
transformer and the circuit combine to produce ringing on the itrailing
edge of the pulse. If the value of the tail-reversing inductance L is
too large the rimging will not swing below the voltage axis and it can
not be damped out by the resistance R. If the value of L is too small,
the duration and amplitude of the pulse are decreased. A suitable value
for L can be determined rapidly by experimental methods. The value of
the inductance L depends on the transformer, the pulse duration and the
stray capacitances of the circuilt; a small value of L is required for
large shunt capacitance. The shunt cepacitence c’ and Cp usually total
between 30 to 4O ppuf in Whirlwind circuits; if the totel” shunt capaci-
tance exclusive of the transformer capacitance is between 30 to 40 uuf
and the pulse duration ie near O.l-microseconds a 50-microhenry in-
ductance is satisfactory for use with the 6-193-6 transformer. The value
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of R is imrvortant if the circuit is tc handle pulses at a high repeti-
tion rate. The value of R stould be chosen tc give critical damping.
When R 18 to0 small the circuit is overdarped, and when R is too large
the circuit is underdamped. TFor moet Whirlwind circuits in which a
one-to-one transformer is uvsed, a resistance of 4J0-obms is suitabdle

for R. (The forward resistance of the gernamium crystal diodes is about
100~ohms,) The circuit of Figure 1 will work for O.l-microseconds pulses
at a repetition rate of well over 2 megacycles without apvreciable prf
sensitivity.

Since most of the Whirlwind circuits that require a one~to-one
inverter have nearly the same shunt capacitance, it seems that it ought
to be possible to design a transformer with a lower magnetizing induc-
tance so that a tail-reversing inductance is unnecessary. If the mumber
of turns on the transformer are reduced, the magnetizing inductance,
leakage inductance, and trznsformer capacitance are reduced. FPulse
transformers with fewer turne were tried in an attempt to elimincte the
necessity for the tail-reversing inductance. However, the results were
unsatisfactory; it seems that if the number of turns on the trancformer
was reduced so that no tail-reversing inductance was required the pulse
amplitude was less than with the 6-193-6 transformer and a tail-reversing
inductance. The reason for this is not understood. One exvlanation
could be the non-linearity of the magnetizing inductance of a trans-
former wound on a laminated cone. The effective permeabdbility of an
iron core varies with induction and time. The permeability of a core
increases as theﬁime for short pulses becanse the initial eddy currents
in the core are large and tend to prevent the magnetizing flux from
being uniformly distributed in the core.

2. Step-Down Step-Up

In some cases one pulse amplifier is required to drive another
amplifier at & remote point. A low-impedance line is uszally necessary
in connecting remote voints to prevent excessive distortion, attenuation,
and deley of the rulses. A step-down transformer may be used to drive
the low-impedance line; if the amplitude of the pulse on the line is
not large snough to drive the second stege, a stepuup transformer may
be useful at the receiving end. This method of interstage coupling
is similer to using a 1:1 transformer between stages that arennot
remotely connected; & tail-reversing inductence and a damping diode
are usually required. The 6-193-7 transformer is designed for
0.l-microsecond pulses and has a turns ratio of 3:1, this transformer ie
useful Yor step-down step-up purposes if the impedance of the transmis-
tion line i around 100-okms. Again, when pulses with fast rise times
(0.05-microsecond) are used it is vractically impossidle to terminate
the J0-ohm line or the transformere with resistive loads withoul sacvi-
ficing consideradble emplitude decause of the inrut capacitance of the
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succeeding stage. As in the case of the 1:1 inverter it is usnally

best to leave the transformer as well ag the transmission line unter-
minated. The step-down step-up arrangement shown in Figare 2 is useful
for coupling 0.l-microsecond pulses between two stages (7AK7, 7AD7,

6Y6 etc.) comnected by a length of RG 62U transmission line. (The
charecteristic impedance of RG 62U line is 93 ohms. - The delay of

RG 62U is approximately l-microsecond per 1000 feet.) The mizes of °
the tail-reversing inductance and the damping resistor are about the
same as for the 1:1 traneformer; they can be determined best and most
rapidly by experiment:l methods. Since the line is unterminated,
reflections do occur; however, if the delay of the transmiesion line

is less than a quarter of the delay of the pulse these reflections are
damped out (becanse of losses in the transformer) before the overshoot
of the rulse is completed and do not canse any difficulty. If the input
capacitance to the succeeding etage is small a tronsformer with & high
turns ratio might be useful at the receiving end; however, in most casese
in Whirlwind, an increase in the turns ratio of the second transformer
increases the rise end fall time of the circuit so that there is little
or no gain in the rulce amplitude.

3. Bffect of Transformers on Pulse Shape

Many of the circuite in the Whirlwind comvuter are designed
for O.l-microsecond half-sine-wave pulees. If the pulse duration is
too long, the circuite do not have sufficient time to recover for high
epeed operation; 1f the pulse duration is too short, umnecessarily
large tubes are required to deliver the required pulse amplitudes. The
shape, amplitude, and delay of pulses is affected by the vulse trans-
former and their associzted circuits. Usuelly a pulse amplifier is
biased a few volts beyond cutoff to prevent small noise signals from
being amplified; since the amplifier is biased beyond cutoff the ef-
fective duration of the input pulse is decreased. If the pulse duration
is to remain unchanged the plate circultry must act to broaden the pulse:
the leakage inductance of the transeformer, the shunt capacitances in
the plate circuit, and the tail reversing inductance affect the shape
and amplitudes of the pulses out of a pulee amplifier. Because most
of the stages are blased beyond cutoff and because the circuitry affects
the ghape of the pulses, output pulse shape becomes reasonably independent
of the inrut pulse shape after passing through four or five similer
pulce amplifiers. The anslyeis in Engineering Note E-138 indicates some
of the effects of pulse transformers on the shape and amplitude of the
pulses. In order to make any reasonsbly simple analyeis of these pulses
circuits a number of assumptions hove to be made; the analysis in E-13€
does nd account for non-linearities in the control grid to plate transfer
characteristics, the magnetizing inductance of the transformer, or the
input impedance to the second tube. The analysis was primarily for a
1:1 inverter used in the manner indicated in Figure 1l; however, the
behavior for step-down step-up arrangements ie nearly the same. The
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equivalent circuit of the plate circuit was simplified as shown in
Figurs 3.

L1 - leakage inductance of transformer

cl = output capacitance of first stage

02 = input capacitance of second stage plus shunt capacitance
of the pulse trznsformer

L2 -~ tail reversing inductance in parallel with magnetizing

inductence of pulce transformer

If L., 1s neglected and an impulse of current is suprlied across Cl
-the éxpression for ep 1s:

(1 - cosett)

C, +0C
where I geeemeem
LG%

It is argued thit the effective duration of the inut pulse is always
aporeicably less that the quration of the outrut rulse so thrt the idea
' of an impulce is usable. The expression indicates that L. does not
inf uence the amplitude of the pulee but th:t 1t does influence the
frequency of oscillation in the output. It also indicates that the
oscillations will not swing below the voltage axis if L, is ianfinite.
If the effect of L, is considered in the circuit of Figure 3 for an
impulce of current, the expression for e, becomes more complex and ie
rather meaningless in algebraic form. nguver, the addition of L
results in the two superimpoced oscillctions of different frequencies

so that
e, = Alcos wt - cos Bt),

where A, w and B are constants determined by the circuit parameters.

From E~138 end experimental evidence it is known that the pulse dura-
tion can be lengthened by increasing either ths leakage inductance of

the traneformer, or the shunt capacitance across the transformer, or
both: in any case, en increase in pulse duration by the circuitry results
in a more triangnlar pulse shape and/or & decrease in pulse amplitude
and an increzse in delay time through the circuit. The analysis in
B-138 indicates that the leakage inductance of the pulse transformer
affects the pulse amplitude much less than the shunt capacitance. The
leakage inductance of the transformer 1is increased and the interwinding
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capacitance decreased if the spacing between the windings is increased;
when the shunt capacitance ies decreased the amplitude of the ringing
increases and a larger tail reversing inductance may be used. Thus the
pulse duration can bde incressed somewhat without a serious loss in am-
plitude; however, the pulse shepe becomes more triangular and the delay
is increased. The 6-193-6 and 6-193-~7 traneformers in Whirlwind cir-
cuits usually result in a decrecse in pulse width from the standard
0.1-microsecond to a 0.07 to 0.08-microsecond. It is questionable
whether the transformer should be designed to provide greater pulse
widthe; the amplitude of the pulse at its final destination is usually
the deciding factor that must be considered, assuming the time delsy
is not too grezt.

A The point-to-point coupling in Whirlwind circuits is primapily
a matter of attaining moderate Q's and high L-C ratios. Normally higher
Q's for transformer can be attained by using cores of magnetic materials;
however, as the pulse duration is decrezsed the effective premeability
of a core mst be sacrificed in order to keep the eddy circuit losses
at the same order of magnitude as the copper loeses (ideally core losses
should equal copper losses for highest Q's). In general, pulse trangs-
formers have been designed to drive resistive loads; in these cases,
eddy~current losses were not so important as long as they were =mall in
corparison to the power dissipated in the load resistor. The leakage
inductance and shunt capacitance of a transformer increase with the
number of turns; in order to attein a minimum transformer capacitonce
and leekage inductance a high vermeabilit core is desired to reduce
the mumber of turns required for a desired magnetizing inductance. Ex-
periments with the airecore pulse %ransformers in Whirlwind circuits has
siown that theee transformers are comparable in performance to the
6-193-6 and 6£193-7 transformers. Although a grezter number of turne
are required for the air-core transformers so that the leakasge induc-
tance and interwinding capacitance are increased, the performance of
air-cored transformere is nearly as good as the ones with Hipersil cores
because (1) the leskage inductance does not seriously affect the pulse
amplitudes unless the grid of the succeeding stages is driven positive
(?) the shunt capacitance of air-cored transformer is not necessarily
as great as the ones with Hipersil cores (3) the core losses with Hipersil
cores are not negligible, The effective shunt capacitance of trans-
formers with Hipersil cores is affected by the winding-to-core capacitance
and the core-to-ground capacitance as well as the intervinding capaci-
tance. If air-cored transformers work nearly as well as those with
Hipersil cores it may be possidle to design transformers with powdered
iron cores that work just as well, if not better. Non-metallic magnetic
materials (Ferroxcubes, Ferramics) have been ceveloped tm;fha;r: effective
ies as good es dered iron cores and greater effective per-
;::%:;ia:s than gwderedp::on cores; these materials are being produced
in small quantitiee by NWorth American Phillips Co. and General Ceramica &
Steatite Co. The new magnetic materiesls may meke possible better trans-
former designs for srort pulses and relatively large capacitive loads.
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C. Multipoint-to-Point Coupling

Multipoint~to=point coupling is similar to point-to-point
coupling; however, cryestal diodes are useful to mix the signale from
the varioue sources at the receiving point. The circuit of Figure 4
eshows how several signals may be mixed at a common point. The mixing
diodes prevent a signal on one line from feeding back on to adjacent
lines, and also, these diodes pravent the arplitude of the pulse on one
line from being affected by the loading effort of the adjacent lines and
the magnetizing inductances of the adjacent transformers.

D. Point-to-Multipoint Coupling

Point-to~mul tipoint coupling ie accorplished by driving a
lov-impedance line with a buffer amplifier and tepping the line at the
desired receiving points as 1s indicated in Figure 5. The input im-
pedance of the receiving points srould be high compared to the characteris-
tic impedance of the line so that the pulse amplitude at each receiving
point is nearly the same. Generally speaking, step-up transformere can-
not be used at the receiving points because the increased load on the
transmission line results in excessive attemuation.

Since the clamping circuite at the receiving points will clamp
to any pulse overshoots, it is important that the overshoot of the pulse
ghould be emall. The magnetizing inductance eshould be large to reduce
the overshoot; however, the leakage inductance and capecitances should
be small to prevent exceesive attemuation and distortion of the pulse.
The turns ratio of the pulse transformer should be chosen so that the
emplitude of the pulee on the line is a maximum; 4f the pulse anlifier
hae linear characteristics, the voltege gain is a maximum if N'Z, = rp

where N = turns ratio of transformer
zo = 1in2 impedance

rp = plate resistance of tubde
An increase in turns ratio increases the resistive load that aprears
in the plate circuit while decreasing the effect of capacitance on the
line side of the transformer. If the turns ratio is too large the R-C
time constant ie increased to the point whers the rise time of the cir-
cuit is exceseive and possibly there is a2 loos in pulse amplitude; - £ 4
the turns ratio is too small the low impedance in the vlate circuit re-
sults in 2 lose of pulse amplitude. A turns ratio of 3:l % about
optimum for a transformer driving a 90-ohm load with 0.l-microsecond
pulses from tubes having an outout capacitance of 10-15 aicromicrofarad;
the 6-193-7 transformer was designed for O.1-microsecond puls-s and has
a turns ratio of 3:1. Since the pulse amplifier driving the lines is
usually biased below cutoff, the plate circuit musi broaden the pulse
if the pulse duration is to remain clore to the gtandard width; the
bect method of increasing the pulse width without seriously affecting
the pulse amplitude ie to incresse the turns ratio of the trameformer.
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For some cases in point-to-multivoint coupling an amplifier is required

to drive a low impedance line in two directions; this is desirable on

long lines feeding several points, in order to prevent excessive attenuation
on the l1ine. If a 90-ohm line ia driven at its midpoint a2 5:1 trzaeformer
is more desirable then a 3:1 transformer. Ths 6-193-8 transformer has

a turns ratlo of 5:1 and 1s designed for 0.1 microsecond pulses. The
higher turns ratio helps to compensate for the decrease in pulse width
resulting from the amplifier being diased below cut off. An increase

in the rise time of the outrut pulse makes termipation problems on the

line simpler.

The 6~193-10 traneformer is designed for trapedzoidal pulses
with a rise time of O.l-microsecond and a2 duration of 0.5-microsecond;
thie transformer has & 5:1 turns ratio and is designed to drive impedance
~of from 50 to 90 ohms. The magnetizing inductance of this transformer
mst be large enough to preserve the flat portion of the pulse and to
prevent excessive uvershoot; the leakage inductance and shunt capaci~
tance of the traneformer must be emall enough to vreeerve the O.l-micro-
gecond rise time of the pulse.

If the overshoot of pulses passing through a transformer is
smell the recovery time is necessarily large because a transformer cannot
pass a d-c component; this means that the voltage baseline will gradually
srift an emount equal to the d-c component of a chain of pulses at &
high repetition rate 8o thst the effective amplitude of the pulse is re-
duced. Since comruter circuite must handle pulses over a wide range of
repetition frequencies, any form of prf sensitivity 1s undesirable.

There are two possible methods of reducing prf sensitivity resulting
from the averaging effect of the transformer: (1) the magnetizing ino-
ductance may be increased so that thers is no aprreciable shift im the
dase line for the longest chain of pulses at the highest repetition
frequency to be used. This method of reducing prf pensitivity will
work well if the chains of pulses are not too long, and if there le suf=
ficlent recovery time betwesn the chains of pulses. (2 A diode may
be used in the manner indicated in Figure 6. The action of the diode
in this circult is analagous to the action of the diode in a clamping
circuit for capacitively coupling unilateral pulees; the capacitor in
a clamping circuit discharges slowly during a pulse and recharges
rapidly after the pulse has ended.

In the circuit of Figure 6 current builds ur comparitively
slow in the transformer winding while plate current flowe but decays
rapidly after rlate current cezsesg and the pulse overshoots. In other
words the time constant is L/R: R iz eual to the load plus the forward
registance of the diode during the pulse end to the beck resistance plus
the l1oed during the pulse overshoot. The overshoot of the transformer
ie large with the diode but since the back resistance of the diode is
large compared to the line impedance thie overshoot does not apnear on
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the line. The 6-193-7 transformer used in the manner indicated by Figure 6
can handle O.l-microsecond pulses at a repetition rate as high as 3~
megacycles without appreciable prf seneitivity. The principal disad-
vantage of the circuit of Figure 6 is the loss in amplitude across the
forward resistance of the diode. The D359 diode has an exceptionally
low forward resistance (about 30-ohm)znd & high current carrying capacity
(500 ma pesk). If a transformer is used to drive & 0-ohm line and the
forward resistance of the diode is 30-ohms there is a 25% lose in ampli-
tude. If pulse amplitude is of prime importance, the voltage drov across
the diode may not be toleradble; however, if a chain of high nrf pulses
are desired with very little prf sensitivity (in test equipment for
example) the circuit of Figure 6 ie very useful.

E. Mullipoint-to-Multipoint Courling

Multipoint-to-multivoint coupling is illustrated by Figure T;
miltipoint-to~-multipoint coupling is eimlar to point-to-multipoint
couplinz except that the driving amplifiers have to be isolated from
the 1ine to prevent excessive attenuation. TEach line driver muet be
capable of driving a line in two directions. The line drivers are
isolated from the line when not in use by crystal diocdes used in the
panner indic:ted by Figure 5. The receiving amplifiers are coupled to
the line in the manner indicated by Figure U,

F. Conclusion

If a coupling transformer is deeigned to drive a load that
behaves nearly like a pure resistance, the design procedures in rerort
R-122 are directly appliceble. The core material of the transformer
is, of course, a very important factor to consider in design. A
core material should be chosen that has the highest effective incremental
permeability for the pulses the transformer is required to paes. It
is costly to wind transformers on stacked cores =nd continmously-
wound cores; for this reason Mu metal and Permalloys may not be chosen
as core materials even though these materials may have a somevhat higher
effective permeability than materials that are manufactured into two-
pien cores. In ary case, better pulse traneformers can be designed for
resistive loads if core materials with higher effective incremental
permeabilities become avuilable.

The design of transformers to drive cepacitive loade is not
readily avvarent from rerort R-122, al though the general concepts do
epply. Actually, not too much thought has been given to the design of
pulse transformers for capacitive loads. If the transformer driving a
capacitive load is required to pase 2 trapezoidsl pulse with fidelty,
the transformer circuit will have to have a low Q, and the design of the
transformer will be very similar to the desigp of transformers for resis-~
tive loads. Section 3.43 of R-122 discusses & wide-band transformer
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circuit that is useful for capacitive loads. In the point-to-point
coupling for Whirlwind circuits pulse amplitude, pulse delay, and re-
covery time take precedence over pulse shape; these counling circulits
are essentislly peaking circuits so that high Q's and high L/C ratios
are desired.

Vith improved megnetic materials for high frequencies, it
scems likely that better transformers can be designed for coupling cir-
cuits that are essentially paaking circuits.
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SUBJECT: TECHNIQUES FOR USING STANDARD AUTOMATIC SUBROUTINES

To: Mathematics Group
From; C. W, Adams
Dats: February 10, 1960

Abstract: Standard automatic subroutines are programs for the evaluation
of frequently needed functions or for the performance of routine
computativnal chores. Such subroutines, which are intended
primarily for use as a part of a larger main program, will Dbe
kept on permanent file in the slow-speed memory of a computer
and will be inserted into high-speed memory along with any
program of which they are to be a part. A subroutine, if it
is to be referred to from several different parts of a main
program, must be prepared for each use by the insertion of
new addregses into some if its orders.

In the present note, various preparation techniques are die-
cussed. Most promising is a deferred preparation, in which the
only preparatory order needed in the main program is a transfer
of control order, all of the necessary changes in the subroutine
being performed by orders in the subroutine.

In the Whirlwind computer the address of the register next after
the register containing a transfer of control is stored automa-
tically in the A register by the transfer of control (sp) order.
This register, next after the ons containing the gp order, is

a prearranged location characteristic of one and only one gp order,
and as such this register and the ones following it can be used
to store any addresses which must be available to the subroutine
in making the necessary preparations. That 1s, the correct
return sddress and the addresses of registers which are to con-
tain all necessary extra addresses can all be deduced within the
subroutine with no assistance from the main progrem.

Introduction
The simplest computer imaginable would need to have only a few

basic abilities —- in fact, the ability to (1) sense and (2) complement
a selected binary digit would be sufficient. Unfortunately, many repeated
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apolications of these basic operations would be required to perform a
single complete addition since the addition of each peir of aigits and
each carry would have to be ordered separately; s¢ the program for any
slzable problem would be unwieldy at best. In designing a computér,
therefore, one builds a control and an arithmetic element of at least
enough complexity to be able to perform many of the elementary arithmetic
operations in response to single orders in the program. The number of
elementary operations so built in may influence the speed, effective
memory cepacity and convenience in use of the computer, but it ia no way
limits the capability of the machine. For just as addition can be pro-
grammed using only a single-digit sense-and-complement crder, any of the
more complicated numerical operations can be programmed using the simplsr
built-in operations.

The Whirlwind computer has built into it the gbilities to
add, subtract, mmltiply, divide, find magnitude, and point off (find
the charscteristic of the log.x for any given x), using numbers within
the prescribgd range. Other Sperations, such as the evaluation of
V%, log x, ® , sin x, etc,, are rot built in. The line between included
and excluded operations is drawn, as it is in all such cases, by a
compromise based on such considerations as the flexibility, convenience,
gpeed, economy of construction, simplieity, and ease of maintenance
desired; these considerations hinge in turn on the intended purpose of
the machine, The decision is made less difficult by the comparative
ease with which the non-automatized operations can be synthesized from
the elementary ones and mede to seem almost eutomatic.

Furpose

The intention of this report is to combine and bring up to date
under one cover the pertinent information on the means of accomplishing
programmed automatization of the non~-alementary but nonethsless common
numericsl operations. In the present report, a working knowledge of
coding for the Whirlwind computer is presupposed. The Appendix contains
a summary guide to coding and a brief but exact description of the Whirl-
wind order code as of January 1950.

S A brout

Programs that are commonly used as part of a larger program are
called subroutines. Because the subroutines described in this report
will be so arranged that they seem to be built in, these subroutines are
called automatic. Only one or at most a few of the many possible variants
of the subroutines for each function will be kept permenently available
(in the case of sin x, for example, different routines would Dbe provided
at least for (1) x in revolutions, (2) x in radians, (%) x in radians
times some scal®e faetor.) Such subroutines will then be called gtandard
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automatic subroutines for the evaluation of the given functiona, In this
note, techniques for preparing to use the subroutines are discussed at
length.

Standard antomatic subroutines will be kept on permamnent file
on the slow-speed film storage of the Whirlwind computer and each will be
ingerted into high-speed atorage along with any program in which the parti-
cular subroutine is needed. Some indication of the necessary subroutines
and of the addresses of the storage registers to be occupied by each sub-
routine will be given as part of each main program. That is, in writing
each program, the programmer will. be able to select for use in his program
any of the standard automatic subroutines end he will be able to designate
the storage registers in which each of the selected subroutines 1s to be
stored, subject only to the condition that his assignments are compatible
with the length of each subroutine so that there are enough consecutive
storage reglisters available for each of the subroutines.

According to the present plans for Whirlwind I, all of the stan-
dard automatic subroutines will have been written, converted to binary
form, and stored in some order on one (or more if necessary) roll of film
called a library film. KEach subroutine will have been written under the
assumption that 1t is to be stored beginning at register #1024. All the
necessary constants, except possibly some universal constants like 1/2,
will be included ae a vart of the subroutine, stored in registers immedliately
following the last order of the subroutine. The purpose of writing each
gsubroutine starting at register 1024 is to permit easy discrimination by
the computer between those orders whose address sections refer to other
parts of the subroutine and those orders whose addresses are irrelevant
or refer to something elege (such as a number of shifts, an address of an
external device, or an address of some universal constant, all of which
would normally be less than 1024).

The actusl insertion of a program into the computer will probably
be done with the aid of three preliminary routines, all of which will
presumably be stored at the beginning of the lidbrary film and will be put
into the high-speed storage of the computer by means of the ri operation.
The main program to be nerformed will have been typed out in some no rmal
fashion on an automatic typewriter which at the same time prepares a
perforated tape. (Flexowriter equipment will be used for this purpose. )
Each character (i.e., each of the 50 keys and controle on the typewriter)
has & six-digit binary representation on the tape and this binary-coded
information can be translated in the computer to the proper binary form
and stored in the proper registers by means of a suitable conversion
program. The typewritten form of each new program will also have, probably
at the end, some indication of the subroutines needed and the addresses
assigned to each. 'The conversion routine, the first of the three preliminary
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routines, will then turn this information, properly translated, over to \
the second preliminary routine, & library selection routine, which will

select the desired subroutines from the library film., The third subroutine y
{the adsptation routine) will take each subroutine end change the addresses '
a8 necessary to adspt the subroutine to its assigned place in storage. ‘
These preliminary routines will be discussed in a subsequent note. J

A library of subroutines is actually being built up, starting
with the common function evaluations, most of which heve already been
prepared in preliminary form and ‘published (ef . B-170, C-70, C~77 for .

X

e and log X, sin x and cos x, and JX respectively). A note which will
contain re¥ised and *final® forms of these and other subroutines is also
forthcoming. :

Cl n of Subrou -]

Standard sutomatic subroutines cen be classified sccording to
the amount of information which must be exchanged between the subroutine
and the main program each time the subroutine is used. Obviously, every
gubroutine must be supplied with the proper return address -- the storage
address of the next order in the main program to which control is to be
returned at the completion of the subroutine. Aside from the return

. address, many subroutines such as those for the evaluatiorn of x, log X,

ax, sin x, etc., need only to be given the value of x and need only to

supply the value of the desired function. Since the quantity x and the
resulting function of x will in most cases occupy only a single reglster
each, the simplest procedure, apparently, is for the maipn program to put

the guantity x into the Accumulator (AC) juet before transferring control

to the subroutine end for the subroutine to put the resulting function of

x into AC just before returning control to the maein program. Thus in this
case no storage address, other than the return address, needs to be exchanged.
Subroutines of this type, requiring the exchange of no addresses, will be
said to be zero-address subroutines.

Some subroutines require the exchange of some number other than
the quantity x and the result. For example, the quantity x or its result
may be double-length -- 1.e., require two registers to accommodate 1t
because of its magnitude or its precision or Dboth. (Frequently, however,
a two-register result such as a rumber and a scale factor will be obtained
from a zero-address subroutine since the result can easily be stored with
the number in AC and the scale factor in some predetermined register, chosen
once and for all.) Or, as another example, a subroutine intended to shift
the contents of AC and BR left without roundoff muet be supplied with the
number of shifts to be performed. In such cases it is necessary for the
main program to supply an address, over and above the return address, to
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the subroutine -~ that address being either the address at which some
neceasary quantity will be found or at which some result is to be stored,
Subroutines of this type, requiring that one address be exchanged, will be
called one-address subroutines.

Similarly, other subroutines require the exchange of two, three
or more orders. Thus, finding a quotient plus a remainder requires two
addresses, one at which the divisor 4is stored and one at which the remain-
der is to be stored, with the dividend being put into AC and the quotient
appearing in AC. The double-length arithmetic operations (addition, sub-
traction, multiplication, divieion) generally require three addresses, one
for each of two operands and one for the result, since the three quantities
involved are each double-length and cannot be stored in AC. In the case
of double-length numbers, three pairs of addresses, six in all, are actually
required, but it is assumed that the two halves of a double length number
are stored in consecutive registers so that the second address of a pair
can always be deduced from the first address and is not therefore a separate
piece of information. As before, the number of addresses, exclusive of the
return address, characterize the subroutine so that the quotient-and-remain-
der program is two-address while the doudble length operations are three-
address subroutines.

Automatization of Zero-Address Subroutines

Fundamentally & subroutine is a set of orders which is used in
gseveral different parts of a main program but which is only to be ovut in
one place in storage. The problem of automatizing the subroutine is just
the problem of how to permit the subroutine to be effectively inserted
into the main program by unconditional tranefers of control from the main
program to the subroutine and back again. By definition, the gzero-address
subroutines require the exchange of no address except the return address, .

Suppose, for example, that the programmer has requested that a

. gubroutine for the calculation of the square root of a number be stored

starting in register 938. Suppose further that, at the completion of the
main program order stored in register 619, the quantity x is in AC and that
the square root of x is wanted. Then the order stored in register 620

might be ep 938 which would tramsfer control to the start of the square root
subroutine. At the end of the square root subroutine is another gp order,
which in this case should be sp 621, to return control to the proper point
in the main program. This address 621, the return address, must be supplied
from somewhere. It obviously cannot be simply written in once and for all,
for the subroutine will probably be referred to from several different
places in the main program and the return address will differ in each case.
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Une way to supply tho return address would be to store the
return address, which is known in each case;, in some predetermined register,
Then in the main program, before the gp 938 order; one could clear and
add that address and transfer it, using the td operation, to the register
containing the gp order at the end of the subroutine. This procedure
requires at least two extra orders and cne extra register of constant storage
for each place ir which the subroutine is to be inserted in%to the program.
In addition it presupposes anticipation by the programmer who must be sure
that the ca and td sequence is inserted in the main program before the
quantity x x 18 formed in AC, it being assumed that x is to be in AC when
control is transferred to the subroutine.

Reg. Content

Pl

606) ‘ca 833 anticipated
main 607) td 964{ preparation
program < .

620) "ep 938} trangfer ot control

) {

congtante < 833) 1 621 stored constant
5 (operation ri is used because its
coded representation is 00000)

\—
h

938) d'f 965L desired

b ti
subroutines < 2 subroutine
964) “'P st l} return of control
%) e ¥

ANTICIPATED PREPARATION FOR
A ZERO-ADDRESS SUBROUTINE
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This anticlipated preparation of the return address ig possible
in almost any computer. But in Whirlwind I, the addition of one simple
feature to tne sp operation and the addition of one new operation, ta,
nas removed the need for the clumsy procedure just described. The function
of these two orders is a&s follows:

sp x - Transfer control unconditionally to register x. Assuming
that the sp x order is stored in register y, store the
quantity y+1 (which is obtained from the program counter
before control is transferred) in the last 11 digit posi-
tions of AR.

ta x - Transfer the last 1l dizits from AR to the last 1l digit
positions of rezister x, leaving the first 5 digits
unchanged .

Thus in the example of the previous parajraph, the return address 621 would
be stored in AR, without affecting the contents of AC, by the gp 93€ order
which was stored in register 620. Then the first order in the subroutine
would be a ta order which would transfer the return address to the last
order, the gp order, at the end of the subroutine. The intervening orders
of the subroutine would determine the square root of the number in AC and
leave the result in AC. In this way the red tape involved in using the
gero-address eubroutines is reduced to practically nothing. The square
root of the number is found by simply inserting the order sp 938 into the
progrem whenever the square root of the contents of AC is wanted. Using
the zero-address subroutines requires no more thought or effort than
using a single operation built into the computer.

Reg. Content

-~

. & no anticipation necessary

WAl 9 620) sp 938} transfer of control
program
constants {: 5 <« no constant needed

'\

938) ta 965-'? deferred preparation
939) sf 9661

desired
subroutines < ” 4 subroutine
965) sp o return of control
966) -~
-

DEFERRED PREPARATION FOR
A ZERO-ADDRESS SUBROUTINE ;




6345
‘ Engineering Note E-329 Page 8

Automatization of One-Address Subroutines

A one-address subroutine can be sutomatized in much the ssme
way 28 a zero-address subroutine. The only difference 1s, of course,
that some storage eddress in addition to the return address must be made
avallable to the subroutine from the main program. Consider, for example,
the subroutine for shifting left without rounding off. It is assumed that
the number to be shifted ig in AC and BR when control is transferred to the
subroutine and that the shifted result is to be left in AC and ER at the
end of the subroutine.

The subroutine itself could be
Regz. Content

718) ts 751 }store content of AC

T Sap—_—
J
721) ca 751 }shift and store the

;ggg :t 1;51 original content of AC

. ‘?[gl‘j‘% :: ?gg'*nl shift content of BR
726) ad 751 7 add in shifted content of AC
727) s8p ~= } return of control
7%1)  ---
752) ---
753) 2715
753+n) 2532
167) 2%

EXAMPLE;: A SUB-BOUTINE TO SHIFT
LEFT WITHOUT ROUNDOFF

' Actually, such a subroutine would be valid only for n in the
renge 0 € n £ 14 and consequently the standard sutomatic subroutine might
well be slightly more complicated and more general. The subroutine Jjust
given is, however, satisfactory as an example of various preparation
techniques.
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-

The most obvious technique is anticivated preparation of the
extra address, using deferred prenaration of the return address. In the
example given, the number of shifts, n, must be inserted in the 8l n
order in register 722 and the address 753*n must be inserted in the
mh 753*n order in register 725. Note that although two different sddresses
are needed, one may readily be deduced from the other and consequently the
subroutine is classed as A one-address subroutine, The return address
must be inserted in register 727, but this can be handled as in the zero-
address technique. The result is

Rez. Content

-

223) ca 690

main 224) td 722 anticipated nreparation
program < 225) ad 728 of the extra address (es)
226) td 725 J

L

—~

240) ‘cp ?I{} transfer of control
-
constante < 690) rin :} stored constant address

S
.

717) ta 727 deferred pfcparation of return address

718) ts 751
719) sl 15
720) ts 752

it 18 hift-left subroutine
gubroutines ﬁ 722) 8l ~= b desired shift-left su routin

723) ts 751

7284) ca 752

725) mh -

726) ad 751

727) ep -- % return of control

728) ri 753 constant address needed to prepare
. address for the mh order

ANTICIPATED PREPARATION OF
A ONE-ADDRMSS SUBROUTINE
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A second technique is the use of a deferred preparation of the
extra address &s well as of the return eddress. This cen be accomplished
by storing the extra address in some prearranged location so that the
preparation orders can be put into the subroutine, thereby obviating the
duplication of the preparation orders in the main program. It is not
satisfactory to simply decide that the addrees should be stored in some
one register, such as in 690 as it was in the example; for since the
address will presumably be different each time the subroutine is used,
the main program would still be required to transfer the address to some
(Although in the case at hand, in which the

given location such as 690.

quantity n is needed in two different orders, some economy of orders could
indeed be made by letting the main program put only the first address into
the subroutine and letting orders in the subroutine form the second address

from the first.)

In the deferred preparation technique to be described, the extra
address is stored in a location so chosen that each reference to the subdb-
routine from the main program designates uniquely ite own prearranged
" location. Thus far in this discuesion, the return address has been the
address of the register next after the register which contains the trans-
fer of control (the ep order).
one containing the sp order, is a prearranged location characteristic of
one and only one transfer of control point, and ae such this register could
be used to store the necessary extra address. The correct return address
would then be the addrese of the register second after the transfer of

control point.

main
program

constants {::

subroutines ﬁ

Reg.

240)
2uL)

f‘\

n
718)

719)
720)
721)
722)

723)
724)
729)
726)

°

v

et e o=

However,

Content

this register, next after the

& 1o anticipation necessary

op 717%
rin

transfer of control
the necessary address, stored in
a dummy order

po constants needed, except those directly
associnted with the subroutine

“ta 723 }

ta 733}

—
'

ts 751
el 15 ~}
ts 752

preparation for deferred preparation
of extra addresses

vartial deferred premaration of the
return address

storing the contents of AC and BR
(start of the shift-left subroutine)
completion of deferred preparation
of the return address

deferred preparation of the extra
eddress (es)

(continued on next page)
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N2, ¢
misail = B e b ——

o~

| 727) ca 751
| 728) 8l -~
| 729) +ts 751 | completion of the desired shift-
subroutines J 730) ca 752[ left subroutine
(continued) | 731) mh --
732)  ad 751

TEe), B constant addrese needed to prepare
. address for the mh order

|

l

'; 733) ep -- return of control
! 155j:

&

© DEFXRRED PRMPARATION OF
A ONE--ADDRESS SUBROUTINE

Automatization of Several-Address Subroutines

The generalization to several addresses of the preparatory tech-
niques just described for one-address subroutines is almost trivial and
1ittle need be gaid. The anticivated premaration works in exactly the
same fashion except that more then one address must be stored in constani
storage and must then be transferred by orders in the main program to the
subroutine. The deferred preparation is likewise almost unchanged; the
geveral addresses are simoly stored as dummy orders in congecutive regls-
ters immediately following the sp order in the maln program, and the
return address is eimply the address of the register next after all of
the several dummy orders.

History of the Discontinued "automatic Subprogram® Operations

One of the most important set of three-address subroutines for
a computer with comparatively short register length jia the double-length
operation subroutines. Some time aAgo (cf. M~11l1, ppe. 8-10, dated
ODctober 6, 1947) it was propoeed that a set of five special operations be
incorporated inte the deeign of the Whirlwind comouter primarily to faclli-
tate work wlith double-length pumbers., The first of these operations,
designated by as, would (1) transfer the contents of AC bodily into BB and
(2) transfer the as order 1tself into AC. Three of the operations were
logically identical; these operations, designated by ax, , az, would
(1) transfer the ax (or ay or az) order itself intc AR, (?2) transfer the
return address from the program counter to register 2047, and (3) trensfer
control unconditionally to some preselected -- 1.e., wired in -- storagse
address, three different addresses belng gselected, one by ax, one by 8y,
one by agz. A fifth operation, logically elmost equivalent to the present
ta opefgiion but designated by ro, vermitted the contents of AR to be read

Yﬁco AC.
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The intended function of these operations is best illustrated
by an example. Supocese a double-length addition subrouitine is to be
used and that the sugend is stored in registers 618 and 619, the addend
in reglsters 712 and 713, and the sum is to be stored in registers 832
and 833. Then the preparatory orders would be

as 618
as 712
ax 832

The first order would put the address 618 into AC; the second order would
gshift the address 618 into BR and put the address 712 into AC; the third
order would put the address 832 into AR, would transfer control to a2
preselected position (x), and would store the return address in register
2047. Then the subroutine for double-length addition, stored beginning
in register x, would proceed to unstack the various addresses stored in
AC, AR and BR and eupnly them where needed in the subroutine, would deduce
from the given addresses the second address of each pair (e.g., 619 = 618 + 1),
would transfer the return address from register 2047 to the return of
control (sp order) at the end of the subroutine, and would then perforn
the double-length addition.

The so-called "antomatic subprogram" operations were eliminated
from the Whirlwind I order code (cf. kE-23%5, May 6, 1949). The reason
for mentioninz them here is threefold. First, these operations were
referred to in & number of notes on programming techniques written in
1948 and 1% seems advisable to take cognizance of them for the benefit
of anyone who has already or may yel encounter references to them in
the literature of Project Whirlwind. Second, these operations point out
at least one way in which special operations can be built into the machine
to facilitate particular apnlications. Third, the method used is funda-
mentally a good one and provides a standard for comparison with other
techniques. The reason that the automatic subprogram operations were
dropped was simply that their value did not justify their existence when
compared to the possidle value of other gpecial built-in operatlons.
It should be noticed that there would be almoet no gain, in fact less
than none in some cases, in using the automatic subprogram operations
in preparing for zero- or one-address gubroutines because (1) only three
locations (x, y and ) and consequently only three different subroutines
cen be used and (2) the use of the arithmetic element in storing addresses
is obviated by the fact that in many cases the numbers themselves can
be stored in AC even more effectively than their addresses.




Evaluvation of

the Preparation Techniques

There are several criteria by which a programming
should be evaluated. The most imvortant of

up in the form of four questions.

these criteria

technique
can 1’(‘

summed

(1) Is the technique easy to learn and to use?

(2)
(3)

Does the technigue
Does the technigue r

solve the problem?

(4)

Does the technique

solve the problem?

In evaluating

reduce cofding and manual preparaiic

on time?

reduce the storage capacity needed to

pare a table of comments on their relative merits.
of epecial orders is not a technique of any practical importance in the
‘Whirlwind or any other computer at.present, since the orders do not exist;

but it is well to keep the possibility in mind

reduce the comnuting time needed to

the three methods discussed in this remort, one might pre~

Of course, the use

It should also be noted

that deferred preparation of & return address is only nossible in a com-
puter such as Whirlwind having the appropriate orders (gp and ta) in 1ts

code.

But deferred preparation of extra addresses is possible in any

digital computer, even if the order code requires use of anticipated

preparation of the return addrees, for once the return address is avall-
able to the subroutine, the addresses of registers containing the extra
addresses ars also available,

EVALUATION OF PRUEPAL.

.TON TECHNIQUES

criterion

anticipated
preparation

deferred
preparation

use of special "automatic
subprogram" orders

ease in learn-
ing and apply-
ing

quite easy to
learn since no
special tech-
nique of coding
is nesded; cum-
bersome in use

requires special
knowledge, but
once learned is
easy to use

requires some special
mowledge, but once learned
is probably the easiest to
use. Lacks generality since
it cannot be applied to

many subroutines.

reduction in
coding and man-~
ual preparation
time

reduction in
required stor-
age capacity

wasteful and
cumbersome

quite efficient
since only the
essential
addresses need
be inserted
(including the
address of the
desired sub-
routine)

most efficient for doublem
length numbers, since the
address of commonly used sub-
routines does not need to be
specified by the main program.
but has no advantage over
deferred preparation in many
epnlications

reduction in
the required
computing time
(actually, use
of subroutines
necessarily
increases com-
puting time
compared to
not using sub-

routines at all)

uses two orders
to prepare the
return addrees,
which is poor;
usges two orders
to prepare each
distinct extra
addresgs, which

is good.

uses one order
to prepare the
return address,
which is good;

to prepare each
distinct extra.
address, which

is poor.

uses four orders

uses two orders to prepare

the return address, which is
poor; uses two, plus (to get
an address out of BR), orders
to prepare each distinct exirs
addrees, which is fair.
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Conclugions

The deferred. preparation technique will be used in connection
with all standard euwtomatic subroutines for Whirlwind I. By this method,
only one order is needed to bring about the evaluation of & common func-
tion, end only one extra reglster is needed for each extra address which
is to be supplied.

Use of the various preparation techniques is shown in the
following example, where the program is not an example of efficient
coding but merely illustrates the thoughtless, brute force way in which
resulte can be obtained.

Required to evaluate (e*sin y - e sin 1)28
where it is kpown that 0> x> -1
0>y> -1 ‘
2"8> e*sin y - ¢'sin x> ~28
Shppose the following subroutines are available;
‘ ‘ Evaluation of e for -1< x € 0, first order stored in register A
. Evaluation of ein x for ~1 < x £ 1, first order stored in register B
Double-length subtraction, first order stored in register C
:
} A subroutine to take a double-length number, shift it left n times
| and put it back in the same pair of registers, first order stored
in register D
| Other registers are assigned as follows!
register X contains x

reglister Y contains y

registers T1, T2, stc. are consecutive registers available for
temporary storage

The program then is: (asterisks indicate use of a standard subroutine)

ca X %
* gp A find and store e
ts Tl
caY
$ d si
* ep B } find sin y




mh
%]
sl
ts
ca
8p
ts
ca
8p
mh
ta
sl
ts
ap
g
i
o |
&p
s
1

Thus it is seen that such operatione as the evaluation of 0"
or sin x and subtracting or shifting double-length numbers can be pro-
grammed almost as easily as if they were built in to the computer, using
deferred preparation of standard automatic subroutines

CWA/1fu/aec

Attached :

Pt
]

3

3

QARG I

I
AW

T3
T1
D
8
T:

y

form and store 30-digit product e

ok |
‘W find and store e
% find sin x

form and store ?0-digit nro

g

gin x

subtract the second product from the first

address of subtrahend

{"addrees of minuend
address of difference

~ ghift the result left 8 times

pumber of shifte required
address of operand

Signed (’ / %/M"/

Approved

A Short Guide to Coding

o ——

C

R.

W, Adams

R. Everett
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Cabaing of Unite and Switch Settings

The relay cebinmet is instelled in Rack TC-13 in WWXI Test Control.
A 36-conductor cable commects the various indicetor lemp cireuits to the gas
tudbe relay register on the reisy panel to accomplish data transfer from WHL
to the Tape Output Fquipmemt. A 33-conductor ceble commects the relasy panel
with the Remote Control Unit which is iocateu on & tebie in the Test Control
Room eiong with the tepe units.

The reader, printer, punch, and Remote Control Unit are cabled in
aceordance with attached print A-36835; cabling is reiatively simple and
fool-proof, since receptacles with corresponding letter and unit designa-
tions ere merely connected with cables provided. :

The verious switches conteined in the reecer, printer, and yunch
enable the units to be used interchangeably in eny of the tepe preperation,
tape checking, end WWl input systems without wiring changes. In order to
;g;-ate these units as Wi Tape Outrat Equipment, switches must be set as

Lo} [ Y

A, Printer:

1, Keep "On~Off" switch et the left side of the printer keyboard
in the “off® position until system is ready to be used.

2, Throw "Insert" switch towerd the rear of the mechine.

3., Alweys keep @ sheet of paper in machine to rrotect platen
from direct contsct with type ber.

B. Readex:

1, Set "0n-0ff" switch (above cable receptacles) to "OFF".
2. Set "Marginel Check - Normel" switch to "NORMAL"™,
3, Set "Normal Stop - Reed Complements” switch to "RLAD COMPLEMENTS".
4. Set "Normal - Clutch Control Jumped" switch to "NORMAL" . :
5, Plaee slotted metal shim under tape hold-down clamp so that
sprocket teeth cleer ends of siot. Be sure tape hold=down
clamp is properly sesured.

C. Punghs

1,  Set "On=0Off" switch to "ON",

2. Set right-hand switch to "NORMAL® 1f reproduction of feedout
holes is not desired.

3. Set "Marginai Check - Normal® switch to "NORMALY.

Preferebly, system power shculd be turmed on by means of the
on-off switch at the left eide of the printer, otherwise the printer key-
board is deprived of the mechanieal interlock which prevents the keys from
being sccidently depressed while the system is not in use, If this happens ,
a number of type bars may fly up in a tengle end jem the machine when the
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power is turned on at the punch,

Finally, press the "lear® puash button on the Remote Control
Penel, and then press the "Start® button on the printer. The former clears
the gas tube register of any random "ones” which mey have resulted from
previous operations, and the latter makes the tape units end printer
operative, es described in Section Vi, pege 8. The system mey then be
manuel.y storrec at eny time by pressing the "stop" butten on the printer,
To shut down the tape ocutput equipment, orerats the power “on-off™ switch
on the printer.

The rotary control switch (S-1) on the relsy panel muast be-set to
correspond to the desired type of WWI data output, as shown in the tebulatlon
®DIGIT CORMECTIONS TO SWITCH®™ on Dwg. R=35927-2. Teble 1 shows the connections
obteined for each of the eight switch positions:

TABLE I_
Switch
Pogition . : fegigtes
A Accumletor (digits 10 through 15) end Progrem Register (digit 9)
B Flip-Flop Storage Register #2 (digits 10 through 15) end Program
Register (digit 9) \ -
c Flip-Flop Storege Register #2 (digits 9 through 15)
D Program Counter (digits 8 through 14)
E Control Switch (cigits O through 4) end Accumletor (digits O
' ana 1)
F Accumlator (digits 2 through 8)
G Agcumlator (digits 9 through 15)

II. ™iords Oniy" Mode of Operation

A deteiled anelysis of Tape Output Equipment operation ia accom-
plished with the aid of speciel timing dlegrems developea ty the writer snd
introcucec here for the first time, The timing dlagrams not only show the
timing of every relsy, contact, ana electromechenicel component “n the system,
but flow paths (ceuse end effect) es well, To aid in en understanding of these
clegrems, a short list of symbols and thelr interpretaticns are shown at the
bottom of each sheet. Entries in the left hand column inciude all rosay colls,
relsy contacts, cem driven contacts, enc tape unit electro-mechenicai components,

" whether or not they ere utilized in a psrticuler moce of operetion,

‘In the "Words Only®™ tape outprut moce, the printer records a char-
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acter for each and every six-diglit “word® placed in the output register by Wil.
Switches on the remote control pemel are set to "PRINTER ON®, "FUNCH ON", "FRINT
EVERY CHARACTER"™, and "LOCK CONTROL, WW1 INFUT", and are designstec on Drawing
R-35927 by S8, S7, S6, and S5 respectively.

~ Referring now to relay timing diagram D-37308, an operating cyele is immedliately
initiated by a O.l-mierosecond "Print" puise from WHI which éppears at essentially
the same instant that a word read into the output register causes the associated
indicetor-lamp cirouits to drive positive the grids of the corresponding 2021's
in the gas tube register. Both of these effects are indicated on the timing
@iagram at O ms,

oscillator eircuit of V-1, fires "Print® thyratron V-2 end energizes "Print" relay
K-1, At 6 ms, "b" contact K-1-2 transfers the "Completion Signel” cireuit from
290 volts to -30 volta, As K-1 closes in, "a" contact K-1-13 closes at 9 ms, seals
in K-1 via "b" gontact K-2-1, and conveniently shorts out and de-ionizee the
"Print® thyratron et the same time, As "a" contact K-i-5 closes, plate voltage
now eppiied to the reiay register fires only those ges tubes with positive control
grids, and energizes the corresponding rerister relays (K-12 for exesmple, which
in turn closes "a" contacts K=12-5 and K-12-7 et 20 ms). Closing of remsining

ng" gontact .K-1-6 ensrgizes the reader clutch megnet, and after a 32-ms ecluteh
mechanism delay, the reader cem shaft begins its rotation at 41 ms,

\

The “Print" pulse, stretched to approximately 4 microseconds by the blocking
|
\

Closing of the "D-C Common™ contect in the reader at 48 mg energizes the
"t{ranslator® relays and punch selector magnets through register reley "a" contscts
on the Reader Resdout snd Punch Readout buses respectively, and also energizes "D-C
Common® relay K-2 directly. For exasmple, with registar relay K-12 closed, trans-
lator relay K-102 is energized through g contact X-12-5 on the Reader Readout Bus,
and punch selector magnet K-202 is energized through "a® contect K-12-7, The tape
punch now performs an eutomatic 74-ms electro-mechanicai cycle of roteting the
cam-shaft, actuating the selected punch mechenisms %o panch the cdesired holes,
de-energizing the clutch magnet, end advencing the tepe for tbe next eycle.

At 55 ms, "b" contact K-2-1 opens and breeks the sealsin circuit of "a" contact
K-i-13, de-energizing nFrint" relay K-1. At 57 ma, "a" contact K-2-5 closes to
maintain piate voltage on the reley register win "a" eontact K-1-5 subsequently
opens.

At 60 ms, closing-of the reader "A-C Common" contact energizes the desired
printer solenoid through "a" and "p" aontacts on the translator reiay benk, and
the printer then types the corresponding character.

At 66 ms, as mentioned above, "a" contact K-1-5 opens, (relay register plate
voltage ig etill mainteined by "e" contact K-2-10), and "a" contact K-1-6 de-
energizes the reader clutch megnet. 'Closing of "g" contect K-1-2 at 68 ms lssues
no "Completion" signal et this premature time becsuse "b" contact K-2-8 is stild
open, Likewise, closing of the reader Feedout contect at 95 ms end its opening
at 118 ms has no effect, since this contact is not used for the "Words Only" mode.

At 105 ms, opening of the "A-C Common" contact de-energizes the printer sclencid,
and at 106 ms, opening of the "D-C Common® €ontact de-energizes the translator ralays
(K-102), the punch selector magnets (K-202), end "D-C Common® relasy K-2.

At 137 ms, opening of "a" contect X-2-5 now removes plate voltage from thp relay
register (de-energlzing K<=12), closing of "b" contact K-2-6 sets up the "Comp.etion"

signal circuit whereupon closing of "h" contect K-12-2/ in the relay register at 147




6345
Engineering Note E=402 : Page 6

ms places +90 volts on the "Completion®™ signsl line to terminal 12 end impresses &
positive 120-volt rulse on the control grid .of a 2D21 pulse generator (ref, Lrawing
R-33486) whose output is & O.l-microsecond "Comrletion™ pulse. This rulse signals
WVl to clear the storage register, read into it the next word, end send a 0.1 micro-
socond "Print" pulse to the Tape Output Equipment to start the next cyc.e.

113, Relay Counter Presetting Feature_for "Word-Complement" Mode of Operation

Operation of individual tape unite is identicel to that of the "Words Oniy"
mode, but in addition a scale-of-two reisy counter is needed to permit the printer to
type a character corresponding to the perticuier 6-digit "Word" in the gas tube relay
register during punching of the word in paper tape, and then to keep the printer in-
operative during the next cycie while the complement is being runched.

In employing @ relesy counter, it is possible to have the counter in the wrong
position at the stert of & train of data beceuse of some previous usege, &n unexpected
switching transient, or some manirulation of tape equipment, so thet it is necessary
to arrange for some method of presetting this counter immediateiy before recording
"Word-Complement® date, Accordingly, at least one six-"zero" "Blenk" signal (meaning-
less to the printer) must be provided by WW1 as the "Blank Preset" sgignal. Since more
than one "Blenk" signel may be needed for other WWI functions, the reisy counter has
been arranged so that it remsins in the position preset by the first "Blank" signai
regardless of the number of similar "Blank" signals foilowing. '

Since operation of the tape units is essentially the same in all modes, & descrip-
tion of timing relstions in the relay counter wil. be congidered sufficient for the
"ford-Complement® mode. For this mode, switch S6 is set to "Words and Compiements”.

Referring now to the "Blank" Signal Preset timing disgrem (drewing D-37301), all
four counter relays (K-4 through K-7) and "Blenk Preset" relay K-8 are initlaliy un-
energized. As before, the preset cycle 1g initiated by a WWl "Print" signel which
fires "Print" thyratron V-2, and energizes "Print" relsy K-1 at t = 0 ms. Cloeing
in of K-1 energizes "D-C Common™ relsy K-2 end reacer clutch magnet K-107, and de=
jonizes "Print" thyratron V-2, Agein curing the reader mechenical cycle, "D-C Common"
contact S-102 closes at 42 ms and energizes "L-C Common" relsy K-2, which de-energizes
nPrint" reisy K-2 and the reader ciutch magnet, Note thet in this mode, there is no
meeningful data yet present in the relsy register becsuse an ali-zero "Blank Preset"
stored in the WWl output register has kept all seven control grids of the gas tube
reglster (V-3 through V-9) biased to =35 voits, end therefore appiicetion of plate
vo.tage to the gas tube repister et 50 ms feils to energize any of the register reiays
(K-11 through K-16), Hence no signal geta through translator reiays amnd selector

magnets to actuate the tarpe punch or printer.

Leparture from a reguiar mode of operation now occurs at 88 ms when ciosing of
reader "Feedout® contect S-i0l energizes "Switgh" relasy K-4 of the relay counter
through switch S6-2 which was set in the "Word-Compiement" positicn. At 92 ms, "a"
contact K-4-3 closes snd energizes "Count" reisy K-5 through ¥p" contact K-6-2, and
the relasy then seals in through "a" contact K=5=9. - !

Reopening of "Peedout" contact S-101 at 110 ms de-energizes "Switch" reiay K-4,
opening "a" contact K-4=3. This now hes no effect on "Count" relsy K-5 since it is
sealed in through its own contact. However, closing of "b" contact K-4-1 energlzes
"Interlock Pulse" relsy K-7 through "a" contact K-5-3 end the preset cycle is compliete
ed with the closing of "b" contact K-2-8 and_isdhance of & "Completion" signal. The
equipment is now reedy to runch and print the nex meaningful cheracter from WHI widch
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will be a word, punch the folilowing complement only, and then repeat the cyeie s long
aa-WWI continges to furnish words end comriements. Relsy action for this operation
will be briefly discussed under Section V, page 7 .

v, Efgggt of Multiple "Blenk Preget" Signaig on Relsy Counter Setting

Consider now thet a second "Blank Preset" signei is furnished by WWl insteed of
a "Word", as shown on timing diagrem D-37301. Relsys K-1, K-2, snd the resder perform
the seme functions es before, with the exception that "a"™ contect K-5-6 is now closed
at 185 ms end 115 voits a-c is erplied to "Blank or Preset" reiesy K-8, As the reader
cycle continues, "Feedout™ cam contact S-1C1 closes at 220 ms end energizes "Switch"
re.ay K-4 as before, except that "b" contact K-4-l1 opening at 222 me now de-energizes
"Interiock Pulse" relay K-7. ,

At this point it is important to note that the purpose of "lnteriock Pulse"
relay K=7 is to deprive "Count lnterlock" reiay K-6 of any voitage before "Blank or
Preset" relay K-8 cen drop cut., This is just ebout eccomriished, but becsuse of the
fast drop-out time of K-8, an occassionsl l-ms puise Goes tickie "Count Interiock"™
relsy K-6 at 231 ms. At no time has this critical timing point given rise to orera-
tional errors either in extensive teste recuired for this report or during normal
operation with WNI, since merginesl varistion of volteges only contributes to a faster
drop-cut of "Interlock Pulse" reliay K-7 snd complete disarpearence of this very short
puise, The pulse would have to be of et least 5 ms duration before & drop-out of
"Count" relsy K-5 and the resuitant tripping of the velay counter to the opposite
state would be effected.

To contimie with the remsinder of this second "Blank" signal cycle, opening of
reader "Feedout" cam contact S-101 at 242 ms de-energizes "Switch" relay K-4,, closing
"b" contact K-4-1 at 248 ms end restoring ail releys of the counter to their original
preset positions as esteblished by the first "Blaenk or Preset" signal. Reclosing of
"b" contect K-2-8 at 264 ms ("D-C Common" reiasy K-2 having been previocusly de-energized
at 232 ms by orening of the reader "D-C Common" contact) then initiates the "Comple-
tion" signel to WW1, signifying thet the Tape Output Equipment has complieted a cycle
and is aweiting enother "Blank" signal or a "Word".

V. "Word-Compiement" Mode of Operstion

Referring now to timing diagrem D-37303, which is & continuation of L-37301 in
regards to the elapsed time scele, relay and tape unit timing in this mode is identice.
to that of the "Words Only" mode described in Section 11, page 4 , &s far as 492 ma,
except that now the relay counter is now pert of the system by reeson of the switch
settings on the Remote Controi unit, Tape punch end printer cyclies sre initiated in

the normal menner at 446 end 457 ms.

At 492 ms, closing of "Feedout" cem contact S-1Cl now is pernitted to energlze
"Count Interiock" relsy K-6 via "a" contact K-7-9 and "b" contect K=8~7, the-latter
being.ciosed because "Blank" signels needed to energize "Bliank or Preset" relay K-8

are now absent,

As & result, "b" contact K-6-2 opens at 497 ms, unseals end de-energizes "Count"
relay K-5. Meanwhiie "Count Interiock" relay K-6 seals in at 499 ms through "a" con-
tact K 6-10 to keep reiay K-5 isolated from energizing voltage rresent whilie "e" con-
tact K-4-3 18 ciosed. "Interiock Puise" relay K-7, which bad dropped out et 494 ms,
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and "a® contact K-5-3 which opened at 507 ms (as described in Section 11) now prevent
"b" contact K-4-1 from de-energizing "Interlock Puise" relay K-7 at 520 ms. All relays
in the pounter are de-energized, the counter is now in the "Compiement” position, and
the cycie is compieted in the usual menner. '

Upon receipt of a "Compietion® signel, WWI piaces the "Compiement® in the gas tube
register and issues another "Print" signal et 543 ms. The resulting reisy snd tepe
unit operations are egain the seme as before, except that "a" contect K-5-6 is now
open snd the printer receives no 115-voit A-C signal through the Translator Releys
(K-102 for exemple), hence no charecter is typed. The tsre punch selector magnets are
energized at 593 ms in accordance with relay register "g" eontacts to punch the
"Complement®,

The closing of reeder "Feedout" cam contect S-iCl et 639 ma energizes "Switch"
relay K-4, and the closing of "s" contact K-4-3 at 643 ms energizes "Count" reley K-6
via "b" contact K-6-2;, and the latter seals in et 650 ms through "a" contact K-5-9.
Reclosing of "b" contact K-4=1 after "Feedout" cam contact S-101 orens energizes
"Interiock Pulse" relay K-7, the relay counter once again attains the "Word" position,
the cyecle is compieted at 690 ms, end the system is ready for the next "Word".

" VI, Tape Unit "Start-Stop," Punched_Tepe Feedout, and Lelsy Control Reley Functions

A, "Stert-Stop"

Pressing of the "Start" button (S-109 on the reader or S=301 on the printer) is
necessery in reedying the tape outrut ecuipment for operation with WWl after turning
on the power, Its effect on the delay control circuits ere as follows: pressing of
the "Stert" button first opens e "b" contsct to disconnect the reeder clutch megnet
end then cioses ean "a" contect which energizes Clutch Control reiay K-108, A "b"
contact on this reiay opens the reader clutch magnet circuit et e second point, and
then an "a" contact energizes the pickup coll of Lelay Control relay K-i09. A "c"
contact of K-109 first compietes the circuit to the "buck” coil of this seme relay,
then an "a" contact in the clutch magnet circuit cioses, end finally K-109 seals in
through a second "a" contact and & 4000-ohm resistor R=106,

At this point (with the "Start" button still held down) both K-108 and K-109 are
ciosed, and there are stilil two breasks in the resder ciutch magnet circuit: one is
the "b" contact on K-108 and the other is the "b" contact on the "Stert" switch,
Release of the "Start" button first opens the "a" contect and de-energizes Clutch
Control relay K-108 which in turn cioses the "b® contact in the resder ciutch megnet
eipauit. Finally, closing of the "Stert" button "b" contact completes the circuit to
the ciutch magnet. Only then can "a" contact K-1-6 of the "Print" relay energize the
clutch magnet, trip the clutch end stert the cam contact mechanism of the tape resder,
hence the necessity of pressing the nStart" button after turning on the power.

B. Punched-Tape Feedout

In the tape punch, punched tape must travel from the perforating mechanism a
distence of three or four inches to the point at which it emerges from the tesr-ol’f
guide, so that after completing an output tape, the "Feedout" buttom on the tape
punch is pressed to feed out sbout six inches of blank tape, after which the tape can
be torn off. Obviously, of the "Feedout" button is not used, three or four inches of
data bearing tepe will be left inside the tepe punch when the tepe is tern off.
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A possibility now arises where someone might press the "Feedout" button assuming
thet the computer has finished resding out data, end spoil the tepe. To avoid this
condition, the "Feedcut™ button is rendered electrically inoperative by means of the
"Unlock-lock Control, WWI Input" switch when the latter is in the " OCK CORTROL, WWI
INFT" position. The "Clesr" pushbutton on the Remote Control box is likewise rendered
ineffective by the same switch, since it is also possible to spoil the preparstion of
&n output tape by inadvertently pressing the "Clesr" pushbutton.

D, ontrol Rel tio

The printer must frequently execute tebular movements of the carriage, carriage
returns, shifts for capitels or symbols, end other functicns which would ceuse it to
fail behind control signals from the tepe reader, so that obviously some kind of delay
mst be provided to meke the reader pause while the printer compietes a function, This
ia accompiished by contacts in the printer which first de-energize the reader clutch
magnet and then energize "Clutch Controi" relay K-108 which in turm opens & "b" con-
tact in the clutch magnet circuit., The resder cem shaft rotetes to the point at
which the ciutch sutomatically disengeges end stops The clutch magnet is not eble
to trip the ciutch until the printer completes its function.

Energizing of "Ciutch Control™ relay K-108 mainteins voltage on the pickup coil
of "Delay Controi" relay K-109 during the delay period when a-c is flowing through
one of the printer machine funection solenoids that actuate the keyboard., This current
flow creetes @& voltage drop across the buck coil rectifier SR-100 and its rectified
output ceuses "Lelay Control" relay K-109 to drop out end open the reader clutch
magnet circuit. By this time K-108 has hed time to close and meintain the open cire
cuit,

Completion of a machine function closes the delesy contacts, de-energizes "Clutch
Control® relay K-108 which then energizes Delay Control relay K-109. An "a" ccntact
on K=109 then completes the elutch magnet cirecuit, whereupon the cilutch is tripped
and the reeder starts out on the next cycle.

VIiI. Special Circuit Provisions

In preliminsry orerational tests on the breadboerd version of the tare ocutput°
equipment, considerable difficulty srose from excessive transients put out on both the
a8-¢ and d-¢ power lines with amplitudes in the order of 100 volts or more end of fre- -
quencies in the megacycle region. R-F filters provided in the printer for the gentri-
fugally-gontrolled governor motor were insufficient for WNI stenderds so additional
filtering consisting of L-8 and C-39 was provided in the 1l5-volt A-C power line at
the point of entry into the relay cabinet, ‘ :

In turning on the power to the tape output equipment, the possibility of orig-
inating a spurious "Completion" signal is eiiminated by means of am R-C network con-
sisting of R-67, R-68, end C-26 connected in the +90 end =3C voit lines immediately
after the single-stage L-C filters, Condenser C=26 1imits the rate of rise of volitage
on the "Completion® signal iine to approximately 2.4 x 10* voits per second, which is
sufficiently iow enough so that the rulse generator sees no more then approximately
0.8 volt at the instent the 90 volts is turned on, and cen therefore produce no 0.1~
microsecond "Completion® signal to interfere with other WWI operations. Note that
this R=C network may be rendered ineffective if power to the Tape Output Equipment is
turned on and off by means of the lever switch on the rack power control unit, since
it is entirely rossibie that the +90 may appear before the -30, in which case & spuriocus

"Completion" signal would result.
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Large ampiitude reiey switching trensients are eiiminated from the +150 iine by
means of a two-stage filter contsining 14, L-5, and C-29 through C-31., Any remein-
ing transient effects ere less than WWI specifications of 1.5 volits permlissiblie max-

nmm

VIII. Power Regquirements, Recommended Fugse Ratings, end Circuit Conditiong for Mar=
ginal Operation - A

The following tabuiation shows the meximum a-c and d-¢ current inputs to the
Ta;e Output Equirment during the verious indiceted modes of operation et rated nominal
voitege, the fuse capacities required, end voitages resulting in merginal operation.

TABLE 11
Supply Terminal Max, Milliamps. 3§8c;3ﬁ:ng;geab Vogtgézugor
Volts No, One-Hole Six-Hole __empemas:- . Marginal Operation
=150 E2-8 0.2 0.3 1/2 (Note 2)
<30 E2-6 0.1 0.1 1/2 =1 (Note 3)
=15 E2-4 15 15 1/2 =11 (Note 4)
+90 E2-3 0.1 0.3 1/2 *40
¢150 E2-7 21 140 1 ¢115
115 AC -= (2.3 emperes) 3 (Note 1) 9

Note 1. L4telfuse "Sio-Blo" Cet, No. 313003, 250 voits or ecuivalent; all others
Cat. No. 312500 (1/2 amp.) or Cet. No. 312001 (1 emp.) or equivalent.

Note 2. Margin expressed in terms of minimum voltage on terminals El-l through Ei-3
necessary to fire relay reglster ges tubes. These voltages range from ¢170
to 2187 volta.

Note 3. Equipment operates sstisfactorily with almost negiigible bilas at this point,
but disconnecting lead stops operetion instantly.

Note 4. Reader shaft stops at ~30 volts; all relay register gas tubes fire at -3 volts.

IX. Summary

The Tape Outprut System hes opersted dependab+% over a period of several months,
excert for usuas difficuities encountered in the tepe units, such as a) stalling and
scorching of driving motors in tape panch and reader beceuse of incorrect fusing end
insufficient .subrication reeching the shaft beerings, b) bad arcing and burhing of

reader "D-C Common" cem eontact, ¢) steiling or jamming of carriage return mechanism

in printer, or d) printer governor-motor inorerative beceause of faulty governor contacts.

The possibility of Tape Output System faiiure as & result of sticking of relay
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