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ABSTRACT

The origin of this study of high-speed multipliers, the results of
which are recorded in this report, is discussed Chapter I, Two measures
to be used in comparing arithmetic elements are also given here, In Chapter
II the logical properties of the cirecuits envisioned for use in the realization
of the multipliers are discussed; and symbols, vailues of time delays and equip=
ment weights for the abstracted logical blocks are given, Certain drawing con-
ventions, etc., are also listed. Chapter III gives a general fremework within
which all the multipliers presented can be discussed and results in a classi-
fication of them. This framework is illustrated with reference to the Class I
multipliers. The purpose of Chapter IV is to catalogue the realizations of the
Class I multipliers and to discuss their speéial features., Breakdowns of the
equipment needed and estimates of the multiplication times are also Fiven in
this chapter. An explanation of the operation of the Class II and Class III
multipliers will be fcund in Chapters V and VI. Specific examples of multi-
pliers of these two classes are also discussed here, and their equipment
ccunts and multiplication times are quoted. Furthermore, a definition is
chosen for the meaning of "an optimum multinlier", and that multiplier of
those studied in Chapter VI which satisfies the definition is specified. A
comparison of most of the multipliers presented in the report is made in
Chapter VII, and the overall optimum multiplier when defined as in Chapter VI
is found. In addition some consideration is given to adapting the m:ltipliers
disgussed to handle negative numbers and to perform addition, subtraction and

division,
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CHAPTER I

‘ INTRODUCTION

‘ The purpose of this report is to record and extend the results of a
study of hiphespeed multipliers undertaken as a part of the design of a high
speed, high reliability arithmetic element (a device for performing various
arithmetic operations upon coded numbers). This problem was approached in the
following manner:

All the available designs which appeared to possess the desired charac-
teristics were to be considered in detail, and the "best" of these designs was
to be chosen for the final system. (In the interest of restricting the number
of the designs to be considered, two general statements can be made immediately:
(1) High speed demands that only parallel systems to be considered. (2) If the
basic circuits are to be required to distinguish only two states, then con-
servation of equipment and logical simplcity require that the system handle
numbers in binary rather than decimal form.) As an aid to determining which

‘ was the "best" among the designs considered, two numerical measures were
defined which would predict the speed and the relative reliability of any

specific design. These are discussed in the two following sections,




1.1 A MEASURE OF SPEED: THE SINGLE ADDRESS INSTRUCTLON TIME

The instructions proposed for the computer which would use this arithe-
metic element can be broken down into three groups according to whether they
require one, two or three memory cycles.l For example: (1) "Shift right
n digits" (sr n) requires only one access to the memory, namely that to
extract the instruction sr n, and th/erefore requires only one memory cycle.

(2) The "multiply" instruction requires two memory accesses: One to extract
the instruction and one to extract the number to be operated upon. (3) The
left store®™ instruction requires three memory cycles: one to extract the instruc-
tion, a second cycle during which a parity check and a new parity count2 are
being made, and a third during which the actual store operation takes place.

The instructions within each of these three groups can be classed accord=
ing to the length of time which the arithmetic element requires to perform them;
for instance, the instructions add, subtract, clear and add, and clear and sub-
tract require approximately the same length of time for execution and hence are
placed in the same class, The classes can be numbered consecutively from the

first class of the first group to the last class of the third group.

1. A memory cycle must occur whenever a number or an instruction is extracted
from or inserted into memory. A memory cycle requires a fixed amount of time.

2, Parity checks and parity counts are means for the computer to check the cor-
rect transfer of numbers to and from the MeMOry. S€€...cccecececescccccccose




The definition of the single address instruction time (SAIT), which is

to serve as a measure of the speed of an arithmetic element, is then as follows:

g me
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where m is the number of classes in the group of instructions which require
one memory acceés.
n iq the number of classes in the group of instructions which require
two memory accesses.
p is the number of classes in the group of instructions which require
three memory accesses.

M is the memory cycle time., This is the minimum time which can elapse

between the initiation of the extraction of successive words from the
memory.,

Pi is the fraction of the instructions in a typical program which fall in
the class i. This fraction cannot be found by simply determining the
frequency of occurrence of the instructions in the written program, but
must take account o;‘ the possible repetition of certain sections of the
program either as subprograms or as conditional subprograms.

0

N is the instruction overshoot time, It is the extra time, if any, required

for the execution of any instruction of the class in question beyond the



end of the time required for the memory cycle or cycles.

1.2 A MEASURE OF RELIABILITY: THE WEIGHTED LQUIPMENT COUNT

Computers are not lOOZ reliable because of sudden failures or gradual
deterioration of their physical components. Therefore, a measure of reliability
must relate to the physical componente of the systen,

The effects on the reliability of an arithmetic element due to gradual
deterioration of the physical comnonents can be greatly reduced with the aid
of marginal check:'.ngu.3 Moreover, conservative use of the physical components
tends to prevent their over rapid deterioration and further stops this effect
from adversely affecting the reliablility.

The occurrence of sudden failures cannot be avoided, but their frequenecy
can be decreased by careful choice of components and by minimizing the number of
components most subject to failure (tubes, diodes) which are neceasary to con-
struct the system. Thus if it can be assumed that the systems whose reliabilities
are to be compared are constructed with carefully chosen and conservatively used

components, then an approximate relative measure of reliability can be obtained

by taking an equipment count. In order to make such an equipment count, the
various circuits used in the realization must be assigned weights, and then the

count is simply the sum of the weights of all the circuits in the system.

3. The truth of this statement has been established by experience with the
Whirlwind I computer. See Digital Computer Laboratory Engineering Note E-536,




The problem of weight assignment is one which requires careful exercise of
engineering judgement. The weights assigned to the various circuits used to
realize the multipliers. discussed in this report are given in Table II-1.

1.3 THE DECISION TO CONCENTRATE ON A STUDY OF iULTIPLIERS

The SAIT for the first few of the arithmetic elements proposed was cal-
culated using a memory cycle time to be expected from a magnetic core memory.
It was found that the instruction overshoot time (Ol) was approximately zero
for all except the classes containing the multiply and divide instructions (these
classes consisted of single instructions), Therefore, the SAIT could be decreased
only by the discovery of systems which lowered the overshoot time of the multi-
ply and divide instructions while maintaining zero Oi for the other instruction
classes, Since Pi for the divide instrution is an order of magnitude smaller
than P, for the multiply instruction (0.01 as against 0.1 in the programs to
be used with this computer), it was more important to minimize the overshoot
time of the multiply instructions, even thomgh that of the divide instruction
might thereby remain constant or even slightly increase.

The design of an arithmetic element thus resolved itself into a study of
high-speed multipliers., The remainder of this report will deal with the results
of this study, although mention will be made in Chapter VII of methods for con-

verting the multipliers discussed into arithmetic elements,
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The study began with the investigation of previously suggested and suc-
cessfully operating highespeed multipliers. It then expandgd to consider ideas
for other multipliers. Since the time allowed for the study was limited, only
multipliers which upon a cursory examination showed fair promise of being high-
speed and economical of equipment were investigated thoroughly. Thus the dis-
cussion to follow may suggest to the reader several schemes for the mechanization

of multiplication which he will not find included here.
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. CHAPTER II

THE LOGICAL BLOCKS

2.1 The logical blocks

The multiplier systems presented in this report were designed starting
from certain basic blocks. If these basic blocks could actually be combined
in any numbers and in any manner then systems design would be simplified.
This is so because it would eliminate the problem of deciding how many, if
any, "non-logical®™ blocks (such as isolatiné and amplifying circuits) should
be used, Furthermore, the circuit delays cculd then be considered as pro-
perties of the circuits themselves. We shall inwoke this simplification by
formally neglecting the loading effect of ore circuit on another as well as
the effect of cascading circuits of less than unity gain. However, we shall
try not to suggest designs which demand the impossible or require an ex=-
cessive number of "non-logical®™ circuits to make good on this assumption.

The logical forms of the multipliers presented in this report are of
course a result of the logical blocks available for their construction.

These logical blocks are abstractions of forms of commonly known circuits,

such as the flip-flop and the vacuum tube gate, which have been specially




developed by the laboratory for high speed and reliability.’ In the ab-
straction of the logical blocks from these circuits only the following pro-
perties are retained., First, the number and type of inputs and outputs;
second, vthe logical relation of outputs to inputs; and third, certain time
delays. These properties, which are of importance to logical design, will
be discussed below, Weights were also assigned to the various basic circuits
in order to permit the equipment count mentioned in Chapter I, Some amplifi-
cation of the three properties which affect logical design is required:

There are two types of inputs and outpits or lines, namely level and
pulse. The distinction is necessary because of the electrical character-
istics of the linesz; and these characteristics require that only lines
of the same type be interconnected, thus restricting the possible combin-

ations of the logical blocks. The circuitry feeding these lines from

1. The basic circuits whose use is envisioned in the realization of the
multipliers presented here will be presented in the Circuit Applica’dons
Section of the proposed Military Reference Data Book,

2. The distinction is also necesséry for logical reasons since the infore
mation carried by level lines is in the form of the state of the whole

line (voltage high or low), a state which can be determined at any point

along the line and can be retained only by the use of some holding device.




within the blocks has been designed to posseéss these characteristics as

a result of the conception of the multipliers as systems clocked by pulses
of short duration (0,1 usec) and of very frequent occurrence, It happens
that usually this requirement on the ability of the driver of an electrical
line to handle frequent, short pulses is not compatible in circuit design
with the requirement that a.circuit be able to maintain an output at 2
constent level, Therefore, it is best to design different circuits for the
different tasks, and with this decision a need for distinction of line
types arises.

The notation to be used for pulse and level lines and their inter-
connections are shown in Figure II - 1(a) and (b). The intercommections
indicated by (b) are simple electrical connections; the arrows are simply
to indicate the type of line and the normal or logical direction of infore
mation flow. They do not imply the presence of crystal diodes. The
logical arrangement of the blocks whose outputs are thus connected that
the flow of information opposite to the arrow will cause no error in the
- gystem,

Specification of the logical relationship between inputs and cutputs

requires that a code to interpret the values of some electrical property




of the lines as a yes-no decision be specified. The electrical property
chosen here is voltage; the logical entities used are the binary digits

O and 1, The code is:

)relatively low voltage : O

level lines
)relatively hiigh voltage : 1
)absence of a positiwe voltage pulse
Jover a specific time interval s O
pulse lines '

)Jpresence of a positive voltage pulse
Jover a specific time interval : 1

The time delays retained are: (1) those which occur between establish-
ment of a particular condition on an input line and the. resultant change
in the outputs, and (2) those which must exist between input pulses to
certain circuits in order that the proper effect upon the outputs is
achieved, Any time delay of the first kind depends upon the number and
kind of circuits which are connected to the output in question. However,
it will be assumed, as was mentioned above, that the interconnections of
the circuits are achieved thru the use of isolating circuits so that these
time delays can be assigned constant values,

The literal symbols, logical block symbols, associated delays (defined

below), and equipment weights for the various basic circuits are included

in Table II~l. The label on the block diagram is the key to the




logical relationship between the inputs and the outputs, which are given

. further labels when necessary. These logical relationships can be expressed
in terms of voltages (interpreted logically as in the above code) as follows:
(1) The flip-flop block may be considered to have two sides: the "1" side
and the "O" side according to the labelled outputs. A pulse input to the
nin gide ('set' input) raises the "1" gide outpﬁt and lowers that of the
"0" gide output. A i)ulse input to the "O" gide (‘clear! j.nput) has the
opposite effect. A pulse input on the center line ('complement'! input) re-
verses the states of the outputs. A flip-flop will be said to have the
‘contents" O or 1 accordingly as the O or 1 output level is "high". (2)
The pulse input to the gate tube circuit will appear as an output pulse
only if the level input is "high". (3) The output level from the diode

' "and" circuit will be "high" only if all input levels are "high". (L)
The output level from the diode "or" circuit is "low" only if all input
levels are "low". (5) A pulse will appear on the output line from the
diode pulse mixer circuit whemever a pulse appears on an input line,
(6) The output level from an inverter circuit is "high" if the input is
"low" and vice-versa. (7) The delay line unit simply delays the input

pulse,

B I =




The time delays for these circuits are defined as follows: (1)
Two time delays are associated with the flipeflop circuit. The transition
time, t, is defined as the time from the occurrence of the peak value of
~an input pulse till the slowest changiné output level reaches a value
which differs from its final value by 10%of the total change occurring,

(When this value is reached, the level is established.) The flip-flop

resolution time, (’ go is defined as the time which must be allowed betweén
the occurrence of any two input pulses in order that the second pulse
shall have its proper effect upon the outputs. (2) The delay of a gate
tube eircuit, X s is the time which elapses between the input pulse and
the output pulse (when the input level is "high"). The input pulses must
be separated by a resolution time P g (3) The delay of the diode "andh
circuit, a, is the time between the establishment of the input level and
the establishment of the output level, when this level is changing, The
time a is assumed to independent of the number of inputs, (L) The delay
of the diode "or® circuit,), is defined exactly as was a. (5) The delay
of the pulse mixer circuit, p , is ‘t.hat. experienced by a pulse in passing
thru the circuit and is assumed independent of the number of inputs, A

resolution time P n 18 required between input pulses. (6) The delay of




fhe inverter circuit, i, is the time between the establislment of the
input level and the establishment of the output level, (7) The delay
of a delay line unit will be symbolized by C( o 7The unit possesses a
resolution time Pd.

The values given for the delays of the "and" and "or" circuits in
Table II-l are based on the assumption that the "and" circuit is designed
so that a diode never assumes ite high resistance value (reverses) whem
an input level is rising and that the "or" circuit is used so that a
diode never reverses when an input level is falling., Thus the voltage
waveforms at the outputs of these circuits follow the waveforms at the
inputs (when logically they are supposed to) except for an inevitable,
very small delay, The values of o and & are also considered to include
the delay which will be introduced when it is necessary to include cathode
follower and buffer amnlifier circuits, The values assigned to these delays
in Table II=l are debatable, but at the present time they appear reason=
able, The valuie chosen for the delay of the pulse mixer is also questione
able, but some value must be assigned. The value given forb’ is a con-
servative estimate. Since the estimates for the delays of these four

circuits are so small, they will not be considered in estimating multiplicae




Table I1I-1

Logical Blocks
ASSOCIATED Equipment
CIRCUIT LITERAL SYMBOL | BLOCK SYMBOL DELAYS (usec) | WEIGHT
T = 0,5
flip-flop FF 40
Fs - 0.2
&= 0,04
gate tube GT P? = 0,5 10
ik s oA = 0,02
diode "and" k ok
gate
input o O =0,02 2k
diode "or" gate &
input
diode pulse M iR
PM“ 005 k
mixer (k_inomts)
inverter I -1 }» ¢ =04 10
delay line J )
ay -
-t D ""EJ-’ R =& oro.s "
p,seﬁzgisgever is
: o D el 58
three input +3,8 -—-—+3____’sl -
—P C
adder + 3 1 o Cl 48
1 —» S
two input B il Sl 32
adder P o - '
C 22
Not present for %3 and +2,




tior. times of multipliers except when they occur in appreciable aggregates.,
In adcdition to the basic circuits discussed above, three logical units
composed of seversl of these circuits occur frequently enocugh to be assigned
block symbols., These are two adder circuits and a step counter circuit.
The first adder circuit is capable of summing three binary digits, presented
to it coded as voltage levels. It is shown in Figure II-2, The "s"
output is the coded right-~hand digit of the binary sum, while the "c"
cutput is the coded left~hand digit of the binary sum. The "s™® and 'O
outouts are the inversions of the "s" and "e" outhuts. The inmuts are
interchangeable; as would be expected, and hence require no labels. This
circuit is known as the three input adder; the literal and block symbols
for it and its equipment count are given in Table II1-1. Three delays
associated with this circuit are of importance. They are the delays from
the establishment of an input level to the esteblishment of: (1) the
"e® output level, (2) the “cl“ output level and (3) the “sl" output level,
These delays can readily be expressed in terms of those already given for the
basic circuits and are assigned no separte symbols,
The second of these composite circuits is a two input adder and is

merely a simplification of the three input adder. It is shown in Figure



II-33 its literal symbol, bolck symbol and equipment weight are given in
Table II-l.

The step counter circuit and its logical block symbol are shown in
Figure II-L, A sten counter consisting of m flip-flops will provide an
end=-carry pulse on the kth add-one pulse, where k is any integer which
satisfies 1€ k< 2™ and depends on the setting of the preset toggle
switches, The equipment count cannot be fixed in generaly, but one of the
two delays associated with the circuit is independent of the number of
flip-flops. This is the time which must be allowed between the occurrence
of the preset pulse and the first add-cne pulse or between any two adde
one pulses. It mar be thought of as the step counter resclution time
and clearly must be equal to the flip-flop transition time, © . The delay
between the occurrence of the kth addeone pulse and the resultant ende
carry outmut pulse ismy .

2.2 Conventions

Some conventions which have to do with the drawing of block diagrams
are shoun in Figure Il-l. Pulse and level lines and their interconnections,
shoun in parts (a) and (b) of this fipure, have already been discussed,

The adoption of the convention of Figure II-l (c¢) reduces the number of
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lines and arrow-heads on many block diagrams and thereby gives them a
neater appearance,

The letter "n" will be used thmuout the report for the maximm num-
ber of digits ("digit length") of the binary numbers to be multiplied,
These numbers will always be considered to be of length n, zZeros béing
inserted at the left end of the number when necessary. The digits will
be numbered from 1 to n from left to right (most significant to least
significant), The bi:nary numbers will be stored in flipe-flop registers
(a string of flip-flops) in this same order; that is, the leftmost flip-
flops in the registers as shown in the block diagrams will contain the
most significant digits, The flip-flops of all the registers will also

be numbered from left to right.
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Chapter III

Classification of the Multipliers and General Considerations

3.1 Introduction to the classes of multipliers

The concept of binary notation for real numbers and the rules for pere-

forming the various arithmetic operations upon binary numbers have been dis-

cussed in other reports of this la.boreﬂ;ory.,:L Therefore, understanding of

the operation of binary multiplication will be assumed,

The arrangements of digits for long-hand binary multiplication of n
dipit numbers is shown in the example of Fig, III-1 for n = 5, No digits
need be carried when forming the partial products shown in this fipgure as
in decimal multiplication, and hence the digits of these numbers can be
completely specified as shown, i.e., as products of two binary digits. The

e
main divisions in the classification of the multipliers discussed in this
report are based on the manner in which the digits of the partial products
shown in this figure are grouped during an iterative summation process.
These main classes of the multipliers are three in number, The multipliers
of the first class utilize an obvious grouping of the ;ﬁgi.ts of the partiszl

products. The grouping used by the Class II multipliers is slightly more

involved, while that of the Class III multipliers is the most complex.2

1. See Digital Computer Laboratory Report R-127, p.2l, article L.l; or Report R=90.
2. Other groupings have been considered, but have not as yet led to any other

worthwhile classes of multipliers.



3.2 The anatomy of the multipliers

In general, the problem of realizing any multiplier is three-folds
First, an arrangement of logical blocks must be made which will. supply digit

groups, one by one, to a multiply-adder. Second, this multiply-adder must be

designed to sum properlyj ﬁhe digits of the digit group supnlied to it at a
particular instant with the sum of the foregoing groups. Third, a2 circuit to
control the operation of the ehtire system must be designed, The equipment
for forming the digit groups, the multiply-adder, and the flip-flop registers
which must be provided to store ﬂae_nmltiplier, the multiplicand, the product

and other mumbers--in short, that part of the multiplier which handles the

nmumerical quant.;ties--m.ll be known ‘as the arithmetic sect:l.oh. The remainder
of the miltiplier will be called the control section.

The discussion in the following two sections will be illustrated by
remarks which apply to a specific case. An introduction to this specific
case follows, An obvious way to group the digits of the partial proéucts is
d.up).y to take the groups to be the partial products themselves, A simple

order for summing these numbers is to sum the first partisl product with the

3. By "sum propérly" is meant addition with the two numbers shifted appropri-
ately as in the description of the preceding paragraph, The inclusion of
the ability to shift is all that distinguishes a miltiply-adder from an

adder,



second partial product shifted one digit to the left (see Fig, III-l), then
the result with the third partial product shifted two digits to the left, etc.
The Class I multipliers proceed in the manner just described,

3.21 The arithmetic section

The problem of the design of the arithmetic section may be divided
into two design problems, as was indicated above. The multiply-adder will
be considered first.,

3.2,1.1 The multiply-adder

The general mﬁltiplyhadder rust be provided with inputs which indicate
the values of the digits of a particular one of the digit groups, and with
other inputs which indicate the contents of the register (hereafter known as the

accumulator register) used to store the sum of the preceding digit groups--see

Fig, I1I-2, It must also be provided with command pulse inputs which cause the

multiply=-adder to perform whatever operations are necessary in order to add the
i.-""—lr—l digit group to the contents of the accumulator register, and to store the
result shifted apbropriately. Some sort of shift is necessary with every
multiplier discussed. (The appropriate shift in the case of the Class I

multipliers is one digit to the right. This achieves the shifts described in

the last paragraph of section 3.2, since a one digit shift right of the result



of each summation is equivalent to a2 one digit shift left of all the digit

groups which remain to be added in.) Such a set of operations will be said to
correspond to a step in the :ultiplication procedure, Thus the number of steps
required to complete the multiplication will also be the number of digit groups
which must added together to form the product.

The operation or operations which any multiply-adder of those discussed
in this report must perform to accomplish the addition mentioned in the pre-
ceding paragraph arise from two different logical procedures for binary sum-
mation, These are discussed in the following two sections,

302,1.1.1 The first method of binary summation

A possible breakdown of the operation of binary addition of two n-digit
numbers is illustrated by an example in Figure I1I-3(a). The rule of binary
addition which determines the partial sum (or sum) and the carry-row digits

can be expressed as a table:

The Partial-Carry and Partial-Add Operations
st &D th th
kel=~ Carry Row k-l—Partial Sum k— Carry Row ¥k~ Partial Sum
(or addend) (or Augend)
32 s 18 qigit 312% gipit 12 sigit
0 0 0 0
0 & 0 1
: & 0 0 1
& 1 : ) 0

L. The contents of this table are symbolized by two operations of Boolean
algebra, Thus the carry row digit corresponding to two digits A and B is
symbolized by A B, while the partial sum digit is symbolized by A €B,

For example if A = 1, B = 1 then referring to the above Table A ° B = 1
and A ® B = O, Boolean algebra is discussed, among other places, in The
Design of Switching Circuits, S. H. Caldwell, Chapter III, %o be published.,




The operation of forming the first partial sum and the first carry
row from the addend and the augend--these names are implicitly defined in

Figure II=3(a)-=is called a partialeadd operation (symbolized by "a") while

the subsequent, otherwise identical, operations are called partial-carries

(symbolized by %e"), If n is the digit length of the original pair of num-
bers, then no more than n partialecarry operations need be performed before the
partial sum becomes the sum,

If this method were used for every addition which must be performed
during a multiplication, a great deal of time would be consumed in performing
the partial carries., There are at least two ways to remedy this difficulty.
First, a realization can be achieved which will perform all the partial-
carries in one operation. This operation is ordinarily known as a high-speed

carry (symbolized by "c"), It is displayed in the following table and il-

lustrated by an e xample in Fig, III-L.




Table I1I-2

The High-Speed Carry Operation

123'- Carry Row 122 partial Sum High=-Speed Sum High~Speed
Carry to Carry to
38 it 58 et 2 gigit | 32 aigit | 3120 aigis
0 0 0 0 0
0 0 3 i | 0
0 1 0 ; 0
0 1 : C 1
1 0 0 1 0
1 0 1 0 : §
| 4 0 0 1
& 1 1 : : 1

It should be noted that when a high-speed carry operation is performed, -
information in the form of a binary digit (called the high~8peed carry digit)
is provided to the j-1Z% digit column from the % digit columm; and that
the high-speed carry digit put out depends upon the one received from the
J= 1EE column, Thus the operation mx;.st take pnlace in a sequence from right
to left. The propagation of this. digit, whether it is coded as a pulse or a
level, requires time and will affect the speed of any multiplier which uses
this operation.

Second, the multiplication operation can be successfully realized even

if only one partial carry operation is performed for the summation at the i—t—h-

step. A series of partial carries or a high-speed carry must be performed at the




final step of such a procedure in order to obtain the product.

302.1.1.2 The second method of binary summation

Another possible approach to the problem of summation is to introduce

an operation which will be called a predictor carry (symbolized by neh),

This operation acts upon the original addend and augend to produce a number which
can be considered to be an altered addend. The operation essentially predicts
where carries will occur and alters <the addend so that the complete sum can be
obtained by means of a partial add operation upon the augend and altered addend
(the carry row produced by this operation is ignored). It is displayed in the
following table, and a mumerical example is given in Fig, III-3(b),

Table I1I-3

The Predictor Carry Operation

Augend Addend Prddigtor Carry Altered Addend Predicxr Carry
(e}
Batgiv | B g | 32 aipe 5B atgit 3-18% gigit
0 0 0 9 0
0 0 i L 0
0 1 0 1 0
0 1 g 0 1
1 0 0 0 0
il 0 ;| i 1
b i g 0 1l b
1 h ¥ 1 0 1




Like the high-speed carry operation, the predictor carry operation

must take place in a sequence from right to left. The propagation time for
the digits will affect the speed of any multiplier which uses this operation,
<

The discussion of methods of binary addition has shown that the opera-
tions of addition initiated by the command inputs to the multiply-adder can
be those of any one of three groups: (2, ¢) (a, ¢) or (¢, a). In the multi-
plication procedure, each of these groups must be followed by a shift opera-
tion (symbolized by "s") so that a set of operations making up a step can
be either (a, ¢, s) 3 (a, ¢, s) or (c, a, s),

A saving in the number of operations required for a step can be ob-
tained by building a multiply-adder which combines two or more of the opera-
tions of the above sets to obtain such operations as "es" (partial carry and
shift combined), or "ac" (partial add and highespeed carry combined), In
the case of the Class I multipliers, it will be noted that an entire digit
group will be all zero's if the corresponding digit of B is zero (see Fig.
III-1), Thus only the shift operation need be perfonﬁed at the step which

adds in this digit group.



If the addition and shift are combined into just one operation, one
might expect the speed of multiplication to be increased since each separzte
operatién in a step requires that the control section supply a command pulse
to the multiply-adder, However, this is not necessarily so because of the time de-
lays of the equipment which must be added; furthermore, speed is not the only
characteristic being sought:s the reliability is also of utmost importance,
Therefore, multipliers using more than one operation per step are included
in the study.

The multiply-adder for a Class I multiplier can be designed by first
designing an elemental unit used for extension of the multiply-adder to handle
numbers of any digit length., This unit will be called a stage. The multiply-
adder is bullt up of a string of these stages terminated at each end by special
forms of themselves, A stage may handle digits from any number of digit
columns, but usually it involves those of only one digit column, The steps
in the design of the stages of the multiply~-adders presented in this report
are not given; only the final design is shown.

The multiply-adders for the Class II and Class III multipliers were

developed from those designed for the Class I multipliers (see Chapters V and VI),



3.201.2 Formation of the digit groups

In the case of the first class of multipliers the problem of designe

ing a system of logical blocks for forming the digit groups, i.e., the
partial products, is comparatively simple, This is so since the k—t-}-x-
partial product is either zero or A (see Fig, IIl-l) depending on whether
B, = 0 or 1 (where i Snek+ 1), a fact which was pointed out in the |
preceding section. Thus the correct partial product will be added in if an
add and shift group of command inpuﬁs to the mltiply-adder are pulsed when
Bi = 13 otherwise, only the shift~input is pulsed.5

The arrangement used to provide these pulses for all but two of the

seventeen Class I multipliers studied is to store B in a shifting register

(see Fig, IVel), hereafter known as the B register, and to provide the n—u—l-

flip=-flop in this register with "1" and "O" gate tubes which are sensed by a
pulse at each step. The outputs of these gate tubes are fed to the control
of the multiplier which then sends them to the proper command inputs of the

multiply-adder. Of course the B register rmst be shifted after each step in

order that the (n - k + l)-s;b- =3B digit of B will be in the 2 flip-flop

for the k_ty_ step. The shift gates of the B register and the two gates on

the nt-il- flip-flop of this register may be considered to be the system of

5 If the multiply-adder does not otherwise perform a separ ate, simple shift

operation, then it must usually be provided with the ability to do so. The

exceptions are the multipliers which perform a "es" operation,



logical blocks necessary to form the kEE digit group for this sub-class of

the Class I multipliers.

The two class I multipliers which do not fall into the above sub-clags

utilize a similar but somewhat more camplicated method for forming the sz

partial product, They are similar to the multipliers of the first~discussed

subeclass in that they require shift gates on the B register, but more compli-
cated in that they use diode "and" circuits to aid in the formation, These
miltipliers are discussed in éecfions Lohi and L1k,

The equipment for forming the digit groups for the Class II and Class
1IT multipliers is more complex, and discussion of it is postponed to Chapters
V and VI,

3.2.2 The control section

Any of the multipliers to be discussed is visualized as just a part of
a larger system, e.g., a computer. When the system requires that a multi-
plication be formed, it will supply the control section of the multiplier

with a miltiply-cormmand pulse, When the multiplication is complete--i.c.,

when the output levels from the accumulator flip=-flops have stabilized after

the last command pulse--the control section must supply a multiplication-

complete pulse to the system. Between the occurrence of these pulses, the

control will perform its function of distributing the proper number and kinds of



conmand pulses to the arithmetic section. In order to contrel the number of

commands which it suprq.ies, the contrel section must contain a step counter. As
to the kinds of commands to be supplied, the sequence of these required by the
arithmetic section is fixed except for the Class I multipliers. llere the con-
trol section requires information from the n—tll- B ¥~egister flip-fiop in deter-
mining what sequence of ope,fations is to be performed at a specific step., This
situation is the direct result of the method chosen for forming the digit groups
of the Class I multipliers.

The control section must be designed carefully in order that it will add
as little time to the operation of the multiplier as possible and gtill notb
depend upon extremely precise time for its correct operation or require more
equipment than is absolutely necessary,

The control sections used in the realizations to be presented are basic-
ally of two types, namely those which use a clock pulse generator to supply
the command pulses (hereafter called the K type) and those which use a cire
culating pulse to supply them (hereafter called the C type). Multipliers
which use control sections of the firstementioned type must be synchronous,

which here means a "fixed rate," that is, the command pulses are supplied at the



fixed rate of the clock pulses, Multipliers which use the circulating pulse
type of control may operate synchroncusly or asynchronously,

3.2.3 Combinations of arithmetic and control section types

The arithmetic sections tote introduced in later chapters may be
typed according to the type of multiply-adder which they use., These multiply-
adders utilize two ways of initiation the "a," Mac," "s", etc., operations:
(1) An initiating pulse is sent to every stage simultaneously, or (2) an
initiating pulse is sent to the rightmost stage of the multiply-adder and
propagates through the multiply-adder stage by stage. All the operations of
each of the _nmltiply-adders are initiated in either one or the other of the
above manners. Thus the multiply-adders and also the arithmetic sections
fall into two types: Those whose operations are initiated in the first manner
will be called the block type (B type), and.the others the doming type (D type)
from an anlogy with the knocking over of a row of dominos (the stage becomes
a domino in this analogy).

Either type of arithmetic section may be used with either type of
controle A C type control used with A B type arithmetic section uses delay

units to establish the intervals between the commands, while a C type control
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used with a D type arithmetic section may use either delay units or the
delay of command through the multiply-adder (with delay units added if
necessary) to establish these intervals., A C type control is usually faster
than a K type control when both are used with the same arithmetic section
since the time intervals between its command pulses are not restricted by
a clock pulse period, For D type arithmetic sections, a C type control
which uses delay units is usually faster than one which, utilizes the delay
through the multiply-adder since time intervals between commands are less
restricted in the first case than in the second,

It may, from the standpoint of speed of operation, be more desirable
t0 use one rather thar the other type of control with any specific arithmetiec
section, Further discussion of the choice of the control seption for use with
a2 specific arithmetic section must be postpéned to section 3.k,

3.3 The mulbtiplication time

The memory overlap time is measured from the instant the output levels
of the A register have stabilized after reading the multiplicand into it from

the memory (by means of the read-in pulse). Therefore, the time required for

a multiplication should also be measured from this instant.



The multiplication time can be divided into three parts: (1) The

time which elapses between the stzbilization of the A register outputs and
the occurrence of the first command pulse of the first step., This is the

initial time. (2) The time required from the firet command pulse of the

first step to the first command pulse of the last step, The time required
for a given step will be known as the step time; and, for the Class I
multipliers, it may have any one of several values depending on the contents
of the n B register flip-flop when the step is to occur. (3) The time
requi;red for the stabilization of the accumulator flip-flop cutputs from the

first command pulse of the last step. This final time will include the time

for a final carry operation if one is necessary,

In order to allow for the initial time and yet hold it to a minimum,
the time between the read-in pulse and the multiply-command pulse must be
as follows:.

The C type contrcls presented for all the mltipliers send the first
command pulse to the multiply-adder almost immediately upon receiving the
multiply-command pulse. Thus for C type controls the multiply-command must

occur approximately % plus the minimum allowsble initial time, %

59 min, after

the read-in pulse. Then the initial time t’i = ti, min,



The K type controls presented for all the multipliers send the

first command pulse to the multiply-adder ome clock pulse period (the letter

T will be used throughout the report to denote the clock pulse period in
microseconds) after receiving the multiply-command pulse (since this pulse is assumed
assumed to be synchronized with the clock pulses. If Tg 2/ + ti, min?
then the read-in pulse can occur simultaneously with the multiply-command
pulse, Then t; = T = Y. Otherwise, the multiply-commend pulse must occur

2+ B, nqn - T microseconds after the rcad-in pulse and t, = %
9

. 3 i, min°®
The definitions introduced above and in the next section are intended
#o provide a standard basis for and an aid to estimating the multiplication
time. It should be emphasized that they do not change the fact that the

values given in later chapters for multiplication times are merely estimates.

3e3.1 The step time

The time required for each step of the multiplication is fixed for the
Class II and Class III multinliers, but varies according to the contents of
the nih- B register flip-flop (and in certain cases the other digits in the A
and B registers) for the Class I multipliers. The following discussion
applies primarily to the Class I multipliers, but is of use in determining the

constant step times of the Class III and Class III multipliers,




The step time of the Class I multipliers varies because (1) the
mmber and/or kind of operation to be performed at the step depends on the
contents of the nEE-B register flip-flop, and (2) the time to "perform" an
operation depends upon the operation itself and the operation which is to

follow it. This latter comsideration leads to the fcllowing definitions.

operation-pair: Any sequence of two operations which can occur in the

functioning of a given arithmetic section,

time-laﬁse: The time from the occurrence of the first operation of an
operation=pair to the instent when the arithmetic section is prepared for
the second operation of the pair, (Clearly every time-lapse is associated
with a specific operation=pair, The time-lapse may also depend on the
numerical contents of the various registers in the arithmetic section, as
when a carry propagation occurs,)

maximum time-lapse: The largest vslue which the time=-lapse required by a

particular operation-pair can assume, (This time will be symbolized by the
abbreviations for the operations of the pair separated by a colon, e.g., ascs,)
The maximum time-lapse differs from the particular time-lapses of a specific
operation-pair for B type arithmetic sections because of the irregular times

required for carry propagation. Since in this case there is no simple way to
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indicate to the control what time-lapse is required when the operation-pair
occurs, the maximum time-lapse must be allowed at its every occurrence, The
determination of the maximum tire-lapses of D type arithmetic sections re-

quires further disclission, which in turn requires the following definitions,

per-stage delay (¢): The delay experienced by a propagating command pulse

is passing through a stage. (This delay may vary for any stage of a multiply-
adder according to the contents of the corresponding sections o;‘ the A and
accumulator registers. Each per-stage delay is of course associated with a
particular command, )

maximme-stare time-lapses For every stage of a D type arithmetic section

there is a time which must be allowed between the instant at which the stage
receives the pulse of the first operation of a pair and Vt';he instant at which
that stage is prepared for the second of the orerations. This can be called
the stage time-lapse. The maximum stége time-lapse is the largest of these
values, (%his time is dependent upon the particular operation-pair and will
be symbolized by the abbreviations for the operations of the pair separated

by a colon and followed by a subscript "S", e.g., (a.:cs)se)




The determination of the maximum time=lapse for P type arithmetic
sections is made from the binary digit length, n, of the numbers multiplied
(this determines the number of stages in the rmultiply~-adder), 1Al‘.he per-stage
delay, and the maximum stage time-lapse. In particular, if the per-stare
delays for the commands which occur in the operation of a particular D
type multiply-adder are independent of the mnnerical contents of the control-
ling registers, and moreover if they are equal, then the maximum time-lapses
are equal to the minimum stage time-lapses for the regpective operation-pairs.,
This situation occurs for all of the D type arithmetic sections introduced in
Chapter I\% except one (see section 4.11.1).

The maximum time-lapse differs from particular time-lapses for specific
command-pairs of D type arithmetic sections either because of variable carry
propagation time or because the per-stage delay is dependent upon the numeri-
cal contents of the controlling registers. In the latter case an indication
of the time-lapse required at a particular occurrence of the operation=pair is
automatically given to a C type control wuhich uses the completion pulses (the
command pulses as they appear from the final stage of the mltiply-adder) in
place of the commands delayed by fixed deley units. 4This situation of vari-
able per-stage delays arises for the multiply-adder mentioned above as being

discussed in section L,11.1l. The step time is a sum of maximum time-lapses.,



20

A glven etep with a Class I multiplier requires one of at most two
possible operation sequences (corresponding to the fact that the contents
of the nt B register flip-flop is either O or 1. Thus there are st most
four step times, and this number occurs only when each operation sequence
can be followed either by iteelf or by the other sequence in the operation
of the arithmetic section,
3.3.2 The measure for the speed of & multiplier

The fact that the multiplication time of a multiplier depends in
certain cases upon the mmbers to be multiplied makes it necessary to
introduce this section in order to speeiﬁhowtomeamrg the speed of a
miltipliers The multiplication time itself will be used when constant.
Otherwise, the maximm and minimm multiplication times will be found,
and the average of these two values used as the measure. If we assume that a
2ero or a one has equal probability of occurrence in every digit position
of the number B, this average mltiplication time will also be the most likely

multiplication time for most o2 the multipliers of this type.

3.3.2,1 Choice of type of control section for use with a specific

arithnetic section

The criteria for the choice of the control section will be based solely

on the speed with which the resultant multiplier operaf;es since alterations




in the control section can affect the equipment count for the whole
miltiplier only slightly.

The clock pulses of a K type control may be used to initiate either
each step or each of the commands of a step. (Incamuhsre‘mmisonly
one command perstep the either or has no distinction associated with it.)

In the first case, a K type control would be used only when the step times,
if more than one, are all very nearly equal, In the second case, it would be
used only when all maximum time-lapses are all very nearly equal and it is
possibletoarrangeaxmecantroltompplytbepropermdsofccmands.6
It:l.smoré desirable to use K type controls in the second of the sbove manners
if there is a choice, for otherwise delay line units will be necessary to‘
establish the intervals between the command pulses. The two cases are the
only ones in which K type controls can compete with C type controls for

speed of operation. Even here, because of the effect of the control itself

on the multiplication time, the C type control may be faster, Thus if &

6. It has been found possible to design K type controls which can supply the
proper kinds of commands when these are initiated separately by the clock
pulses only when either just one command is required per step or when at
most two commands are required, the last of which is a shift or a come
bined carry and shift. There is no tfick to the design in the first case,
Eut in the secénd 3 special device is necessary, It is expleined in section

sde3s g ‘
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a particular arithmetic section falls into either of the above cases, its
multiplication time with both C and K type controls will be considered and
that control which gives the faster operation will be chosen; otherwise, C

type controls will be used,



Chapter IV

Realli,ationgof Class I Multipliers

L.l Introduction

z
L.1.1 Outline of the multipliers to be discussed in this chapter

It is desirable %o have a symbolism for naming the Class I
multipliers which will also indicate something of their structure. The
gymbol for a given multiplier should at least indicate the type of con-~
trol and f.he type of arithmetic section used. In addition, the operations
performed by the multiply-adder uhen-Bi = 1 can be indicated by use of the
syrbola introduced in Chapter II1I, separating the separate operations by
periods. For example, a.cs stands fqr the operation partial add followed
by a c@ingd complete carry and shift., Finally, the different physical
redlizations which are presented for certain of the rmltiply-adders are
distinguished by numbering them. Thus, the second scheme for realizing-
the multiplier which utilizes a clock pulss type of conirol and a bloeck
type of arithmetic section which performs a combined partial add and completes
carry followed by a shift when Bi ® 1 will bs E-ac.s B2, This symbolism
will serve for the Class I multipliers and will be extended in laf s chaptera
to includs the Ciasa II and Class III multipliers,

In the following outline of the Class' I multipliers to be discussed,
the multipliers are first classified according to their logicel properiies
and then according to physical differences.



The Class I Multipliers

A, First method of summation used
1, Final highespeed carry needed
8, Two operations when Bi a ]
E=a,cs Bll'
C-a,cs Bl
K~a,cs B2
Cea.cs B2
b, One operation when Bi =1
K-acs Bl
E-acs B2
2, No final highe-speed carry needed
a. Three operations when Bi. = 1
6-a.c.s B |
b. Two operations when Bi =1
(1) C-as.c B
(i1) Ceac.s Bl
‘ C-ac.s B2
K-ac.s D1
Ceac.s D2
Keac.s D3
€. One operation when Bi =1
(1) C-asc B
(11) C-acs Bl
K-acs Dz°
B, Second method of summation used

C=6.8.8 B

L This 1s the scheme used by the Whiriwind I computer.

2 This is the scheme chosen for the computer of whose design this study was

a part.




| /
. ( Previous to the development of the system used in this outline for

~ naming the Class I multipliers they were named differently. The corres—
pendence between the old and the new terminology is given below.

0ld New
2 sc (WWI) ' C-a.cs Bl
- Cea.cs B2°
3 asc E-~acs Bl
2 ase K-acs B2
26 C=a.¢co.8 B
2 as (with carry flip-flops) C-as.c B
3 Ce‘ag'.- Bl
2D C-ac.s B2
Al K=ac.s D1
, A2 Ceac.s D2
R ‘ AS K-ac.s D3
: 2 as (with delay lines) Ceasc B
3 as C-acs Bl
A slight alteration of the 3 as Ceacs B2
multiplier - .
A as K-acs D
2a C=c.a.8 B

The old S = 2 (and 2 x 2) multipliers are of Class III, These are discussed

in Chapter VI.
3. The idea for this Class I multiplier came from cme of the two realizations

presented for the old S = 2 multiplier in the original study.



L.1.2 The storage registers

The arithmetic sections of the Class I multipliers each have at
least three storapge registers, namely the A, B and accurmlator registers.
The accmmxlaf;or register was introduced in section 3.2.1.1, and the B
register in section 3,2.1.2., In addition, some maltipliers have a "C"
gegister for carry storage. The A and B registers are used to store the
multiplicand and multiplier respectively and must therefore contain n
flip-flops each, Consecutive sensing of the digits of the maltiplier,
required for formation of the digit groups for the Class I multipliers,
is achieved by shifting it through the rightmost flip-flop of the B
register, 43 was mentioned in section 3.2.1.2. No provision is made to
store the digits shifted off the end of the B register and hence the
multiplier is lost during the multiplication.

I% can be shown that the product of two n digit binary numbers can
at most be 2n binary digits in length. Thus the accumulator register,
which is used to store this number, should contain 2n flip-flops, However,
the B register may be used for the rightmost n flip-flops of the accumulator
because of the following facts: (1) After the k' step of the multiplication,
k partial products will have been summed, and the result will be a number of
length n + k. (This is the general case when a new leftmost digit may be
formed by a carry). The rightmost k digits of this number are digits of the
final product, (cf. Fig. III=1l) and therefore may be stored in a register
whose contents are not operated upon by the multiply-adder except for shift
right operations. (2) The B register is a shifting register whiech must
shift at each step of the multiplication.,



The fact that the B register also serves as the right half of the
accumulator register means that formally spesking, the associated shift
gates are part of the multiply-adder, as well as part of the eguipment for
fomi.ng' the digit groups. It is assumed that the B register is shifted before
or-at the same time that the accumulator is shifted, for otherwise the left~
most \iigit of B would be lost. '

'll’}ne_fahifting register shown in Fipure IVel is used for the B register in
.all thé Class I multipliers. Therefore, it is not redrawn for each miltiplier,

Neither read-in nor read-out gates are shoun for any of the registers in
the fipures to follow since the result would be to needlessly complicate the
diagrams., Neither are means shown for clearing the registers, although in
the discussions to i‘;.],low the registers are assumed to have been initially
cleared. ]

Lil.3 A remark on the desien of K type_ccntrols for Class I multipliers

If an arithmetic section requirem two commands when Bi = 1, the last of
which 18 a shift or a combined carry and shift, then a K type. control can be
used to opérate this arithmetic section if it is built to clear the n flip-
flop of the B register when the first command of the B; = 1 sequence is per-
formed and then to again sense the contents of this flip=flop (which must now be 0).
This wil;l certainly operaf;e correctly as long as the second operation of the B, = 1
sequence 1s a shift. If instead it is a combined carry and shift then the control
will perform a cs whenever the contents of the nR flip-flop of the B register
is 0, i.e., even if B, = 0. This scheme for control will still cause the

arithmetic section to perform the rmltiplication correctly as is establishad



‘ in section 4,2, In addition, a considerable equipment saving will be
effected by eliminating the need for shift gates in the arithmetic section.
Le2 The K-a.cs Bl and C-a,cs Bl multipliers =- Figs, IV=2, 3 and b

Le2.1 The operation

The maximum time-lapses are found from Fig, IV=l to ver
ascs 2 |+ T
cs:a ¥l+«T
cs:cs 2 ¥|+ T
h cs:c : 2 x S

These values are substantially the same and therefore C and K type controls
will operate with about the same speeds, The block diagram of an appropriate
K type control is shown in Fig, IV-2. The clock pulse input is assumed to be
synchronized with thé multiply command pulse, If this is not 80, then a syn-
chronizing circuit using two flip-flops must be insert.ed in the control block
diagram; for otherwise, a clock pulse might occur at such a time after the
l multiply command to re\ault in a degenerate tutput pulse from the first gate
e tube in the path of the clock pulses. This degenerate pulse might perform soms
but .not all of }:ho functions required of it and hence produce an error.
The multif;ly command pulse causes clock pulses to be sent to sense the
gates on the n"t flip-flop of the B register. If this flip-flop holds a ons

then the clock pulse is sent to the partial add input of the multiply-adder,
L. | ' '

The Greek letter symbols used here are defined in section 2.1,



of the nmltiply-addér, and at the same time it clears the 1’z—tE flip-flop of
thé B register (see section L,1.,3). Thus the next clock pulse is sent to
the partial carry and shift input of the multiply-adder, and at the same
time 1t shifts the B register, If the n2' B register flip-flop holds a zero,
then the clock pulse is sent to the partial carry and shift line. Thus the
required shift of the accumulator (and the B register) is performed, while
the additional vartial carry has no harnful effect as is established below,

The Kea,cs BL multiplier requires n clock pulses to complete the multi-
plication, and therefore the step counter must be preset to produce and end-
carry when it receives the n—t’b- add-one pulse, The end-carry pulse turns off
the clock pulses andf afterr a delay to allow the completion of the last partial
carry and shift operation, is sent to the highespeed carry input of the multiply-
adder. After a further delay to allow the completion of the highespeed carry
operation, the éndncarry appears asg the multiplication complete pulse.

The block diagran of an appropriate C type control is shown in Figure iV=3.
This control ‘also performs a combined partial carry and shift whenever the cone
tents of the nyl B register flip-flop is a zero and thus also saves the set of
shifting gates in the multiply-adder.

The.a.cs BL arithmetic section is shown in Fig. IV=}j, An illustration of
the procedure of multiplication ﬁged by this multiplier is given in Fig, IVe5,
Such a multiplier can be successfully mechanized if its multiply~adder is
provided with a register for storage of ths carry row., This statement requires
prowf, as may be seen from the example of Fig, IV=5., For if the boxedein zero

in this figure were a cne, then a second carry digit would have to be stored in



the next digit column to the left after the third partial add operation.
Thus a single register could not be used for storage of the carry row, for
thig carry overlap would cause one carry digit to be lost. It is not in-

tuit‘.ively ;bvioﬁs that such a situation can never arise., If it could, then
at least two registers for storage of carry digits would be required in the
realization of the a.cs Bl arithmetic section. The proof that this situatioﬁ
can never occur follows: | |
Let: 1, The flip-flops of the AR, AcR and CR (carry registex") b
numbered according to the digit column in which they fall
(see Fig, IV=L).
2. AJ be the 5 digit of A, (It will be stored in the 3
- flip=flop of AR. )
3. . ch(k) be the digit stored in the j-Eh- flip=flop of AcR just
prior to the k2 cperation of the miltiplication procedure.
L. Cy (k) be the digit stored in the 32 flop-flop of CR just
~ prior to the k2 cperation,
Suppose that in the number B (the multiplier), there is a sequence of
digite: 1, (m = 1) zeros, 1 (e.g. if m = 3 than the sequence is 100, ar
m = 1 then the sequence is 11. Then, beginning with that step of te nhxltie-

plication corresponding to t.he' rightmost digit and assuming that k operations
have preceded this step, 'the following operations are performed for the portion
of the number B which is under consideration:

o {ch (k+1) = Ac, (k) ® AJS

C. (ke l) =A k) A
For the j(é) cd’l() J+1

rightmost 1:
K N hog (k*2)eCy o (kel)@hc, , (k+1)
cj (k-«-2)-cJ (k*l)‘AcJ (k + 1)

For the cs"

th {:cd(kvm*l)vﬂdml(kém)@AcJ_i(kém)
(m = 1) zeros

1‘(k*m+l)~idr(k+m)°ncj (k ¢ m)

e

5 For the meaning of these Boolean algebraic expressionsg see the Table III=1

footnecte 3 on p. °




ch (k+nm+ 2)=-.l\c'.j (k+m+1)@Pa

J

cJ‘(k+m+2)-Ac k+m+1)-AJ+1

jeal

ﬂcsﬂ

We ave interested in the two digits which occupy the JH flip-flop of
the carry register before and after the second partial add operation,
Specifically, we would like to show that both of these digits cannot be unity.
This is soifcj (k+m+ 2y CJ (k +m+ 1) = 0, Making use of the above
relationships, it follows that , |

CJ (k+ m+ 2) sAsé+ 1 (k + m+ 1)'Aj o EJ (k*m)ﬁncd(kd-m}nj +1

and CJ(k+m¢1)-cd(k+m)‘°AcJ(k+m)

'I'l'macj (k «1m + 2)’CJ (k+m+ }]) = 0 as can be seen from the following table

in which all possible combinations of the values of the Ac, and C, variables

3 J
are displayed,
__c_g(km) sey (k + m) Cj(k+m+1)| Cy(k+ms+2) cJ‘(k+m+1)~cJ(k¢mg)
o 0 0 e 0
0 1 0 i, ¢} ' 0
 § f' 0 0 ﬁ#l 0
1 1 1 0 0

The end digit columns are shown separately in Figure IV-l because they differ
from the general case. The n;t-q digit column does not require the carry flipe-
flop with its seven associated gates since the carry-digit here is always zero.

For the same reason no highespeed carry line and associated gate on the accumilator

flip=flop, the hipghespeed carry gate are neéessary. Gates must be added to per-
form the shift right function of those gates which woulci have been associate;l
with a carry‘flip-flope

The Acl flip-f}op will always contain a gero before a i)artd.al add, since
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this operation is é,lways preceded by a shift (combined with a partial carry).
' Therefore, there cannot possibly be a carry generated by a partial add pulse
and hence the associated gate and carry flip-flop (which would have been C O)
\are not necessary. Since the final highespeed carry operation is also preceded
by a shift, whiéh clears the Ac1 flip-flop, the highespeed carry gate can be
eliminated from the first digit column and any carry arriving on the highespeed
carry line from the second digit column or from 01 can be sent to set 1 in’ the
Acl flip-flop. That thex;e cannot be two carries arriving, one from Cl and one
from the second diglt column, is proved by the following argument.
A carry can be present on the highespeed carry line from the second digit

column after a high=speed carry command only if Ac, = 1, while a carry can

2
arrive from C, only if that digit is unity. These two digits, Acz(k) and
Cy (k), are formed by a partial carry and shift operstion from the previous
contents of Ac, and Cy == Acy (k = 1) and C, (k = 1) == according to the
. Boolean expressions:6.

Cy (k) = Aey (k « 1)'01 (k = 1)

Ae,, (k) = Acy (k-l)@C1 (k = 1)
Thus both Acz(k) and Cl(k) cannct be unity simultanecusly and hence two
carries cannot arrive at the set input of Acl simultanecugly. This argument
can immediately be generalized to show that the highespeed carry pate of the
j-tp- digit will never receive two pulses during the execution of a high-speed
carry operation, A similar argument applies to other multioliers which per-
form a highespeed carry operaticn,
6.

See Table 1II-1 and footnote 3, p. o




Le2.2 Equipment count

it -
Numbezr Used - n digits Total Used
Basic Control Section Arithmetic Seection n =16

Circuit K C K c

z].4'log2n Zl+log2(n-1) kn = 1 68 68

z1"~log2u a2<'-1¢:og2(n--.'l.) 12n - 8 189 | 190

0 2 30 -1 b | L6

R

2 3 i 0 2

Total Weighted Equipment Count = {%77'37% 2: g::::: gi

2.3 Multiplication time

A. K~=a.cs Bl (Control of Fig, IV=2)
Let the multiply-command pulse occur simultanecusly with the read-in
pulse, Thens
Lo =02+ § ¢ ( =%
tm-n'r+J1+J2-'t
2. T must be determined so that the multiplication process
can be stopped reliably:
T26¥ +%7 Let T= .75 psec, (16 Z2n 2 9)

-c"c‘zx’ T? I‘et = 6“.“. ]
J':. z(n -y +rr)+r T Le.t} = 1.3 w#sec. if n= )b
3. Itn=16, © = 19,6 usec.

B, C-a.cs Bl (Control of Fig, IVe3)
Let the multiply comman pulse occur T seconds after the 'read-in pulse.
Thens . tm-n(23'+2p¢f1+°(2)+f3
tin=n Q¥+ 2;1.*{2) *J‘B
2, ‘(12 2% ¢+ ©S .58 usec, @ Letfl- 0.6 usec.
J'2=hr+-c-23' :Letfa-096p.oec.(162n=9)
;3'-(!1'1)(3'*&&)*‘“ Letf3°103uaec.ifn-16
~p
3. Ifn=16, *‘ava = 17.3 psec.



L.3 The Kea.cs B2 and C=a.cs B2 multipliers == Figs, IV=2, 3, and 6.

Le3,1 The operation

The arithmetic section of a.,cs B2 (omitting the B register) is
shown in Fig, IVe6, The partial add operation is performed in a standard

manner except that any carry generated is passed through a delay line before
being stored in the carry flip-flop. This delay is to be of such a magnitude
that its output will reach the carry ﬂip-ﬂop,ﬁlieroseconds after the arrival
of a pulse generated by the "cs" which occurs after the partial add, Thus this
"cs" will be performed on the carry row before the carries from the immediately
Mg partial add have been included. Since a shift intervenes before the
storage of the carries generated by this partial add, they must be placed as

* shown, i.e,, one digit column to the right of where they would otherwise have
gone,

The reason for including the delay before carry storage is not evident
here, since it would certainly be much simpler to omit the delay and send any
carries divectly to the carry flip-flop of the next digit column to the left.
However, the delay is necessary if this multiplyeadder is to be used in the
realization of certain of the Class III multipliers (namely those for which
p €q, where p and q are defined in Chapter VI). The correct operation of the
multiply-adder of Fig. IV6 will be justified below, but the mltiplication
time (and thus necessarily the maximum time-lapses) will be figured from a
multiply=adder which does not use these delay lines.

The "cs", intervening before the storage of the carries, alters the c:rder
of summation of carry digits from that which would have occured in the a.es Bl
moltiplier, but the final product can still be correct, This is so because the
only chance for an incorrect product lies in the possibility that a carry digit
will be lost. This might occur in either of two ways: The first and most serious




is the possibility of a pulse arriving from a delay line unit at a carry
flip=flop which already holds a "1", thus causing carry overlap.

It can be secen with the aid of Figs. IV=6 and IV=7 that carry overlap
in digit column j is impossible if and only if

\A;j' ch (kﬂ’Ej (k+1) ch (k + 1) QCJ (k + 1-)}] = Q 7.
This simplifies to
A:!' ch (k)]- CJ (k+1)- ch (k + li- 0
Again from Figs. IV=6 and 7, Acy (k + 1) = Ay (k) ® Ago Therefore the
original relation is satisfied for every possible cambination of digits.

The other way in which a carry digit might be lost 1s that the set and
clear sides of a carry flip-flop may receive pulses "simltaneously” (logically
speaking). Examples can be found in which this situation will occur, but from
the above proof it follows that the contents of the carry flip-flop will always
be O before the arrival of the two pulses. Thus if the flipe-flop circuit will

always complement in this situation, no carries will be lost. However, if the

pulses arrive in an adverse order or in the right order but separated by less than
/0 ¢ hsec. (which coulci occur if the delay f were not long enough or if it
proved desirable to decrease [ in the interests of faster operation) it is
obvious that the flipeflop circuit will not complement. This situation can be
avoided entirely by an alteration of the multiply-adder as shown in Fig, IV=8,

It will be noted that this requires more eqﬁipment.- Decision between the two
forms of the multiply-adder depends on the physical situation end must include

congideration of many diverse factors such as the period of the circuit used

Te See Table IIT-l and footnote 3, Po . .




for a clock pulse generator (if a K type control is to be used), the
stability of delay lines, etc., as opposed to the susceptibility of gate
tube circuits to intermittent errors, etc.

It should be noted that the delay in a control section before a e
pulse would have to be great enough to allow any possible carries from a
partial add which may occur before the final cs to pass thru the delay lines
and to set up the carry flip-flop outputs.

The maximum time-lapses for the a.cs B2 arithmetic section of Fig, IVe6
rnodified as discussed above are found to bes

atcs 2% + xr+rae W
cs: a T

cs:cs Tegeae W
cs:c T

These values are approximately the same and therefore C and K type controls
will operate with about the same speeds. The control sections of Figs. IV=2 and
3, designed for the a.cs Bl mltiplier and discussed in the preceding section,
are applicable here, |

Le3.2 Equipment count
~ Number Used = n digits Total Used
Basic Control Section Arithmetic section ne= 16
Circuit ¥ ¢ K 1C
FF 310103211 ¥1+log, (n=1) lin 69| 69
GT ’-’1+1og2n 7-‘2+log2 (n«1) 8n 133 |13L
82 0 0 bn & | 6L
®, 0 0 2n 32| 32
K, 0 2 nel 15 | 17
D 2 3 0 2 3

Total Weighted Equipment Count = { E4g o7 F-a.ce B2




he3.3 Multiplication time

A. Ke2.,c8 B2 (Control of Fig, IV-2)
- Let the multiply command pulse occur simultaneously with the read-in
pulse. Then:
Lot = G/amred +f2 -n
2. T must be determined so that thev maltiplication process can
be stopped reliably.
T268+ 7 Let T = .75 psec. (16 ZTn 29)
J'l-cl:g-'ts Iatfl‘OJ usec,
J22@-D)¥+ m[z-l.l psec, 1f n = 16
3. Ifa=16, t < 19.1 psee.
B, Cea,cs B2 (Control of Fig., IVe3)
Let the multiply command pulse occur T + @ + & psec. after the read-in
pulse., Thens
1, ¢t . =n(2¥+ 2;“4'1 +I2) *J3
Ao » n(2¥ +2p 0!2) ’f3
2, fl 228+ a+W; Lotfl e O.6usec,
[o 228w J 2 = Oobusec. (16 2n29)
132("',1)"“ °(3-21..1;“9::. (n = 16)

4
3. Ifn=16, ¢ < 17.1usec.
Lok The Keacs Bl miltiplier = Fig, IV

L4l The operation

The maximum time-lapses for the acs Bl arithmetic section are found
from Fig, IV=9 to bes

acssace T+1te2i ¢ 3(ac+w)

acsics Teve 2, *5a+ hw

csstacs "

esscs Fexge21+ 3(ar+w) 7

acs:c Wev+2i¢ (2N=1) (a+w) (16210 29)
caic .




These maximum timeelapses are all essentially the same except those for
acs:c and cs:c. The clock pulse period of a K-type control may be chosen
disregarding these latter, longer time-lapses since only one of them can
occur during a multiplication and then only at the end of the operation.
Therefore, they can be taken eare of by & delay line after the clock pulse
flow has been stopped. Hence either a K or a C=type control can be used.
A C-type control offers very little possiblity of increasing the speed of
operation over that of a K-type control here since it will be found below
that the value of the clock pulse period need not be incx_'eased to ensure
reliable stopping of the multiplication process. Hense only a K-type
control will be considered. |

This multiplier realization is scmewhat different from the others to
be considered, The difference lics in the use of levels as well as pulses

- from controls; Change of the control levels effectively changes the inter=

connection of logical blocks within the multiply-adder. This different
type of control makes the sensing gates of the nl‘h- digit section of the
B register unnecessary, but they must be replaced by the diode "and" and
%or" circuits shown in Fig. IV<9,

It will be noted that no separate shift pulse is used, but that
the "acs" pulse is used with the effect of a "cs" in place of it. The
"acsg" input is made to perform a "cs" simply by effectively disconnecting

the A register flip-flops from the adders by means of the B, leval,

i
The highespeed carry which must be performed to complete the formation

of the product is accomplished by another interchange of connections within

the multiply-adder, again achieved by the change of two control levelss

the lowering of the multiply level and the raising of the highe-speed carry

level. Before the c line can be pulsed to record the final product,

sufficient time must he allowed for the carry levels to propagats thru the

16




multiply-adder. The maximum time-lapse (cssc) occurs when a level must
travel the entire length of the pultiply-adder, Knowledge of the elepsed
time in this case is necessary for the determination off 1 in the control
section,

If the separate "acs" and "acs + c" lines were not used than an addi-
tional pulse mixer would be necessary in each digit column.
hok.2 Equipment count

Basic Number Used = n digits Total Used
Circuit Control Section Arithmetic Section n= 16

FF 21« log, n n -1 68
GT 21+ log, n 6n-5 9L
0 ' nel 15
12 1 én = L 93
R, 0 3(n = 2) 52
D 2 0 2

Total Weighted Equipment Count = 5150
holo3 Multiplication time

Let the multipty ch pulse occur simltaneously with the read-in
pulse, Then:

s PO m-nr+°(1+fzosx-¢ (16 2n 29)

2. T must be chesen so that the flow of clock pulses will be
reliably stopped, and so that sufficient time will be allowed for the
maximum time-lapses. In this case it is the latter requirement which
determines T3

T2¥+c+2i¢5+L4ws Let T = 0,85 psec
Jy FL¥rce 2+ (1) (a+w) =571 Letf) = 1.3 psec if n = 16
[23% ' : Let [, = 0,55 psec
3. Ifne16, t 15,2 usec.




L.5 The K-acs B2 multiplier = Fig, IV~l0

L4.5.1 The operation

A K type control is included in Fig, IV-10,

The maximum time-lapses are found from Fig, IV-1l0 to be:

acs:acs ¥V+o+a+w
acs:cs 28+t +ae W
cssacs Tra+w
cs:Cs g +r1t+a+W
acsic 2¥+
cs:c I+

3

allows the multiplication process to be stopped at the proper step without

increasing the clock pulse period, T. Since it is not necessary to make T

larger than is necessary for the maximum timeelapses and since these latter

are very nearly equal, a C type control will not be considered.

The multiplier is quite straightforward in its overation; there are no

unusual details which require discussion,

45,2 Equipment count

18

The delay unit D, in this contreol

Basic r Number Used = n digits Total Used
Circuit Control Section Arithmetic Section 'n =16
FF zl+log2(n-l) n « 1 68
GT 31#log;(n-1) 10n = 6 5L
é, 0 (n ~ 1) 60
('_B2 0 2(n = 1) 30
M, 0 3n=-2 L6
D 2 0 2

Total Weighted Equipment Count = 1752
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4.5.3 Multiplication time

Let the multiply command pulse occur simultaneously with the read-in
pulse. Thens
oot =t =mefi+f,-n
2, T225+ 1+ a+ws: Let T o O,6usec.
f13T+ 254 v 5% et f) = 1.1 usec (16 2n 2 9)
fzz(n-mr«c: Let.fz-l‘.lp.secirn-lb

58+{33T

S¥+ + g |
Let!- C(H;(i‘m . e 5T+ T=5%
3 7 3

2 27
27

= 0,L5 usec

Lo6 The C=a.c.s B multiplier == Figs, IV-1l and IV=12

o6, The operation

The maximum time-lapses ares

. ase W+

cis (nel)¥+=
s:a T
8:3 S+

There is a significant difference between the maximum time-lapse values if _
n has any reasonable value. Therefore a C type control is dictated., The
control to be used is shown in Fig, IV-ll,

The gate on the "1" gide of the control flip-flop is used to supply
the multiplication complete pulse in place of using a delayed end-carry
since in half the cases this will sa.va_{l +°(2 Hsec,

The arithmetic section (omitting the B register) is shown in Fig, IV-12.
This realization operates in a straightforward manner., I% might be mentioned,

. though, that the shift pulse need not operate on the carry register since the

preceding high-gpeed carry operation will always leave this register cleared. |




L.6,2 Equipment count

Basic ' Number Used = n digits
Circuit Control Section Arithnetic Section
FF zl*logz(n-l) n -1
BT z2*10gg(n-1) 8n = L
M, 2 nel
D 3 0

Total Weighted Equipment Count = 4172
Le6,3 IMultiplication time

Let the multiply command pulse occur % usec. after the read-in pulss.
Thens '

1t enrewmfye [ fy
tun® P (2x+ 2u.+{3)

2.[1211:2-28'*1’: Letfl-o.ﬁuec.
2295 ®« (n=1)¥+ T Lot{z-l.lp.uecifn-lé
{BZZU*';' : Let‘{3-0.6unc. (62n29)

3. Ifne=16, t __ ¥ 24,8 psec.

ave
L.7 The Ceas.c B rultiplier -- Figs. IV-lL and IV-15

L4.7.1 The operation

The maximum timeelapses are:

as:c 28+ =

cias (n-1)¥+<x
cis n¥+ %

s:as TR 5

8:8 pr¥e T

The significant differcnces between these maximum time-lapses forces the
use of a C type control.

The operation of the control shoun in Fig. IV-ll is very similar to'
that of the control discussed in section L.6.1., The only change is that
requirad to supply the commands in proper sequence.

An alternate mixed "K=C typs" control ig shown in Fig., IV-13. The




major disedvantage of this type of contr~ol is that to obtain a maximum speed
when using it, close timing between the reset pulse to the control flip=-flop
and the next clock nulse is required.

The arithmetic section of Ceas.c B (omitting the B register) is vhown
in Fig, IV=15. Since whenever By = 1 a shift operation (combined with a
partial add) is performed before the ¢ operation, the carries generated tr
this operation must be added into the accumulator flip-flop shown rather t.an
into the next one to the left, as in the ordinary case.

Whenever a shift occurs, a "c" has preceded it and cleared the carry
register, 'L‘herefore, the "g" operation need not act upon the carry register.

A flip-flop is not needed for carry atorage..'m digit column number one
since the A01 flip-flop can be used for this purpose. Any highespeed carry
pulse can also be sent directly to this flip-flop without danger of carry
overlap. This follows from the known fact that the product of two numbers
of n and p digits respectively cannot exceed n + p digits, and from the
fact that p shifts have been performed before the "c" which foms the product
of A [Bn -(p=1) ...BJ is performed,

L4.7.2 Equipment count

Basic Number Used =~ n digits Total Used
Circuit Control Section Arithmetic Section ne= gg
FFf zl*logz(n-l) n « 1 68
ot 22+ 1og, (n=1) 10n = 2 T
!‘12 : 2 2n+ 1 35
D 3 0 3

Total Weighted Equipment Count = 1522
L4.7.3 Kultiplication time

Let the multiply command pulse occur uaaé\ after the read-in pulse,



. 1. tmtn(2f+2p.+{ +{2
tm-n_(zx+2u+f;
2.{1228+n I.et‘(l-oqép.nec.
fzz(n-a)"-ﬁts ’Let.{-l.lulacifn-lé
!3228 ¢+ 2 Letf300,6uaec(16zn?9)

3. Ifn=16, t_ ¥ 20 psec.
4.8 The C-ac.s Bl miltiplier ~- Figs, IV-1l6 and 17

1.8.1 The operation

The maximum time-lapses are:

acss v+ T
ssac ¥+te+na+ (nel)we i
88 T+ <

A C type control is necessary for maximum speed. A possible control is
shown in Fig, IV-16, It is very similar to the control of Fig. IV-1llL

(discussed in section L.7.l) except for the additional delay in the B

g =1

input line. This delay is necessary since s:ac is longer than s:s.

The arithmetic section (omitting the B register) is shown in Fig, IV-l7.
Its operation is straightforward.



' L.8.2 Equipment count

Basic Number Used <« n digits Total Used
Circuit Control Section Arithmetic Section ne=16
FF €1+ log, (n=1) 3m+1 5,
eT €2+ log, (n=1) Sn + 3 89
&, 0 5n =L 76
R, 0 nel 15
OR, 0 nel 15
;‘; 0 n-21 15
Plz 2 - 2
D 3r 0 ' 3

Total Weighted Equipment Count = 3868
1e8.3 Multiplication time

Let the multiply command pulse occur T + a +wusec. after the
' read-in pulse, Thens

: TN tm- n (28 + @*.+f1 -l-fz 0{3)

bty "0 (R¥+2ne(,)

2,JIZS+': Letfl-oo% wsec.
fz?.zn-; utfa-0,6mc(162n39)
{323+¢+1+(n-1) (a¢w)+a-2}r-£= Lot°(3'0.3uaee

it n =16

3, If ne=16, tave‘: 18 psec
L.9 The C-ac.s B2 multiplier -~ Figs. IV-16 and 18

L4.9.1 The operation

The maximum timee<lapses, obtained from Fig. IV-1l8 are:

ac:s ny <+ 'c-rf

' 8:ac T

8:8 Te<x
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A C type control is necessary; a possible one is shown in Fig, IV=16,
Note that the D3 delay line unit is not needed when this control is used for
the 6-ac.s B2 mltiplier, |

The arithmetic section (omitting the B register) is shown in Fig, IV.18,
This arithmetic section is identical to that of the K-a.c.s B multiplier
(Fig. IV~12) except that here each carry flip-flop (except C °) with its
associated gate tube has been replaced by a delay line. This chenge permits
the high-speed carry tobe performed without the need of ajseparate "c" pulse,
More important, it results in a considerable reduction in the equipment count.
However, this change will not allow a very great decrease in the multiplication
time of Ceac.s B2 over that of Cea.c.s B since the flip-flop transition time,
T, must still elapse before the carry pulses can emerge from the delay lines,
(Therefore [ = T,)

The C - flipeflop camnot be replaced by a single delay unit for a rather
complicated reason. The argument is as follows. It is easy to find an
example of multiplication for which Acl = 1 and Al"- 1l at a particular time,
Suppose an "ac" operation is now performed, A carry digit to column O will
then be generated, and if the earry flipeflop has been replaced by a delay o
whose output goes to the set input of “1’ then L must equal / 1 of Fig, IV=16
sinces (1) the carry must not be permitted to destroy tie content of Aey until
this content has been shifted to Acy, and (2) the carry must arrive soon enough
to permit the flip-flop to stabilize before the shift pulse occurs. On the
other hand suppose ﬂ:atAl-OandAel-landthatacamms into the
firet digit column { microseconds after the "ac" pulse. Again a carry to digit
colum zero will be generated, but now this earry must experience a delay n =

1 /2 for the same two reasons as before. Since the delay thru a delay line
unit is just one specific value, the co flip-flop cannot be replaced by
a‘single delay line unit. However, it can be replaced by two delsy units, a

* gate tube and a two input pulse mixer, as shown in Fig. IV=19, That this

circuit will operate correctly can be checked by considering all the cases which

can occur., These are outlined as follows.



S Ac.l-O

A. The next pulse is on the shift line,
’ B, The next pulse is on the Mac" line,
1. a carry into the 12 digit column from the "ac® pulse,
& A1 L
be A =0
2, no carry into the 1-!-?'- digit column from the "ac" pulse.
a. A1 «]1
be A1 =0

II, Acy = 1
A. The next pulse is on the shift line,
B. The next pulse is on the "ac" line.
1. a carry into the 12% digit column from the "ac* pulse,
a. A * 1
b. A1 =0
2. no carry into the 1-?-t- digit column from the "“ac"pulse.
a. Al &l
b, Al =0

If the operation of the circuit in Fig, IV«1l9 is checked in each one of these
cases it will be found that the correct result must occur in every case except
case II. 1, a. However, it can easily be established from the given initial
condition that the accumulator register contains all geros that this case can
never occur. The argument follows..
Case II ., 1, a. can arise from the "ac" pulse only if the configuration
of the Ac and A digits in the first two columns pruvicus to the pulse is as follows:

e

2 1 2

c: digit column
Ac b § 1

r: flip-flop register
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The initial configuration of Ac is always: N 1| 2| The initial
Ac - 0§10

configuration of A cannot be changed during the nn;,ltiply operation and

therefore since we wish to end up with an A configuration of \f\ 1|2}

A 1j1

This must also be the initial configuration. Now consider what can happen
within the multiplier as the multiply operation begins. A shift could oceur,
but this is of no interest since it will not change Acl or Aoz. Suppoge then

that an "ag" pulse occurs, The result will be : 1314
Ae |1 {1

At least one shift must intervene before another "ac™ pulse cam occur, After
one shifts T& 1 | 2.| This is not case II. 1. a. Another shift would

Ac ‘ 011
return us to the initial situation, so assume that an "ac" pulse is now per-

formed: *11] 2 and C_ = 1. After cme shift: ®11] 2 |. Again
ac |o}o Ac 2] 0

this is not case II, 1, a. Another shift would return us to the immediately
preceding situation, and so the only chance for case II, 1, &, to arise must
come from another 'agi' operation being performed at this time, Then:

o

4NCl1] 2 and G, = 1. After one shift: S11]2|. Clearly we

Ac 0}l 1 Ac l1}0

have entered a cycle in which Case II. 1. a, will never ocecur.

4.9.2 Equipment count

Basic o Number Used - n digits Total Used
Circuit Contrd Section Arithmetic Section ne lé
FF =1+log, (n=1) 3n+l 5k
G‘i‘, ~2¢Iogz(n-1) o+ 1 119
M, ' 2 nel 17
D 2 nel 17

Total Weighted Equipment Count = 372l
bho9.3 Multiplication time
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Let the multiply=-command pulse occur T microseconds after the
. read-in pulse, Thens
1. From section 48,3 with [ 5" 0
t'anve' n (2¥+ 2u + 1/2 c(l+ 6(2)

2, 2+ t Lot f = 0,5 usec
.,(1 n¥+t+D s Inetﬁ-l.65p.uc:l.t‘n-16
? /'272:-»1 s Lotfz-O.6M(163nz9),
. © 16, b o = 2.l psec

L.10 The K-ac.s Dl and C-gc_.a D1 multipliers -- Figs, IV-20, 21 and 22
4,10.1 The operation

The maximum stage time-lapses are found from Fig. IVe22 to be:

(ag:8)g T +x

(u:a.(:“)Jg 2¥+x+qa

(uu)s 2¥ + ¢

. Also from Fig. IV-22, the perestage delays are:
; a
ac ¥
& d +p

Since the per-stage delays are very nearly aqual and the maximum stage
time\-lapul are essentially equal, the maximum time-lapses are very nearly
equal and therefore both X and C types contrals must be considerad, A K
type control is shown in Fig. IV-20 and a C type in Fig, IVe21.

The arithmetic section (omitting the B reglster) is shown in Fig, Iv-22,

| The operation is straightforward,



L4.10.,2 Equipment count
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Total Used

Basic Number Used - n digi_tiw_ ne16
Circuit Control Section Ar Section X [C

FF 21+ loQ n n+ 1l ~ 5S4

or 21+ lo; n 10n - 3 162

R, ) 2n =1 3

é> 0 2n-1 3

M, 0 2 n+l 17 19

D 3

5.10.3. Multiplication time

1 Tﬂ
Total Weighted Equipment Count =

2 for K=ac,.s ﬁi
6 for Cwac,s Dl

A, Keac.s D1 (Control of Fig. IV-20)
Let the multiply command pulse cccur simultaneously with the read-in
pulses :
i, tm-zn‘l‘+[-1:
tm-n'l‘+"(-'c
2, T must be determined so that the multiplication process will be
stopped reliably,
T26¥+ 7 Lot T = .75 psec, (16 Zn29)
ﬂ'nu(n-l)p.wr-haz Let (= 1,05 usec. 1f n = 16
3. Ifne16, t __ ¥18.5 psec.
B. .C=ac.s D1 (COnt.rol of Fig. IV~21)
Let the multiply commard pulse occur T + & usec, after the read-in
pulse., Then: .
1 tm-n(2302u+£ [)*3“‘6 163n29)
-n(zxozp>{2)+3y+‘(3 (162n29)
flzacu-!+1:: Letfl'OJSM
{ 2T+ 3 Let{2°0.7u-oc (16 Zn 29)
ﬁ-n!#(n-l)p. + T l¥: Let{3-1.05ulecoifn-16
3. Ifn=16, t . 18, pseo.
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Since the two controls give nearly equal multiplication times, let
us choose the K type in order to avoid the eritically located delay line
units of the C type.

L1l The Ceac.s8 D2 multiplier ~- Figs., IV=23 and 2L

lio11.1 The operation

An inspection of the arithmetic section shown in Fig. IVe2lL
shows tha® perestage delay for the "ac" command has no fixed value, but
may be either ¥ or 2¥. This indicates that the C type control which uses
the completionlpulsea from the arithmetic section (instead of outputs from
delay liné;) may proﬁde the fastest operation. The value of t _ for the
two C type controls of Figs. IV-l6 and IV-23 are calculated below. The
m stage time-lapses and the per-stage delays will be neededs’

(ac:a)g I¥ + = o
(-:ag)s 2¥+ < ‘ ac ¥ or2?¥
(.u)s 28+ 8 ¥ »p

If the C type control of Fig., IV-16 is used, then from the expressions
developed in section UL.8.3:

_tave-n(21+é.p < L)'_E_é— 0[2)

It remainsg tc be determined whsther or not the f 3 delay ias necessary.
The maximum time-=lapses ars
ag:s-n(qag_m) + 7 (n«»l)"S e« (n+1)8 + <
stac = 28 + % .
88 = 2¥+ %
Since s:s = s:ac, f 3 @ 0, The other delay line values are:
fl:':(n+1)zr+ﬂ I.et/l'loZ;uec. ifne=16_

6(23284-: ¢ Letfy = O.6usec. (162 n 2 9)



Then t“e':'ZOJ pusec when n = 16.
If the control of Fig. IV-23 is used, then n must satisfy:
minimum total delay of the "ac" pulse 4 (I-a.g_)s and (8 = s)s
nv¥ 22¥+ g
>2*?
n 215

If n<15, then the "ac" pulse must be delayed an additional amount
before emerging from the multiply-adder, '

Let ac denote the delay e xperienced by the Pac® pulse in pz.isaing
thru the arithmetic section and [ denote the dslay experienced by the "S©
pulse, Then: .

L (23 « 2'”[39_@:’[3) n
P (2% 2 #{S) n
shere [ = 2&n
o m?s e¥(n - 1)
Every time that an "ac" pulss occurs in the multiplication procedure the value
~of 1: likely to be different. The maxiwmum value of [ is 2¥n, while
the minimum is¥n. If we “irst take the average eof the extremes of the
multiplication time when B is all ‘one's, snd then average this with the
multiplication time when B is all sero's (which does not depend on f e ) the

result is:

tavo, ave = (2)'; 2‘;4-[3 + Acﬂfxzfucmin ) n

2n ¢+ n
o

)¥n+2pun

'(% n+l)¥n+2un

L (2 ‘.'.‘n.wlf

If n = 16, then

o~
ta’vu, ave ° 1808 psec.
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Although this figure may not have the same significance as the t’a - for the

control of Fig, IV-16, namely the multiplication time most likely %o occur,

it is approximately (if not exactly) what this figure would be for the
control of Fig, IV=23. A%t any rate this latter control is most likely
slightly faster than the first, and if not then the overall improvement in
spead which would be due to using the first rather than the second would :
certainly be insignificant. |

The arithmetic section (Fig., IV-2lj) is simple in its logical construc-

tion and nothing further need be said of its operation.
Loll.2 Equipment count

Basie Number Used - n digits Total Used
Circuit Control Section Arithmetic Section| n = 16
FF z_l#logz (n=1) 3n+1l Sk
GT 22+ log, (n=-1) 10n 166
M, 2 n 18

Total Weighted Equipment Count = 3856
Lo11,3 Multiplication time

If the multiply command pulse occurs < microseconds after the read-in
pulse, then the value calculated in section L.11.1 can be used, namely 18.8 jpsec.
Ld2 The K-ac.s D3 and C-ac.s D3 multipliers -- Figs, IV-20, 21, and 25

4,12,1 The operation

The maxirum stage time-lapses are found from Fig. IV-25 to be:

(ag_xs)s ¥ +%
(na_c_)s Wesea2w
('“)S | 2y e+

Also from Fig. IV-25, the perestage delays are:

g

ac ¥

+ x‘,p
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Since the per-stage dalaqs are very nearly equal and the maximum
stage time-lapses are eséentialiy equal, the multiplication times provided
by K and C type controls (Figs, IV-20 and 21) must be calculated and compared
before a choice can be made,

The arithmetic a§ction (Fig. IV=25) is different frem any other D type
section _of the Class I multipliers in that two digits are handled I'imultan-
eously, i.e,, a stage consists of two digit columns, This requires a rather
involved arrangement of gates, although the logical design of this ciroult
is entirely straightforward when Boolean techniques are used.

4.12,2 Equipment count

Basic . Number Used - n digits Total Used

Circuit Control Section — Arithmetic Section ne=l6

[ W : K JC

FF ¥1+6g, 3nel - sh -
or - E1+log,n Bn = 2 131
(R, 0 5n -3 77
é; 0 2 (n=1) 30
&y - - 3n =2 L6

M, 9. 2 nf2+1 ' 9 u

D 1 3 0 $ 973

Total Weighted Equipment Count e %-g% :g: g::%:: Dg’

L.,12.3 Multiplication time

A, Keac.s D3 (Control of Fig. IV-20)

Let the multiply command pulse occur simultaneocusly with the read-in
pulse, Thens — '

1.t =3/2uref -c

2. T must be determined so that the multiplication process will be
stopped reliably. |

[ P26¥e T s LetTe .75 psec (1620 29)
[E'(nlz 2l) (e p) ¢7v38: Letﬁfa oT5 gsec. if n = 16

3. If n= 16, Y = 18.1 psec




B, Ceac.s D3 (Control of Fig. IVe2l)

Let the multiply command pulse occur T + 2 W+ a after the read-in

pulse., Thens

1. ¢

ave
2,

22150’*1:

132(1./2-1) (¥+p) +7=3Y: Let{

30' Ifn-16,t

en (25 +2n=1/2

f 2acts =¥+ 73 I.etﬁ
fl

ave

I

L‘to(2 = 7 usec,

= 18,1 psec.

+f2) *3:*[3 (16 2n 29)
= .55 usec,

16 Zn 29)

3'075“‘0@“11.16

Lo13 The C-asg B multiplier: Figs, IV-26 and IV-27

L4.13.1 The operation

The maximum time-lapses are deduced from Fig., IV<27 to be:

V4
+ L P K 4 +
asciesc (n /'1')7 Jrptn
asc:e n!jl-Jd- peT
s:a8C |p+ T
838 pe¥e T

In addition, it is found that the delay, ﬂ should equal the flip-flop

transistion time, =,

Since the maximum time-lapses differ by a considers

able amount, a C type control will allow the faster operation. A control

which can be used with this aritimetic section is shown in Fig, IV-26,

It should be noted that the arithmetic section for this multiplier

(Fig, IV=27) is the same as that for the C=as.c B multiplier (Fig. IV-ll)

with all the carry flipeflops and their associated gate tubes replaced by

delay lines., This same device was used to obtain the Ceac.s B2 multiplier

from the Cea,c.s B multiplier.

As there, the new multiplier will operate

slightly faster than the original one and a considerable amount of equipment

will be 'avede

bol3.2 Equipment count

Basic s Number Used = n digite Total Used

_Circuit __L__.__ET_WWOJ- Section Arithmetic Section n = 16

FF “1<¢log, (n=1 3n 53
oT S2+1log, (n-1) %n = 1 1h9
M, 3 2n = 1 33
D 2 n iR




Total Weighted Equipment Count = h036
Lhel3.3 Multiplication time

Let the multiply command pulse occur % microseconds after the readsin
pulse, Thens

]_o. tm.n(zl:, 2p+‘{1)‘
tmin-n(28+ 2p,+°(2)

2. {2+ { s Let{i- 0.5 psec.

12 (n+ 1)‘*. +pe g Iet£-1.7usecifn-l6
(222801: s 'Let.[zno.6mec. (162n29)
3. Ifn=16, t__ < 20 pses,
L.l The C-ace Bl multipliers Figs. IV=28 and 29

Lollk.l The operation
| The maximum time-lapses are found from Fig, IV=29 to be as followse
(provided that the control used initiates the shift of the B register simyl-
taneously with the shift cormand to the multiply-adder).,

acsiacs T +v+n(arer) ¢« 214
ace:s ‘@'+-t+n(a0w)+a+217
s3acs »
8o Tege2i+ 2 (aeow)

The fact that the maximum time-lapses for two command=pairs which begin
with a shift command differ significantly shows that a C type control would
be speedier than a K type. However, the very fact that it is these two command-
pairs whose time lapses differ requires an extra flip-flop and two extra gate
tubes for the C type control to take admﬁge of the shorter time required by
the shift, shift command=pair. The necessary arrangementis shown in Fig. IV-28,

The arithmetic section of this multiplier is somewhat similar to that of
the Keacs BL multiplier (Fig. IV-9) in that it requires a level from the nit
flip=flop of the B register in order to effectively change the intsrconnections
within the multiply=adder, The result of this interchange is to convert ths

"acs" command input into an "g" input. The two gate tubes on the n—t£ B register

This is based on the assumption that it takes just about as long for a fall in
the carry level to propagate thru the multiply-adder as it does for a rise to
propagate thru.
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flip=flop are again exchanged for the diode “and’circuits of Fig, IV~29
as part of the digit forming equipment.

. h.1Lh.2 Equipment count
Cmt | Control §ect.ig‘r’xmber feed =B digit;riﬂmetic Section T:tzllg.ed
FP z'2+1(>g2 (n =1) 3n Sk
6T 3+ log, (n=1) bn + 2 73
+3,5¢ 0 nel : 15
+2,5¢ 0 | 1
V4 2 0 n 16
M, L 0 N
D 3 0 3

Total Weighted Equipment Count = 3924
L.lh.3 Multiplication time

Let the multiply command pulse occur T+ (n+ 1) (a+w ) + 2i + a
after the read<in pulse., Then:
. p N tm"(z""'?p.ff)(n-1)¢‘[3+(n/2)3* (n+«1l) (cfw)*aa
b B¥e2ueg,) (n-1) +f3+ (n+1) (c+&) ¢ 24
2.0(12¥+1-+ 2i+n(aew) +a=-2 Let/].'190moc.1fn-16
f238+¢¢21+2(a+w)-38 $ I.eté-OJ;uec.
/3214‘--:.-.7 3 Letg-losluee.ifnvléo
3, If n=16, t“.‘?mnz psec.
L4.15 The C~ace B2 multiplier: Figs. IV=30 and 31
L.15.1 The operaticn

The maximum time=lapses are found from Fig, IV-31 to be:

acsiacs ¥Fev+2i+ (n-1) (a+w) ¢+ a
acs:s ¥

. stacs | ¥+ 1+ 2i+ (n<1) (a+W) + a
88 e x

8. This value occurs when B = 1010l..... and n is even.
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A C type control must be used for optimum speed because of the significant

differences in these values,

of the shorter maximum time-lapses.

The control of Fig, IV~30 will take advantage

The arithmetic section for this multiplier is identical to that for the

Ceacs Bl multiplier except that shift gates have been added. This addition

means that the.mltiply-adder no longer needs an add level from control not the

associated diode "and" gates.
multiplication time at the expense of increasing the equipment count.

1.15.2 Equipment count

The result of this change is to decrease the

Cmt Contwol §”E°gmber Jeet -0 dl Zm' tic Section | To:d-'- gzed
FF %1+ log, (n=1) 3n 53
T 22+ lcg, (n=1) én + 2 104
+3,5° 0 nel 15
+2,51 0 1 1
H, 2 2n+ 1 35
D 2 0 g

Total Weighted Equipment Count = 4172
Lo15.3 Multiplication time

after the read-in pulse, Then:

1. 4. =n(2u+ 2u*/1+{2)+ n+1) (c+es) 24
tm-.n(zso 2u¢‘(2* (n*l) (a+w) + 24

2. jlzl*'t*af(n-l) (a{ﬂ»)oa-{é.zt‘.zm I‘“{J.'

/222701

3. If ne=16, tm?n;. psec.

Let the multiply command pulse occur T + n (a +&) ¢ 24 ¢+ 2a + @

035 usec,

0
if ne= 16

s DJ-OJW.

(16 2n 29)
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4,16 The K=acs D multiplier: Figs, IV=32 and 33

L.16,1 The operation

The maximum stage time~lapses and the per-stage delays are found
from Fig, IV=33 tobe:

(agssacs)g| 2¥¢ T ¢ 2p ¢ a v v ] }

(agan)s 2%+ T+ 2 acs 1 ZE Y

(scags); |2+ T+ 2pra+w 8 8§ ¢+ p

(ou)§ 28+ Te2p
Since the per-stage delays are equal and the maximum stage time-lapses

are essentially equal, either a C or a K type control can be used, However,
since the K type control of Fig. IV=32 allows the clock pulse period to be
chosen without regard to reliable stopping of the multiplication, a C type
control does not appear to be of mrﬁ.cient.p_raniu to be considered,

The arithmetic section (Fig. IV=33) is straightforward in its design
afld its operation,

ho16.2 Equipment Count

Bmt _-c;trﬁectg‘o?‘ B di&u:rifhmﬁc Section Tc:d-' ‘1’2“
FF 21+ log, (n#l) : .3n 53
ar €14 10g, (n=1) 100 = 3 162
8, 0 in 6l
mz 0 n 16
EY 0 2n 1 31
My 0 2n =1 1
M, 0 nely 20
D 2 0 2

Total Weighted Equipment Count & L4347
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Lh.16.3 Multiplication time

Let the multiply command pulse occur simultanecusly with the read-in

pul”- Thens

L tm-tm-t‘n-ur+{1+h8-m (62n29)
2, T2Fe v+ 2u+a+®s Lot T = 0,6 psse,

12“’2“ 8 Iﬂt{lto.ssw. (1623:9)
121-58

2

AT I 1t - 0,15 usse. (16 Z1 29)

U

3. Ifn'16, t."'&ﬂ_go_g_.

4,17 The C-G,s.8 multipliers Figs, IVell and 34

hol?ol The geg_r_gtion
The maximum time-lapses ars found from Fig, IV-3L to bes

c:a | (n~2)% +f9f
a:s | ¥+

8:C 'I’+1:+am

8:8 g+ <

Since there is a significant difference in these values, the C typs contrel
of Fig. IV=11l ghould be used.

The arithmetic section (Fig, IVe3L) was designed from Table III-3, p.

through the use of Boolean techniques, The contral of the two gate tubes
feeding the € line ineach diglit column is such that both can pass a pulse
at a particular step of the multiplication.

9 A fulllength carry is possible; e,g., when A © 101011 and B * ,,.11,

10

Since a €%: however, both are so small that this point is trivial,



4.17.2 Egquipment Count

Basic Number Used - n digits Total Used
Circuit Cmtm?om__‘—"%ﬁm‘ ne=16
FF 214 log, (a =\1) e+l sk
oT 22+ log, (n=1) T+l 1y
, 0 3n -2 u6
OR, 0 nel 15
M, 2 nel 17
D 3 0 3

Total Weighted Equipment Count = 3684
L4.17.3 Multiplication time
Let the multiply command pulse occur T + c +& microseconds after the

read=in pulse, Thens
%¢ =n (2%+ 2 0/ / {)
t.m =n (2¥¢ 2 .j

fl-(u-z)y*/os = 0,8 usec. if n = 16
m/‘

223’01 : = 0,55 usec,
32 28ec ; m/-o,sm 162a 29)
3'. t‘"?ﬂ w8ec,
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Chapter V

The Class II Multipliers
5.1 Introduction

Consider the possibility of using the sum of q partial products
th
1—

as the digit grovp and summing these groups in the same order as the
partial products were sumed by the Class I multipliers. The multipliers
which proceed in this manner will be called the Class II multipliers as
long as q 13 if q = 1 then the Class I multipliers are obteined, Thus
the Class II multipliers are a direct generalization of the Class I multi-
pliers. The process of adding in one digit group will be termed a step in
the multiplication., Thus Iq steps will be required to complete the multi-
plication, where I‘l is the integer satisfying nfq + 1 Iq = n/q.

The problem of forming the 12 digit group (termed & qeorder
partial product) is more complicated than it was for the Class I multipliers.
In fact if q = n then the entire problem of performing the multiplication
becomes one of designing the equipment to form the digit group. However,
the design presented below for this equipment requires a tremendous number
of diodes ( and hence of isolating and amplifying circuits) when q = n if n
has a value such as 16, It will also be found, however, that the multiplication
time decreases as q increases. Therefore, scme compromige is desirable in
choosing the value of q. Whatever compromise is chosen, variations are possible
according to the method used for summing the digit groups, i.e., according to
the specific multiply-adder used. Many of the multiply-adders develcped for
the Class I multipliers can be used in the realization of Class II multipliers
with the main alteration that the shift right performed at each step must be for
q digits instead of one digit. This alteration may or may not require added

equipment,



N,

5.2 Realization of the Class IT multipliers
. 5.2.1 The arithmetic section

The interconnections of the blocks which constitute a general
arithmetic section are shown in Fig, V-~l, A discussion of the various
blocks in this figure is given below,

5.2,1,1 Forming the digit groups

A genersl description of the method used for forming the digit
groups follows. The first di.g‘jl.t group is the sum of the first of partial
products which in turn is the product of the rightmost of digits of the
multiplier (B in Fig, III-1) with the multiplicand (A in Fig. 1II-1). This
number will be at most n + q digits in length. It can be found by first
devising a circuit which will form all of the 2% = 1 possible products of
a Q@ Jiglt number with the n digits of A (omitting the gzero product)., Such
a circuit will be ealled a product generator. These 2% = 1 products can then

. be supplied to an electronic switch controlled by the rightmost q digite of
B, 1.e., the cutputs of the rightmost q flip-flops of the B register, which
will select the correct product. This latter circuit will be called a pro-
duet selector. In order to form the next digit group, it is only necessary
to shift the contsnts of the B register q digits to the right so that the
product selector will be controlled by the next group of q digits of B, Thus
the equipment for forming the digit groups consists of the product generator,
the product selector and a set of shift gates used with B register. The
interconnections of the flip-flops of the B register with these gates are shown
in Fig, V-2, With the arrangement shown it is possible to shift the contents of
the B register q digits to the right with a single pulse, It should be noticed
that n is assumed divisible by q in this figure., The situation when n is not

‘ divisible by will be ¢iscussed in section 5.2.1.3,



mothmpplyﬂmzq-lprmuofanyq
' digit number with the n digits of A, Therefore it must have inputs from

each of the n ﬂ.i.poﬂops of the A register, and it must supply 2.1 groups
of at most m + q lines per group (one line per digit) as outputs. The circuits
designed to perform the desired function is shown in gemeral form in Figure
V3. It utiliges the fact that 2% times a binary mumber is that mumber shifted
kmuwmelm,ﬁwmmmdmmknghmugu. No output
lines are nrovided for digits which must be zero., The equations at the bottom
of the figure indicate how the circuit would be extended, The adder chains
which occur in this product generator will require some sort of isolating
circuits in the carry lines between the adders. The delay in the propagation
of the carry level thru the chain must be considered when finding the speed
of the multiplier, Furthermore, the cutput of cne set of adders may be used to
drive other adders. For example, if q = 2, then the "3A lines" will be used in
forming TA. Additicnal isolating circuits will be needed here, and the magnituds
of the additional delay mst not be neglected. T
The product selector to be used is a simple combination of diode "and®
and "or® circuits; it is illustrated in Fig, V-l by an example for which q = 2,
A gezeral c:l.rcgit is difficult to draw because it is desirable to omit lines and

associated diodes which mist always transmit a sero, but it is simple to derive
a product selectwforwvﬂuooqumthobadcplmpﬁmhdmthh
figure., Certain multiply-adders require the inverses of as well as the direct
digit inmputs, Inverters must be added at the outputs of the product selector

in these cases.



5+2.1,2 The multiply-adder

The multiply-adders developed for the Class I multipliers can be
adapted for use here, All multiply-adders will require n + q digit columns
with varying degrees of simplification possible in the end sections. The
extra q digit colums may be considered as added to the left end of the
multiply~adder to accommodate new digit columns numbered Oy =ly ceep = (@ = 1).

It is highly desirable that the multiply-adders be altered so that a
q digit instead of a single digit shift right is performed by any command
pulse which requires a shift. Begides requiring changes in the internsl
connections of the multiply-adders, this alteration may also require additional
equipment in each digit column, ae the case of a.cs Bl for example, Further-
more, the q digit shift will require that cirtain multiply-adders be extended
to the right, Specifically, multiply-addefs which do not perform a complete
addition but perform only a single partial carry at each step rust be extended
(q=-1) (I'.1 = 1) digit columns to the right, while those which shift befors
the addition is complete e.g., as.c B must be extended by q digit columns, In
any case, these added multiply-adder stages require less equipment than a
Snormal® stage. The extension of the multiply-adder must be accompamied by an
extension of the accumulator register.

In additicn to a possible effect on the equipment count of the
change to a q digit shift; a change in the multiplication time may result.

‘In particular, the necessary change of connections within the D type multiply-
adders may increase a maximum stage time-lapse slightly, which may in turn
affect the multiplication time. .

It will be possible to eliminate some equipment from certain of
the multiply-adders which required extra separate shift inputs when used in
the Class I multipliers, e.g., acs B2, These extra inputs were required
because of the way in which these multipliers formed the digit groups and

are not necessary when the multiply-adders are used in Class II multipliers.



5.2.1.3 Use of the B register to store part of the product

If we allow the multiplier to be lost during the multiplication

then a number of flipeflops and gate tubes can be saved by using the B
repister to store part of the product. In order that it be possible to
send the outputs of the rightmost q digit columns of the n + q digit column
multiply-adder directly to the B register, several conditions must be
satisfied. First the leftmost section of the B register must contain q
flip=-flops. If n is not divisible by q then qu-n flip=-flops must be
added to this section to fulfill this condition. The other conditions which
must be satisfied ares (1) The multiply-adder used perforns a complete addi-
tion at each step and does not shift before completing this addition. (2)
The B register is shifted before or at the same time that the q completed
digits of the product arrive at the B register from the multiply-adder.
This condition is necessary in order that the contents of the first section
of the B register are not lost.

If the last two conditions of the preceding paragraph are not
satisfied, then various alterations must be made. If the first condition 1s
not satisfied either because the multiply-adder performs only a partial carry
at each step, or because the multiply-adder shifts before completing the addi-
tion, then, as was remarked in the preceding section, the multiply-adder and
the accurulator must be extended to the right. The q rightmost outputs of
' the extended multiply-adders may be sent directly to the B register provided
that the second condition is met thus still saving some flip-flops. It becomes
impossible to satisfy the second condition if acs D is the multiply-adder to be
used; In this case the q digits begin arriving at the leftmost section of the
B register before the acs command pulse has finished propagating thru the
multiply=adder and hence before the B register can be shifted (since the digit
group which controls the action of the propageting camand pulse is selected

by the contents of the rightmost section of the B register). In this case a
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buffer section consisting of q flip-flops and q gate tube pairs must be ine

serted before the B register’. This requires that the shift of the B register
be delayed after the arrival of the q digits from the multiply -adder at the
buffer section for approximately T microseconds.

5.2.2 The control section

There will be just one step time for any Class II qulﬁplm.
Hence a K type control whose clock pulses initiate the steps or a C type
control will give approximately the same speeds of operation, as discussed
in section 3.2.3.1. Experience with the design of the controls presented
in Chapter IV shows that as long as the clock pulse period required is
great enough to ensure that the flow of clack pulses will be stopped re-
liabl , then the K type control will usually be preferable. K type controls
were chosen for the examples of Class II multipliers presented in section 5.4.
5.3 The multiplication time

The time for the formation of the digit groups and delays in the -
multiply-adder will determine the initial time( (see section 3,3). The time
for the formation of the digit groups will be measured from the ihlta.nt when
the outputs from the A repister flip-flops stabilize after the read-in pulse
to the time when all the cutputs from the product selector have stab ligzed.
This time must be considered in two parts: (1) A time which need be allowed
only at the beginning of the multiplication and which will be known as the
initial formation time (IFT), This is the time until the stabilization of

the outputs from the product generator. (2) A time which elapses between
a shift pulse to the B register until the stabilization of the outputs from
the product selector and which must be allawed for at each step of the multi-

plication.

It may be permissible to overlap intervals taking advantage of flip-flop
dslays and thus eliminate the need for a buffel section, However, the safe
solution is chosen here. ,
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This will be known as the final formation time (FFT).” The multiply-adder time
delay which rust be added to the total digit group formation time to obtain
the initial time is easily estimated in each particular case.
The estimation of the step time is simple when no buffer section
is required, It is then only a matter of choosing the greater of two sumss
the sum of the appropriate maximum time-lapses cr the sum of the final forma-
tion time with the delay which may be necessary betseen the occurrence of
the first command pjlse of the step and the time when the U register shift
can be commanded, This delay will. be termed the digit groap hold time (DGHT).
It is zero for all B type multiply-adders except C.a.s B for which it is
equal to c:2, and nonegzerc for all D type multiplyeadders (fo- these pre-
sented in Chapter IV, ii is essentially the propagate time of tha first
command pulse of a step). If a buffer section is required, then the estima-
tion of the step time is complicated by the need for allowing the stabiligae
tion of the buffer section flip-flops before commanding the 'B register shift.,
The ingredients of the final time (see section 3.3) can be readily
estimated in each specific case.,
5.4 Some Class II multipliers

Only the faster of the Class II muljbipliera which can c¢ developed
from the multiply-adders of Chepter IV will be discussed here., As a7 aid in
discovering which multiply-adders to use in the construction of such melti-
pliers, a comparison of their step times when n = 16 and q = 2 was made «nd is
shown in Table Vel, This table indicates that either acs B2 or ac.s D3 would

be a good choice in order to obtaln ; fast Class 1I multiplier.
2

These times for the special case g = 2 and n = 16 are found from Figs, V3

and L to bes IFT =16 (a+ )¢ i=0,7) psec.
FFT=<+ + 2a+ = 0,6 usec. if

inverters are not necessary on the cutputs of the product selector. If
they are necessary, then '
FFT = 0,7 psec:



If a multiplier is built using ac.s D3 with g = 2 and a K type control
as shown in Fig, Ve5 with:
T = gc3s + stac = 1.2 usec.
@(1 = agss = 0,55 psec
‘(é ® agts +X+ T = 30T 1,0 psec.
then, assuming that the readein pulse occurs (ITL) = T psec.before the
multiply-command pulse, the multiplication time if n = 16 iss

t = initial time + (no. of steps = 1) (step time) + final time

£ 570,70 + 0,7 + 0,06 + (8 = 1) (1.2) + 1.0 = 10,9 psec.

The equipmant count is found to be 5730, taking into account the
fact that several diode levpl gates can be omitted in the Ac «1? AcO section
of the multiply-adder (since the Ae_y flip=-flop must always hold a zero after the
shift command).

A multiplier using a glight modification of acs B2 and with values of n
and q of 16 and 2 is shown in Figs, IV=6 and 7. The multiplication tinme of
the multiplier when T = 0,7 p.aec.,fl = 0,5 psec. andf: e 1L psec. is
approximately 8.l psec. The equipment count is 7310.

The multiplication time of Class II multipliers using either acs B2 or
acs D3 could be improved beyond the values quoted above by using a greater
value of g3 however, the equipment count, which is already larger in both |
cases than any encountered in Chapter IV, is therecby increased rapidly while
the multiplication time decreases slowly. Furthermore, the Class III multie
pliers give better results than can te expected from the Class II multipliers
with any value of q.
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