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PREPARATION OF PROBLEMS FOR THE BRL CAILCULATING MAC HINES

Project TB3-0007

I-INTRODUC TION

m.e Ballistic Research Laboratories have in operation at present
four large scale calculating machines: THE ENIAC, THT BELL RELAY COMFU-
TER, THE IBM RELAY CALCULATORS and THE DIFFERENTIAL ANALYZER. The first
three are digital machines. The last is an analogue machine. This re-
port is prepared for the information of persons proposing problems for
solution by these machines. It treats the following two related topics:

(a) determination of the genéral suitability for machine execution
of a proposed method of solution.

(b) pgeneral considerations on the preparation of the method for
coding.

The machine computing facilitles of the Ballistic Research Laborato-
ries are subject to frequent changes, due both to the addition of new
machines and the modification of existing machines. Further, new tech-
niques for using the existing machines are constantly being developed,
even without changes in their physical construction. This note repre-
sents a first attempt to formulate in general terms the composite ideas
concerning problem suitability and preparation of personnel engaged in
operating and preparing problems for the currently used BRL machines in
their current condition. As such, the information which it contains
must be considered as tentative. When the BRL computing facilities change
appreciably, or when additional operating experience leads to a further
orystallization of ideas, this note will be revised accordingly.

Our discussion of,suitability will be limited to the presentation
of a set of conditions designed to help answer the following two questions .
First, is it physically possible to fit the proposed method onto the
machine? Second, if so, what will be the expense in terms of machine
and persounel time of obtaining the required results? We do not attempt
to discuss any of the other considerations upon which final decision as
to the acceptance or rejection of a problem is based.

The second topic, "preparation of the method for coding" is in-
cluded to give the problem preparer some idea of the type of detailed in-
formation which he will be called upon to supply. All of the preparation
and coding must be performed prior to putting the problem on the machine.
Fxtensive changes after the problem is on the machine are expensive.

Sections II - IX of this report pertain to the three digital calcu-
lating machines. The differential analyzer is treated separately in
Section X,




Descriptions of the machines are limited here to operational infor-
mation necessary to appreciate the criteria of suitability and the details
of problem preparation discussed. Readers interested in the preparation
of problems for a particular one of the three digital machines may omit
the sections on the other two dizital machines and the section of the
differential analyzer without disturbing the continuity of the report.
Resders interested in the differential analyzer only may omit sections
II - IX. More complete descriptions of the four machines are given in
references (1) - (8). This list of references does not purport to be
complete.
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TI-ORGANIZATION OF A REPRESENTATIVE DIGITAL CAICULATING MACHINE

The three digital machines have very similar logical organizations
and possess a number of features in common. To avoid unnecessary repe-
tition, we discuss the logical organization of a representative digital
calculating machine, where the term "representative digital calculating
machine" will be understood to refer to any one of the three Ballistic
Research Laboratories machines considered here.

A simplified block diagram of such a machine is given in Figure 1.
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Figure 1 - Block Diagram of the Representative Digital
Calculator




The various blocks in the diagram represent the principal components of

the calculator. A finite sequence of decimal digits together with an
algebraic sign and a decimal point will be called a "quantity." The solid
lines, including the heavy horizontal line labeled "buss", represent paths
over which quantities may be routed through the calculator. The dotted
lines indicate the control exercised by the programming mechanism over the
machine's other components. The following statements will serve to explain
the diagram and to define some of the terms employed.

The computing unit is a component of the machine capable of perform-
ing the arithmetic operations of +, - , X, %+, o These operations will
hereafter be referred to as "the elementary arithmetic operations." The
elementary arithmetic operations are automatic in the sense that the pro-
gramming necessary to execute them is permanently wired into the machine.
In multiplication, for example, it is not necessary for the coder to pro-
zram each separate addition and shifting operation of which that process
consists, but only to give a single order saying "multiply." The interntl
~armanant programming of the computer takes over from there. The compu-

it is designed to operate at a speed which is very great compar~d
to the speed of manual computations.

In order to introduce quantities to the computing unit at a speed
consistent with its speed of operation, an input device is provided. The
problem data is placed manually into the input device at the beginning
of the computation. The input device is automatic in the sense that its
data is fed out to the computing unit (or some other component of the
machine) during the computation as and when required by the machine, with-
out the intervention of an operator.

Similarly, an output device is provided by means of which the ma-
chine automatically records its final results.

Suppose that it is desired to evaluate the expression (a + b)/
(¢ - d) where the quantities a, b, ¢ and d are four entfres placed in
order in the input device. a and b are read into the computing unit and
that unit is directed by the programming unit to add these juantities,
Some means of holding the quantity a+b is required now while the compu-
ting unit is busy evaluating ¢ - d. The internal storage of the machine
satisfies this requirement. The internal storage is then a component of
the machine which will temporarily store for later use intermediate quan-
tities evaluated during the course of a computation. It consists of a
number of compartments, in each of which a quantity may be stored. These
compartments are called storage registers, or accumulators, depending
upon the calculator in which they occur. When referring to the repre-
sentative digital calculator, they will be called storage registers.
Quantities may be directed into and out of the storage registers auto-
matically under control of the programming unit.

If a problem is sufficiently involved, & large number of quantities
will need to be stored; so many, in fact, that it is impossible to provide
internally all of the storage capacity which may be required. The eval-
uation of the solutions of a partial differential equation by a stepwise
procedure may, for example, require the simultaneous storage of many dif -




ferent quantities at each point of some region of a grid. In cases where
the requirements exceed the internal storage capacity available, one fol-
lows the obvious procedure of directing the intermediate quantities compu-
ted to the output device to be fed back into the machine later, via the
input device. This procedure is mown as employing external storage.

In Figure 1, then, the block labeled "external storage" represents paper
tapes, punched cards, or some other similar medium, upon which intermedi-
ate results are recorded.

The internal and external storage furnish the calculator with the
enalogues of the mathematical symbols of G B &\ , and other desig-
nations of association. In general, the internal storage provides for
the temporary storage of a limited number of intermediate quantities in
such & manner that they are available to the other components of the ma-
chine at a speed consistent with the speed of operation of the computing
unit. The external storage sacrifices the availability of the quantities
stored in the interests of providing a larger capacity for storage. In
comparing machine computing with manual computing, we may liken the in-
ternal storage and external storage respectively to the memory of the
computer, and the data sheet upon which he enters intermediate results.

Manual computers have frequent occasion to refer to tables of pre-
computed or empirical functions. To perform the analagous operation upon
the representative digital calculating machine, function tables are pro-
vided, A function table is a component upon which entries and interpo-
lational coefficients of & tabulated function can be set up manually in
advance. An entry and the associated interpolational coefficients cor-
responding to an arbitrary argument may then be read out to some other
component of the machine automatically when required during the computa-
tion.

A function table differs in principle from an input device in the
manner in which the various entries are identified. The order in which
quantities are to be read from an input device are assumed known in
advance., Therefore, at the beginning of a problem, the input data can
be arranged manually in the order in which the various quantities will be
called for. But tha order in which the entries of a tabulated function
will be called for is not knmbéwn in advance. Each entry required must,
instead, be identified by an argument which generally arises during the
course of the computation. For this reason, means are provided for in-
dexing a function table in such a way that, once the argument is given, -
the calculator will automatically select the entries associated with
that argument. In practice, this distinction between the handling of a
set of input data and a tabulated function is an over simplification,
since much of the same equipment is used in each case.

In order to transfer quantities from one part of the calculator to
another, the various components of the machine are connected by means of
a multi-conductor path known as a buss or digit line or multiple. The
transfer of a quantity from one component to another is effected by re-
quiring the former component to emit its quantity to the buss, and the
latter component to pick up the quantity appearing on the buss simltane~
ouslye.




Finally, the machine is equipped with a program control component
which directs the other components of the machine as to which of their

operations they should perform, and when they should perform them. The
program control component is such that the directions to the machine are
set up upon it manually in advance in the form of combinations of standa-d
orders, When the calculation is started, the machine executes these orders
in sequence, except when directed by a discrimination order to do otherwise.
In the example of the evaluation of (a+b)/(c - d) referred to above, the
coder sets up three orders as follows:

(a) Read the first two quantities from the input device to the compu-
ting unit, add them, and transfer the result to Storage Register 1.

(b) Read the next two quantities from the input device to the‘compu-
ting unit (the first two having now been disposed of), subtract them,
and transfer the result to Storage Register 2.

(¢) Read the quantity in Storage Register 1 and the quantity in
Storage Register 2 to the computing unit, divide them and transfer the
result to the output device.

The discrimination order furnishes a means of directing the machine
to decide for itself which of two alternate sequences of computations to
perform depending upon the outocome of intermediate results. The machine
must be given instructions for each of the alternate sequences of compu-
tations and must be furnished with a criterion upon which to base its
decision. This criterion must be such that the machine can choose between
the alternative sejquences according to whether an algebraic sign arising
at some specified point in the computation is + or - .

The process of translating the computing formulae to a series of coded
orders intelligible to the machine and of transcribing these orders to a
medium which may be set-up the program control mecheanism is called coding.




III-CRITERIA OF SUITABILITY

From the above description of a representative digital calculating
machine, we may infer certain necessary conditions which ‘a given method
of solution must satisfy in order to be suitable for digital machine
execution.

: Defore stating these conditions, we pause to point out explicitly

the fact that the machine does not solve & problem is the sense in which
the term "solve" is usually understood. The machire will execute a se-
quence of arithmetic operations designated by the problem preparer. It
will select one of several alternate sequences of operations to perform
provided that it is given a criterion upon which to base its selection.
The machine will not invent the sequence of operations necessary to solve
the problem. Thus the method of solution must be devised by the problem
preparer. The machine will only execute the computations required by this
method. The conditions of suitability to which we will refer are conditions
upon the method of solution devised by the problem preparer, not conditions
upon the problem itself.

A first necessary condition of suitability which a method must satisfy
is that the expressions to be evaluated in its execution are expressible
to a sufficient degree of approximation, in terms of the elementary oper-
ations and pretabulated functions. i method which satisfies this condi-
tion will be said to be reducible.

A second condition which must be imposed upon a method for solution -
is that it be containable. By this is meant that the capacity of the
machine must not be exceeded by the requirements of the method. We use
the term capacity in three distinct senses as described below.

In the three operating digital BRL machines, a quantity is represented
by a finite sequence of decimal digits, an algebraic sign, and a decimal
point (either explicitly represented or understood). By digital capacity
is meant the maximum number of ‘decimal digits which may be used to rep-
resent a quantity. The digital capacity varies with the machine cor:s’dered
and to some extent varies within an individual machine. The problem
preparer must know the digital gapacity of the machine with which he is
working and must insure that his method is such that this digital capacity
will be sufficient to insure the required accuracy of final results.

By'storage capacity is meant the number of such quantities which may
be simultaneously stored for later use. Internal and External storage
capacities are again functions of the individual machine.

Sequencing capacity refers to the numbers of various types of orders
which may simultaneously be set up upon the programming unit. The prob-
lem preparer will be concerned primarily with the total number of orders
which may be used and the maximum number of discrimination orders which
may be included among them. The sequencing capacity again depends upon
the individual machine. In order for a method to be suitable for machine
. execution, the digital capacity, storage capacity and sequencing capacity
must not be exceeded.




A third condition for suitability is that the method be economical.
To appreciate this feature, it is necessary to have some understanding
of the steps to be taken to obtain a solution subsequent to the inven-
tion of the method of solution, and to have & rough estimate of the ex-
pense of these various steps. First, the problem must be coded. This
involves only the efforts of the coder. It does not tie up the machine
or personnel concerned strictly*with operation. Second, the machine must
be physically prepared for the problem and the coding must be operationally
tested, This involves both machine time and the coder's time. Third,
the problem must be "solved" by the machine. This requires running time.
The machine, of course, is tied up, but the services of the coder are no
longer necessary.

Economy of the ccder's time requires that the method of solution be
repetitive - repetitive in the sense that the same sequence of operations
be performed repeatedly, each time upon different numerical quantities.
If the method does not satisfy this condition, the expenditure of manual
effort by the coder outweighs the saving of effort achieved by automatic
execution of the plan of solution. For any such problem, hand computing
is unquestionably cheaper.

Economy in set-up requires that a sufficiently large portion of the
problem be "solved" by one set-up to justify the manual effort involved
in making that set-up. Specifically, this means that it is uneconomical
to solve problems involving small quantities of data which are supplied
at infrequent intervals and must be processed as soon as they are received,
excent when the set-up time is small by comparison with the time required
to process the data by other methodsf‘

Economy of machine time requires that very lengthy problems be exam-
ined to insure that the machine time consumed is warranted by the value
of the results obtained, and that, the desired results will be obtained
before they have ceased to be of value.

We have given three general conditions involved in determination of
the suitability of a method for machine solution; namely, reducibility,
containability and economy. These conditions have been discussed only
in qualitative terms. To consider them quantitatively, we need more
specific information concerning the capabilities of the thres digital
machines. This information is best obtained by individual considera-
tion of the machines.

10



IV-THE ENIAC

The ENIAC is unique among the three operating BRL digital machines
in that its computing, control and internal storage circuits are com-
pletely electronic. This feature gives rise to operating speeds many
times greater than those of either of the two relay machines.

The ENIAC normally handles quantities consisting of ten decimal
digits and algebraic sign. The location of the decimal point for each
quantity computed is completely arbitrary until assigned by the coder.
It then remainé fixed throughout the problem and cannot be changed with-
out altering the coding. In connection with the ENIX, the term "quan-
tity" will hereafter refer to ten decimal digits with algebraic sign
and arbitrarily located decimal point.

The internal storage of the machine consists of 20 accumulators each
of which is capable of storing one gquantity. Six of the accumulators
have some function other than memory and cannot be used for long term

storage.

Associated with the ENIAC are three function tables. Each function
table consists of 104 "lines", together with related control equipment.
A "line" consists of 14 dial switches - twelve 10-place switches and
two - 2-place switches. A "line" of information is identified by the
computer by a 3 digit argument which generally arises during the course
of the computation. Both instructional and numerical information may
be set up upon the function table switches. The totality of 312 lines
may be divided in any manner desired among tabulated functions, input
quantities and orders.

In setting up a pretabulated function upon a function table, the
following considerations are to be noted.

The argument of the function must be 3 decimal digits,(where the
first digit generally specifies which function table and the last two
the line number). Since computation is cheap and function table space is .
limited, it is generally best to tabulate only the ordinates of the func-
tion. Differences, if required, can be computed by the machine itself
when needed during the course of the computation. -

When entries can be restricted to six digits and aleebraic sign,
then two entries can be set up upon each line, otherwise only one
entry per line may be used. Interpolation with continuously varying
intervals is, in general, 1mpractical, However, it is feasible to use

different tabular intervals within different zones of the tabulated func-
tion.

_The ENIAC receives its instructions from orders which are set up upon
the switches of the function tables. The totality of possible orders
which may be employed is known as the "sode". The code provides orders
for performing the elementary arithmetic operations upon quantities spec-
ified by their location in the machine, for controlling the input and

11




sutput devices, for looking u; eutriss of tabulated finctisns, for
transferring quentities amony the various components of the aackine,
fur . ifting decimal points, and for diccriminating upon any quantity,
eithor siven or computed.

Input quantities other than the eulrics of a pretabulated function
may be introduced to the machine in three wayvs - from an I3H card reader,
from two manually set registers of dial switches, each of which will
hold one quantity, or from the function tables, Tho 174 card reader
and the two repgisters of dial switches are associated with a relay and
and switch storare unit called the constant transmitter. Upon signal
from the programming mechanism, the ENIAC will read 8 quantities from
a card and store them in the relays of the constant transmitter. Once
n nnrd has been read (a mechanical and therefore relatively slow oper-

Lion sk .8 seconds), its information is available to the other
components »f' £ somputer at electronic speeds. The constant transmitter
retains the quantities from the card until they are no longer needed,
at which time another card may be called for. The two quantities set
up upon the recisters of dial switches are retained by the constant
transmitter until the switches are manually reset by the operator which
clearly cannot be done while the machine is computing. Input quantities
may be set up upon the function tables in the same mamner as upon the
gwitch registors of the constant transmitter. The difference is that
the functisn table quantities are called for by varisble arguments,
whereas tha switch repgisters must be called for by [lixed recistaer
identifying symbols.,

In general, the two switch registers are used for input quantities
which remain ahaolutely constant throughout a computation. The card
readers and function tables may also be used for this purpose when their
full capacities arc not otherwise utilized. Quantities which change
from cycle to cycle of a computation, such as for example datum numbers,
are invariahlv introduced through the card feeds. Quantities which
must be identi’ied by a wvariable argument may be introduced only through
the function tables,

All output quantities are recorded upon IBM cards. The card '™
and its associated control equipment are known as the printer. The
coder can program the machine to punch out any desired quantities.
Punching is sgain a mechanical process requiring about .6 seconds. Jo
utilize fully the enormous electronic speed of operation of the ENIAC,
card punching must be held to a minimum. Output quantities recorded
ipon enrds may later be printed as a separate operation by an IR
sl gbor,

No special provision is made for external storage. The existent
card punch and card feed are used for this purpose. The operator manu-
ally transfers the cards from the punch to feed. This is entirely
satisfactory in cases where the transfer of externally stnsred quantities
from punch to feed is required only at infrequent intervals - i.e.,
when relatively long term storage is needed. Short term external
storage cannot be used without sacrificing some of the electronic speed
of the ENIAC.

12



The capacity for orders, capacity for entries of tabulated func-
tions and capacity for constants are interrelated. Constants can,
and usually are, introduced by the constant transmitter. This leaves
the 312 lines of the function tables as the limiting velue for the sum
of the number of orders and the number of functiogpal entries which may
be used in a single set-up. There is no limitation upon the propor-
tion of discrimination orders which may be included in the total number

of orders used.

13
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HLANT V-THE BELL RELAY COMPUTER

The Bell Relay Computer employs standard telephone relays for
computational and internal storage purposes. Its input, output and
program control devices consist of unmodified printing telegraph equip-
ment. The Computer is completely self-checking throughout. It is de-
signed to run unattended for long periods of time. The BRL installa-
tion consists of two complete identical computing systems of the type
described below. They are operated simultaneously on different problems.
The two systems are not used to check each other.

The digital capacity of the Fell Relay Computer is seven significant
figures. All quantities handled bty the machine are in the standard
form *, yxxxxxx . 10 *iX where y is an arbitrary non-zero decimal digit,
the x's are arbitrary decimal digits and i is an arbitrary binary digit.
Thus the machine handles all seven significagt digit quantities whose
sbsslute values lie between +.1000000 x 10-19 and +.9999999 x 10*19
{nolusive. The inmterval [ . 9999999 x 10-19, +.9999999 x 10*197)will
be called the "range" of the machine.

The computing unit performs the elementary operations upon quanti-
ties in standard form, and automatically normalizes the result of any
elementary operation to standard form. That is to say, the computer
employs a floating decimal opint. The result of any elementary oper-
ation is automatically rounde > the nearest 7D significant digit. No
provision is made for retaining the less significant figures of & T 7
multiplication nor for storing the remainder after a seven significant
dirit quotient, Thus calculations requiring more then seven significant
digits are not feasible upon this machine.

Built into the machine as permanently wired connections are tables
of the functions sin x, arc tan x, log x and 10X, For the purposes of
the problem preparer, these functions may be considered as tabulated over
the entire interval for which both the argument and the functional value
aye witlin the range of the machine. The unit of angle is 900, Entries
from the permament tables are made available to the other components of
the machine by switching operations and are thus obbainable without
appreciable time delay.

In addition to the permanently built in function tables, any single
entry tabulated function may be specially prepared for use with a specific
problem. Double entry tables are also possible, but are in general diffi-
cult to handle. The arguments and entries of special tables are coded
on paper tapes and read to the other components of the machine under con-
trol of the programming unit. Complete automatic control features for
findin~ the entry associated with an arbitrary argument are built in.

The machine locates the desired argument of a special table by scanning
the arguments appearing on the tape upon which the table is coded. This
is a relatively slow operation. The form of the table is subject to the
following limitations:

(a) Arguments must lie within the range 0000-8999. They need not .
be equally spaced. '

15




(b) Entries and interpolational coefficients must lie within
the range of the machine.

The internal storage of the machine consists of 15 storage registers
and eight sign registers. Each of the storage registers holds a seven
significant digit quantity in standard form. Each sign register holds
a single algebraic sign to be used for discrimination purposes.

External storage consists of an input mechanism end an output mech-
anism associated in such a way that the output quantities are automatic-
ally transferred to a position where they are available to the input
mechanism without the intervention of an operator. The capacity of ex-
ternal storage is unlimited.

The programming unit reads its orders from coded paper tapes.
Repatitive sequences of operations are put on closed tapes. Sequences of
operations to be performed but once per problem are placed upon two ended
tapes. The total capacity for orders is unlimited. About 30 discrimi-
nation orders may be included without inconveniencing the coder. Addition-
al discriminstion orders may be added ad infinitum with the complexity
of the coding increasing rapidly with number of additional discrimina-
tion orders included.

Input quantities which remain absolutely constant throughout the
course of a problem may be introduced to the machine on the programming
tapes. Input quantities which vary with successive iterations of a se-
quence of operations are introduced on special paper tapes in the same
manner as special tabulated functions. No provision is made for intro-
ducing input quantities via switch settings as may be done on the ENIAC
and the IBM Relay Calculators. All input quantities must be of the stand-
ard seven significant digit form.

Output quantities may be punched on paper tape for later transcrip-
tion to printed form or be printed directly on a typewriter as they are
computed.
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VI-TIE IBl RELAY CAICULATORS

Among the high speed computing machines presently operating in the
Computing Laboratory there are two IBM Relay Calculators. These machines,
identical in every respect, were built by the International Business Ma-
chines Corporation and installed at Aberdeen Proving Ground, Maryland,
early in 1945. They have been in continuous operation ever since, ex-
cept for occasional short periods of time when the incorporation of cer-
tain improvements necessitated their shut-down.

Following is a description of certain features of the machines, a
knowledge of which will materially assist anyone who is interested in the
preparation of problems to be solved by means of them. The reader who is
concerned with a more detailed knowledge of these calculators would do
well to consult references (4), (5), (6).

Data to be introduced into the machine must be punched on standard
IBM cards of 80 colums, and then read into storage or computing counters
by means of the two separate card feeding units, which may read as many
as four cards simultaneously, while punching results on a fifth card.
This reading and punching action goes on at the rate of 100 cards of 80
columns each a minute. There are, further, 24 dial switches allowing for
the introduction into the machine of 24 digits that may be used as con-
stant factors.

All quantities enter the machine in the normal decimal notation; each
numbor may have up to twelve digits with a plus or a minus sign. Since
many mathematical functions, such as trigonometric, exponential, logarith-
mic functions, and many others, are used very frequently on problems put
on the machine, they have been punched on cards, and are thus available
in permanent form. The list of functions thus available, while too lengthy
to be given here, may be had on request. In cases where special func-
tions must be employed they can, if mot too extensive, easily be punched.
Howsver, to effect an economy in the time needed for table look=-up the
arguments should best be arranged in monotonic order. While results of
calculations obtained on the machine are always punched on cards, they
may also be listed on sheets of paper of any desired: length, or, in cases
where the results can be arranged in tabular form, they can be printed by
means of the electromatic typewriter. (For a description of this machine
see the article by Eckert and Haupt, The Printing of Math Tables, MTAC
Vol. II, No. 17, Jan. 47.)

The machine performs all operations (receiving, trensmitting, com-
paring, shifting, rounding, and recording of data) and calculations
(addition, subtraction, multiplication, division, and square rooting)
by means of electro-mechanical relays arranged in 36 groups, the "counters”.
Trirby—one- of these counters can accommodate numbers with not more than
six digits, and their sign, plus or minus; the other five counters can
store twelve dirit numbers, A nepative number is stored in » counter ns
its complement with respect to 999 999, These groups of relays, in con-
junction with the twenty-dial switches mentioned above, permit an internal
storage of up to 240 digits, or 480 in cases where both calculators are
hooked up so as to operate as a single unit.
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The machine receives its operational instructions mainly from two
removable plug-boards. The three-panel board generally assigns the
channels through which the reading and punching of data is controlled,
whiln the two-panel hoard serves to control the sequencing of operations.
These hoards have to be wired manually for different types of problems,
but, once programmed, the set-up may be stored away in symbolical form
for future use on similar problems.

While, as described above, apparently somewhat limited in internal
storare capacity the machine is, nevertheless, very efficient in that it
hus preat overall speed of operation, is very flexible in its programming,
card reading and reccrding facilities, end is relatively easy to operate.

The timing of all operations performed within the machine is provided
by & shaft in the card reading unit rotating at the rate of 100 rpm.
During each revolution of this shaft, while one card is being read or
purchied, two timing circuits produce impulses that may be used to set re-
le s or initiate the reading or punching of cnrds. The 48 impulses gener-
ated br one of these timing circuits, occurring at 0.0125 second intervals,
form the basic sequence of "points" in the timing schedule of the machins.
The time required for a relay to function properly is approximately one

sequence point.

On certain sequence points in the 48 point cycle - or, if desired,
in the 96 point double-cycle represented by two revolutions of the timing
shalt - the machine can be made to perform certain operations, which are
then repeated during each following cycle. The sequence of operations
which the machine carries out is thus periodic, the period being of 48
(or 96) sequence points' duration.

As to elementary operations, it takes two sequence points to add or
subtract numbers of as many as 12 digits. Multiplication is limited to
factors of gix digits; the twelve digits product is available 16 sequence
points, i.e., 0.20 seconds, later. However, it is possible to space
successive multiplications in such a way as to effect a time saving of
0.05 seconds. Division is limited to a twelve digit numerator and a
six digit denominator; the average dividing time is 0.2 seconds per
quotient digit, of which there may be twelve. Finally, square rooting
is iimited to a twelve digit square and a six digit root; it takes about
the same amount of time to get a root digit as it does to get a quotient
digit,

Mumbers read out of certain counters may also be shifted up to six
places to the right or to the left. Rounding of positive numbers is easily
achieved b7 simply adding a five into the decimal place to be dropped.
Finally, two numbers may be compared,and the machine programmed to carry
out alternate sequences depending on the result of this comparison.

Since the machine can perform only the nlementary mathematical oper-
ations cited above it is thus obviously required to break down all nec-
essary mathematical manipulations - with the exception of functions punched
on cards in permanent form - into combinations of finite numbers of elemen-
tary operations.
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While the Relay Calculators can do certain types of jobs more easily
and efficiently than other machines the amount of work involved in the
actual preparation and coding of a particular job can be quite considerable.
First a time chart of the operations has to be drawn up. Next a plug
board diagram has to be made up, and then the actual wiring of the plug
hoard made on the basis of this program.

A great many different types of problems have been solved on these
machines. To mention only a few:

Solution of Partial Differential Equations of the Ieat Conduction
Type by Schmidt's luthod.

Solution of Large Systems of Simultaneous Linear Equations by
Gauss-Jordan's Method.

Construction of Tables of the Incomplete Beta Function by Recursion
ornilas,

The solution of these and many other problems became possible only after
due consideration of the criteria stated in section III; to the reader
who has a problem of his own, we recommend a careful scrutiny of the

pertinent parts of that ssction.
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PRECEDING
PACE BLANK

It was pointed out in section III,
execution by a digital calculating machine,
a problem must satisfy conditions of reducibility,
economy. The disoussions of the indi
IV, V, and VI are intended to provide the
essary to apply these conditions to a part
proposed for a particular machine.
machine characteristics upon which the above enume
suitability depend.

VTT ~ APPLICATION OF CRITERTA OF SUTTABILITY

TABLE I

DEFENDENCE OF SUITABILITY CONDITIONS
UPON MAC ITINE CHARACTERISTICS

thet in order to be suitable for

a method for the solution of
containability and
vidual machines given in sections
quantitative information nec-
jcular method of solution

In Table I, we summarize the principal
rated conditions of

Conditions of

Suitability Bell Relay

C omputer

Eniac

Machine Characteristics

Calculators

I3 Relay

—_—

Reducibility +, -, x,+,+ and pretabulated functions
Containability ‘

Digital Capacity 10 digits 7 digits 6 or 12 digits
fixed decimal| floating fixel decimal
point decimal pt. |point

Internal Storage 20 quantities |15 quantitieq 26 6-digit

quantities
5 1l2-digit
quantities
(200 digits) |(105 digits) (216 digits)
External Storage Unlimited Unlimited Unlimited
(manual access) |(automatic (pmanual access)
access)
Programming Capacity Limited Unlimited Limited
Economy
Coding Time Several Days

Testinp and Set-Up Several hours

Time

subsequent
get-ups

Several hours
for 1lst set-u
zero=time for

Several hours
2 .

1 sec. per
mult.

.012 sec,
per mult.

Running Time

.2 S5O0, per
" mlt,
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liethods suitable for one machine are not necessarily suitable for
another. Methods suitable for all machines are frequently more suitable
for one machine than for another.

If a method appears to call for several months of manual computation
ty a large st~ff of computers, one might start thinking of the Eniac.
If a non-repetitive method calls only for several man hours of computa-
tion, no machine will be suitable., Methods lying somewhere between these
extremes may be suitable for the Bell Relay Computer and the IBM Relay
Calculators.

Methods requiring extremely lengthy schedules of operations to be
performed may be unsuited for the Eniac and the IBM Relay Calculators
due to programming capacity requirements in excess of those available.
The Bell Relay Computer is not subject to this type of limitation.

Problems requiring the handling of large quantities of data are
best suited to the IBM Relay Calculators provided that other considera-
tions of suitability are equal. Handling of input and output is more
bothersome on the Bell Machine. Input and output can be readily handled
by the Eniac. However, if extensive input and output is required for a
small amount of computing, the electronic speed of the machine is wasted
for the most part since the whole problem is slowed down to card handling
speeds.

Problems requiring frequent set-up, such as the processing of inter-
mittently received data are best suited to the Bell Relay Computer unless
tus computation itself is too time consuming. The set-up times of the
Eniac and I3M computers, make it uneconomical for those machines to pro-
cess small quantities of data intermittently.

The intermediate or final results of some computations may vary con-
siderably in magnitude from cycle to cycle., In problems of this nature,
the Bell Relay Computer has a distinct advantage over the other two
digital machines in that its floating decimal feature obviates the nec-
essity for extensive use of scale factors. It is theoretically possible
to program a floating decimal point on the EBniac, but practical consider-
ations make this type of programming rarely, if ever, feasible.

Certain dodges are possible to modify a method of solution so as to
make it more adaptable to a particular machine. Since the Eniac has
relatively small sequencing and storage capacity but high speed of oper-
ation, it is usually desirable to carry out stepwise approximations on
this machine by using low order approximations, small intervals and many
steps. Since the Bell Machine has unlimited sequencing capacity, large
automatic external storage but slow speed of operation, it is generally
best for this machine to use high order approximations, large intervals
and few steps. The IBM Relay Calculators lie somewhere in between the
Eniac and the Bell Relay Computer in this respect.
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VIII-INFORMATION REQUIRED BY CODER

In order to code for machine execution a method for the solution
of a problem, the coder must have at hand the specific information

listed below:

(a) A list of formulas expressing all quantities to be computed
in terms of the elementary operations (+, -, x,+,-J') and pretabulated
functions.

(v) Accuracy required of intermediate and final values.
(¢) An exact criterion for each discrimination required.

(d) The approximate range of all initial, intermediate and
final quantities.

(e) A list of input quantities, including pretabulated functionms,
classified according to the frequency with which they change.

(f) A list of the quantities which the problem preparer desires
to have printed.

1n addition to the above information required by the coder, it will be
necessary that a sample run be computed by other means before sst-up
and Sasting can be undertaken.

Collecting these items of information requires a high degree of
cooparation between the problem preparer and the coder. If the method
o be coded requires subsidiary operations for which standard well known
numerical methods arn available, ?auch as, for examples, interpolation,
nunarical differentiation and integration, solution of algebraic equa-
~inng, evaluation of determinants, etc.), then the selection of that
standard method best suited to the machine to be used, and the reduction
of that standard method to elementary operations is usually best left to
tiue coder, Suggestions from the problem preparer are always helpful,

nowever.,

The accuracy required of intermediate and final values must be speci-

fimd for several purposes. First, it is needed for all machines in

order to determine the number of terms or the number of iterations re-
quired of approximate formulas. Second, for the fixed decimal point
machines, it is needed in conjunction with information on the range of
quantities computed in order to determine suitable scale factors. Third,
it is necessary for the IBM Relay Calculators in order to determine
whether to employ six or twelve digit quantities in the computation.

Discriminations are used to direct ‘he machine as to which of two
alternate sequences of operations to perform. The machine's decision is
usually based upon a comparison of two quantities, one or both of which
arise during the course of the computation. The quantities to be com-
pared must be specified for each discrimination.
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Since the Bell Relay Computer employs a floatingz decimal point,
the only estimation of range required for this machine is the assurance
that all quantities lie between - ,9999999 x 10*19 and +.9999999 x 10*19
inclusive., For the other two machines, a much closer estimate of range
is necessary if full digital capacity is to be realized. The decimal
point in each register must be located sufficiently far to the right that
the leftmost figures of the largest quantity entering the register are
not lost. At the same time, the decimal point must be located sufficiently
far to the left that the required number of significant digits of the
scgllest quantity entering the register is retained. If the variable
quantity to which that register is assigned changes appreciably in magni-
tude during the computation, variable scale factors may have to be em-
ployed to satisfy both of these conditions. The problem preparer need
not list ranges of quantities whose magnitudes are immediately obvious
from the computing formulas. For example, if the range of x is given,
the coder can supply scale factors necessary to keep 1/(1 - x) within
range without instructions from the problem preparer. But in many cases,
the ranges of intermediate and final values cannot be conveniently pre-
dicted from the computing formulas alone. In these cases, the ranges
should be furnished by the problem preparer. The physical interpretation
of the variables in question will frequently help him to determine their
range, In cases where approximations are employed, range information is
usually available as a by product of the investigation of the order of
approximation required.

The method chosen by the coder to introduce input quantities to
the machine usually depends upon how frequently these quantities change.
For this reason, input quantities should be classified according to this
attribute.

Since these machines do not automatically keep a record of inter-
mediate quantities computed, once they have been used, the problem pre.
parer must clearly specify which results he desires to have printed.

The hand computed sample run is required to check the coding and
set-up. One application of each formula with a representative set of
numerical values should be sufficient. Checking the machine itself is
accomplished by other means which need not concern the problem preparer.
It is usually desirable to compute the canned run only after the detailed
computing formulae have been agreed upon.
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IX-NUMERICAL EXAMPLE

The conditions of suitebility and the information necessary for
coding will be illustrated by & numerical example. The authors are
somewhat embarrassed by the fact that a method simple enough to be
analyzed in a few pages is in general so simple as hardly to warrant
the use of a large scale machine. Nevertheless, it is believed that
such an example will be valuable in clarifying some of the notions
previously introduced.

PROBLEM ~ It is required to tabulate the family of functions

x
F.(x) = %
® B -Vmo-at

for the range O < x €10 by intervals of Ax= .| %o within an error of
5 x 103, where 0O<a<§ by Aa=.|,and ¢(t) is an empirical function
given by the following table:

b @ (t)
.0 1.00000
.1 1,00250

o2 1.01070

10; 0 70, 00000

We suppose the tabulation of CP (t) to represent a function which is
monotonic and continuous end possesses continuous bounded derivatives
of all orders upon the interval O <t <\0 . Devise a method suitable
for machine execution and list all information necessary for coding.

The followihg method is proposed:
(a) Express Z = I/’i‘/?’ where'Y = 100 -QY by the iterative
formula %
g 2Y ZP-\+ ‘ = “e o
(1) Z‘_ = 3 2 r=L2,3,
| e |

We leave the method of selection of the lst approximation
Z., and the number of iterations arbitrary for the present.

(b) Represent (O (1) by a family of interpolational polynomials of
the nth degree (n may be equal to zero), each of which will
serve as an approximation to @ (t) on some sub-interval of the
ran~e of t . The depree of the interpolational polynomials
and Lhe size of the sub-intervals will be selected later.

- -
(¢) Approximate T (x) = jo §.(t)dy where f(}) = C_P(t)/::l 100-al
by a mechanical quadrature formula expressing Folx) as 2
linear combination with constant coefficients of selected
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equally spaced values of the integrand Q“(x).

) Fale)is Fn( X - max) * MZC-;QQ(x—R,Ax)

The order, m , of the quadrature formula will be selected
later.

We define a "point" to be the computation of a single value of
Fao (x) for arbitrary a and arbitrery x ; & "run" to be the evaluation
of F. (%) for a single arbitrary value of a and 2ll required values of
x ; the "problem" to be the evaluation of T, (x) for all a and all x .

The proposed method is clearly reducible. We will examine its
containability and economy.

We first consider containability as regards to sequencing capacity.
The following purely arithmetic cperations are required:

(1) 1 division, 1 addition and about 6 multiplications per
iteration to extract a reciprocal cube root according to
formula (1).

(2) n multiplications and n additions to obtain an interpolated
value of q:(t), where n is the order of interpolation employed.

(3) n multiplications and n + 1 additions to evaluate the quadra-
ture formula, where n is the number of ordinates to be used in
a single application of formula (2).

In addition to these arithmetic operations, the machine will have
to perform various miscellaneous operations for the f ollowing purposes:

(1) Obtaining a first approximation to the reciprocal cube root.

(2) Deciding upon the number of iterations required for the
reciprocal cube root.

(3) Selecting from the function teble the proper coefficients of
the polynomials approximeting g?(t).

(4) Delivering to and extracting from internal storage successive
values of the integrand.

(5) Changing the parameter & from one run to the next.

(6) «Generating successive values of the independent variable X .

(7) Delivering final computed values of Fo () to the output.
Without going into further detail, it may be seen that the performaﬁce

of the above listed operations are well within the sequencing capacity
of all three machines, for any reasonable orders of interpolation and

quadrature.
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Let us now consider containability as regards to digital ocapacity.
Since ¢p (t) is continuous, and \ /3[100- at does not change sign on
the interval 0 to x ,

T
Rue) = (0| Frogmar = 3D 100" - (oo-a)™

where O €¥<x . Furthermore, @ (t) is monotonic and increasing.
Therefore,

3 @to) Ms _ -axy?| < \0) s . - '3
_éfa_ 100 (1oo-ax) \ Fol® & 3_%&_ 1\00 (oo - ax) }

Now i;i 100¥3 = (100 - axy¥} increases with both increasing a and
increasing x . Also @ (e) =1 and Cg(lO) = 70, Therefore,

0s Folx)e 320§ 100" - (100-5§ -10)"’1
25

o 0= Folx) 2 141

Clearly, six significant figures are sufficient to represent T (x%) to
the required accuracy of 3 decimals. Several extra places should be
allowed, however, for the accumulation of round off error in adding the
quantities C;fa(t- jot) . Thus, the register used to accumulate F, (%)
should have at least 7, perferably 8, places. This requirement is easily
satisfied by the digital capacity of the Eniac, It is barely satisfied

by the digital capacity of the Bell Relay Computer. On the IBM Relay
Computers, it will be necessary to use a double length (12 - digit)
register for the accumulation of Fol(x)e

The inteprand, f.(x) = Q¥ -,“/loo-at varies from 0,21 for Y =0
and all & o 19 for =10, a =5, C; is of the order of Ax = ol
Therefore, Ci?“(t- %at) will be expected to be of at most several units
in size for all a and all Y . The quantity C-‘Q‘(t—'gi) to 5 decimals
can therefore be contained in a register of six fixed digits.

Since C't ?«(’t- ‘«‘A’t\ ig at most several units in size, an accuracy
of 6 significant figures will yield the required accuracy of 5 decimals.
We should then have at least 6 significant figures of accuracy in each
of the factors ({;P(t) and |/3fiod-at . We can certainly obtain < (t)
from & function fable to 6 significant figures without any difficulty as
to digital capacity. Also | _;"/aoo-qt may be obtained by repeated applica-
tion of formula (1) without more than 6 fixed digits in any component
quantity of that formula.

Thus the method is containable for all three mechines so far as
digital capacity is concerned, subject to the following limitations:

(n) A 12-digit register must be used for acoumulating Fg (x) on
the IBM relay calculators.

(b) There will be some doubt as to the last figure of F (x) for
large & and large x when computed by the Bell Relay Computer.

Let us now examine the storage capacity required. Clearly the
quantities computed every run are independent of those computed on all
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other runs, except possibly that the quantity & may be generated by
adding Aa to the value used in the preceding run. At most one quantity

need be stored from one run to the next.

Each value of the integral computed requires several values of the
integrand., The exact number depends upon the order of the quadrature
farmula employed. We do not wish to recompute any values of the inte-
grand. We are therefore required to store integrand values from one
point to the next. If x is to be generated from point to point, we
shall need a register in which it may be stored. If we are to obtain
the first approximation to \/3/Y from the final approximation of
at the previous point, a register will be needed in which this quantity
mey be stored. To campute T (x) we need also to store from & previous
point ¥, (x-max) . Apparently, something under 10 registers will be
sufficient for all storage from point to point.

For temporary storage at a point we need to hold either (@ (i) or
|/-3 100 - ax while the other one of these gquantities is beinp computed.
We need several working registers for evaluating the interpolation
"ormula for (¢ (t). These same working registers may be used for
manipuleting the components of Z_=(2YZ> +\)/3IYZ *  and counting
the number of iterations required. We can also use these working
registers to evaluate the quadrature formula.

it appears that 15 storage registers in all will be sufficient to
take care of all variable storage required, both long term and short
term. Thus on any of the three machines, the storage can be handled
internally. The method is containable from & storage point of view.

Let us now consider some of the economic aspects of the problem.
Several days not involving the machine will be required for coding.
Several hours of machine time will be needed for set-up and testing.
Since the set-up need be performed but once, there is no need to con-
sider subsequent set-up time.

The Eniac will probably require several seconds running time per-
point. For 100 points per run and 50 runs, two 24 hour Eniac days
should be sufficient to complete the problem, including set-up and
testing and allowing for a consdiderable number of unforeseen delays,

The Bell Relay Computer will probably require several minutes per
point or say 150 hours running time for the whole problem. Two weeks
around the clock for one of the two duplicate computers should be
sufficient to complete the job, including set-up, testing, running and
unforeseen delays.

The IBM computers would probably require about one minute per point,
With a 40 hour week, two weeks should again be ample for set-up, testing,
running and some unpredictably delays.

We will not attempt here to estimate the time required for manual
computation of the problem except to point out that in this case, the
manual computing time will not be very great compared with the machine
running time, This is true for several reasons. First, only 6 digits
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accuracy are required of most of the quentities computed. Second, cube
roots may be obtained much more simply by hand computer than by machine.
In fact, linear interpolation in Barlows' Tables will give more then
enough accuracy throughout the whole range of the independent variables.
Third, table look-ups in the g>(t) table will be extremely simple for
the hand computer and can be obtained without interpolation.

On the other hand, the results obtained by machine will be perfectly
self consistent with regard to how quantities are rounded, and how much
accuracy is retained at each step. This is difficult to accomplish by

hand.

Considering all of the above points, we are inclined to believe that
the problem, &s solved by this method, is suitable for machine execution
only in the event that the sufficient number of hand computers necessary
to obtain the required numerical results in time are unavailable,

However, for the sake of continuing the discussion, let us suppcse
that sufficient hand computers ars not available and that it has been
decided that the problem should be solved by machine. In this event, we
would recommend the IBM relay calculators as being most suitable for the
problem. The additional flexibility of the Bell machine is unnecessary
here, and the additional expense required to operate the Eniac is not
justified by the saving of machine time effected.

Before considering information necessary for coding, let us inquire
as to the effect on suitability of modifying the problem in various ways.

First, suppose that only 5 or 10 runs are required instead of 50.
In this case, running times for all of the machines are proportionately
less, but coding, set-up and testing times remain the same. It is now
even less economical to execute the solution by machine.

Second, suppose, on the other hand, that two independent variable
parameters, & and b, enter under the integral sign, and that it is
required to make SUé = 2500 runs instead of only 50 runs. In this case,
50 times as much computing is required. We now have a problem of Eniac
dimensions. The problem would be even more suitable for the Eniac if

? oty At
it were required to tabulate only the function 5 ?_t_\_—_ as
o 100 - ot
* cp(r)dt
a function of & instead of , /100 - ot . In this case, the

relatively long time necessaery to punch out a single value of the

integral (.6 secs) would be required only once per run, instead of once

per point. ¥
AT

Fourth, suppose that the function to be tabulated is =
< ‘\/loo -at

The argument 10 sin %—}"‘— of @ no longer increases monotonically with

t, In fact, for small values of a, it oscillates rapidly. Since the
IBM cemputers can autometically consult a function table with non-
monotonic argument, only with the manual intervention of the operator,
this introduces & serious difficulty for these machines. In this case,
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the only reasonable possibilities are the Eniac or the Bell Relay
Computer. On these latter two machines, little difficulty is en=-
countered in handling functions with oscillating arguments.

Finally suppose that a is allowed to range from O to 10 instead
of 0 to 5, The integral still exists, though it is improper for
X =10, a =10, The method, as given, is now unsuited for machine
execution (and unsuited for manual execution too) due to the fact
that the intepgrand grows without limit with increasing x and a., This
difficulty can be removed by employing an expansion of the integrand
in powers of at throughout part of the range, and integrating the first
several terms explicitly. BEven so, however, the integrands will vary
greatly in size with both & and t. In this case, the Bell Relay Com-
puter has a distinct advantage over the other two machines in that its
floating decimal feature eliminates the necessity for extensive use of
scale factors.

On the assumption that the problem is to be run on the IBM com-
puters, let us now proceed to information required for coding. It is
first necessary to determine specificelly those features of the method
which were left arbitrary upon first consideration. Let us decide that
for the first approximation to Z at any point, we will use the final
approximation to Z at the previous point, and that the iteration at a
point will be continued until the difference in absolute values of two
successive approxirations is less then the prescribed tolerance of
6 x 1075, Values of the function G (t) are needed for only fifty
discrete values of t. For the IEM computers, it is more advantageous
to store all 50 of these values and thus avoid interpoletion, than to
condense the table and thus save function table space. Let us suppose
that the nature of the function qp(t) is such that "3-ordinate inte-
gration™ at the prescribed interval of Ax = .1 will give sufficient
accuracy. Under these conditions, a list of reduced formulas suitable
for coding is given in table II.

We have already considered the ranges of most of the quantities
computed, and the maximum allowable errors of the quantities. For the
convenience of the coder, the ranges and maximum allowable errors of
these and a few other quantities are collected in table III. Input
quantities are listed in table IV, and desired output in table V. The
first several points of & canned run are given in table VI, Clearly,
computation of three values of the integral (a = .3, x =0), (a = .3,
x =,1) and (2 = .3, x =,2), require the evaluation of each formula
employed a2t least once, and are thus sufficient for a check on the
coding. If, in addition, the problem preparer desires to check his
analysis of ranges, errors and formula reductions, he should camplete

the canned run,
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TABLE II - REDUCED FORMULAS

Start with ¢ = 0, increase & by steps of A8 = .1l through a = 5.
For each value of a, start with X = 0, increase x by steps of A&Xx = ol
through x = 10,

( 0 cor x=0
¥, () + (Ax/pz\is‘;a(x-ax) + 8f (x) - fq(xa-at)}
F,(x) = for x = &%
T.(x-28x) + (m./;s\{ {, (x-2ax)+ 45, (x-ax)+ Q(x)l
Coe x = Rax 3ax (- vy \ooax
where
£ ( ( ‘/J\]‘oo Cor = =0
(%) = l
@ £ for . = ax 26% ,leo0ax
@ (x) = Value read directly from function table without interpolation
7 (x) = last of the sequence of quantities Z (x)
2 x) = Z(x-8x) first approximation to Z(x)
3
Zr(X) - 20 () Eoav )i+ | A T
3Y(x) Z%. (=) £
iterating until \Zr- Z.-.\\ < §x10
Y(x)=100 - a x
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TABLE III - RANGES AND MAXIMUM ALLOWABLE ERRORS

All variables listed are monotonic functions of both x and a

Variable Value at Value at Maximum Allowable
x =0 x=10, a=9§ Error
x 0 10 Exact
Y ix) 100 50 Exact
Z (x) .216 .272 6 x 1070
@ ) 1.00 70,0 § x 10°° (given)
£, (x) .216 19.0 1x107°
F, (x) 0 147.0 5 x 1070
SNES 14.1 11.1 2 x 107
2YZ3+1 3 3 5 x10°
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TABLE IV - INPUT QUANTITIES

upper limit of x

"

upper limit of a

tolerance for 1/-‘:[7

TABLE V - OUTFUT QUANTITIES

a= 0.0

a = 0.1
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(0) =1 /8flco = .215 443

a = 03 4 X =.1
$ = 1.0025
= 99,97
\ (i 0
Z_ = .215 443
2 = 21.537 8
23X = 4,640 17
Z3Y = .999 692
Iz} = 13.920 5
RYZI+t = 2,999 38
v ® .215 465
E <., = .000 022
Qa\(.l\ n QeE = 216 003
&> 3 ¢ X=,2
C? ‘& 1,0107
Y = 99,94
\ el S
F ! b e215 4064
T = 21,533 5
Z2N = 4.639 69
22X = .:9089 686
3IYZE =13.919 1
223+ = 2,909 37
Loay «215 486

2% = J000022

L) = @+ 2 = .217 793

T.(0)= 0

T 1)

= 02\ $62

= LCATD 24\
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TABIE VI - SAMFLE RUN

i

«215 465
21.540 O
4,641 12

«999 999
13,923 4
2.999 99

«215 464

<000 001

\
.215 486
21.535 7
4,640 64
.999 993
13,921 9
2,999 99
«215 487
.000 001

Fipax € () + 88 () = 1, axC, (2)
(.01 666 T)(.215 443) + (066 ¢667)(+216 203) - (.008 535 3Y.217 143)

Fule?) = gax A Y &% Qk(d\ + Yy AX Qk(.zB

= (o33 338 Y .2IS 443) + (133 333)(.216 003) + (o33 333 3)(. 217 143)



X - THE DIFFERENTIAL ANALYZER

The Aberdeen Differential Analyzer resembles in its main char-
acteristics the original analyzer invented by Bush, and constructed at
M.1.T. in the years 1930-31. While neither quite as fast nor as accur-
ate as the large scale computers discussed in the foregoing sections
the machine is, nevertheless, very efficient and time-saving, especially
in cases where the study of ordinary differential equations is called
for,

The analyzer is based on principles entirely different from those
governing the digital machines. It is an "analogue" machine, i.e., it
duplicates physical situations by means of mechanical devices, in a
manner to be described later. The machine will solve reasonably compli-
cated differential equations of any order up to the tenth - theoretically
at least but rarely in practice - within a relatively short time, to an
accuracy of 3 - 4 digits. Its ruggedness, flexibility, and ease of
handling have made it a valuable tool in the field of mathematical and
physical research.

For detailed discussions of the analyzer the reader is advised to
consult references (7) and (8) given in the Bibliography.

As already stated the differential analyzer solves mathematical
problems by constructing thei: physical analogue as follows: to each
value of every significant quantity occurring in the mathematical de-
scription there is assigned a position of a rotating shaft in the ma-
chine, so that changes in values are represented by clockwise or counter-
clockwise rotations of shafts through corresponding angles. By means of
proper linkages and inter-connections and the use of certain basic units,
the shafts can be constrained to rotate in accordance with the relations
prescribed in the mathematical formulation. The rotation of the shaft
representing the independent variable - brought about by a motor - will
then drive everything else.

The basic units referred to above, and most frequently employed,
are input tables, integrators, adders, and output mechanisms. A known
functional relationship may be introduced into the machine either ana-
lytically by generating it on the basis of subsidiary differential equa-

tions, such as, for example, y'= y for y = e*, through the interconnection

of appropriate analy,er components, or graphically, by means of a func-
tion table. Many analytic functions such as xn. e*, sin x, etc., may
be generated quite easily.

A function table has essentially two shafts with revolutions x and
y, the first shaft moving a pointer horizontally in the direction of
abscissas, the other one moving it vertically in the direction of
ordinates across the plot y = f(x) spread out on the function table.
Constant coefficients can be taken care of either by means of one of

these function tables, or by the use of spur gears or trains of such gears.

The fundamental component of the analyzer is the integrator. It is
essentially a planimeter, i.e. a device that produces a lower-order
derivative from a higher-order one. It has two shafts for inputs u and
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v, «ud one for output w, arranged such that the three quantities u, v,

w “ra related to each other in the form dw = kudv, k being a certain
coastant. These integrators may be used to perform many different duties.
Thus, e.g., multiplication may be accomplished by means of uv-fudv +
Jvdu. Simiarly, the quotient #/v of two quantities is formed as the
r-oduct u(1/V), whers the reciprocal 1/y can be determined in a variety

of ways.

The adder is actually a planetary differential gear. It can be
connected to three shafts in such a manner that the number of revolutions
»f one equals the sum of the numbers of revolutions of the other two;
alrabraically the three quantities are related by u+v+w =0, if the
senses of rotation are also taken into account.

¥inally, the output of the analyzer may be obtained either graph-
icelly by means of the output table, a device very similar to the input
table, or numerically, by using the recorder, a device which tabulates
siccessive values of as many as six variables as functions of one of then,
for mcual intervals of that chosen variable.

The basic units just mentioned - and a few not described here, such
as tne combined polar input table and multiplier, and the vector table =
suffice to carry out the basic operations of addition, subtraction, multi-
plication, division, integration, and generation of functions.

Let us now briefly describe the technique employed in setting-up
the analyzer for the solution of an ordinary differential equation. Be-
fore going into detail it is perhaps worth-while stating that the method
of solving problems on the analygzer, as on any of the large scale machines,
is not a regidly fixed one, but that a large variety of approaches in the
treatment of many problems is possible.

Considering, then, such a problem as F(d%y/dx%, dn'ly/dxn"l, oy
..,dy/dx, ¥y, x)= 0, the first step usually consists in the solution of
F=0 for the highest order derivative dPy/dx" present: d%%/dx" =
G (d“"]-y/clx"‘’1.l.3,',x)o However, the property of the equation F=0 to
permit con/eniont isclation of the highest order derivative present is
not & necessary requirement for its tractability on the analyzer.

Next the expression G (dn'ly/dxn'l, ..,Q'/dx, ¥, x) must be broken
down into basic operations of the type the machine components can perform.
Finally, the individual colponents must be interconnected in such a manner
that the grouping of terms and the relations among them are such as to
satisfy the differential equation. All these interconnections must satisfy
the rule of torques, which may be stated thus:

An analyzer assembly is operable when all the mathematical relations
required by the equation have been established among the variables repre-
sented, and when every operating shaft is connected to one and only one
source of torque.

In practice, the solution of a problem on the analyzer starts with
the preparation of a connection diagram. In such a diagram the various

36



significant variables ocourring in the problem are essigned individual
gshafts in the machine., Then the essential connections are established

in accordance with the governing equation, accompanied by close obser-
vance of the rule of torques mentioned sbove. Finally, a second diagram
is drawn, differing from the first one only in that scale factors and

gear ratios are now introduced. A scale factor assigned to a shaft speci-
fies the number of revolutions of that shaft which equals one unit of the
quantity represented. When connections are established to integrators,
input or output tables, etc., account must be taken of fixed scale factors
given by the lead sorews of these components. A lead screw is a shaft
threaded so as to effectively constitute a long screw.

While scale factors are to some extent arbitrary and may be chosen
conveniently, there are certain conditions resulting from the set-up,
the various units employed, etc., that must be considered. Thus, when )
the final connections of the analyzer assembly are made there are obtained
equalities which must be satisfied by the various scale factors, Thus,
for example, the scale factor of the output quantity of an adder must
be equal to the scale factors of tne inputs. If, then, one of the input
quantities of such an adder is, say, (n4C) sin y, the other input quantity
is (nzﬁ)yl, then necessarily n4C=npyB. Further,displacemsnts of integra-
tors and function tables must be kept within the limits of their design.
The lead screw of an integrator, for example, admits only 40 turms. In
this menner there are then introduced certain inequalities for the scale
factors.

In addition to these, certain other considerations also affect the
final choice of the factors. It is obvious that a quantity is determined
with greater precision if the number of revolutions, of its shaft that is
to equal unity is made larger. On the other hand one desires the time
required for a solution to be reasonably low.

When the factors have thus been determined a final diagram is made,
scale factors and gsar ratios are indicated, the direction of rotation of
each shaft is shown, plots are made for the functions to be placed on the
function tables, initial values are set on the lead screws of function
units, integrators, printing counters, etc., and the machine is about
ready to operate, The time required to work out a differential analyzer
assembly that will solve a given problem depends, naturally, on the type
of problem considered. A simple equation may be set up within a few hours.
A more complicated ons, however, especially if it is different from most
of the equations dealt with previously, may take several days' work to
be set up in a reasonably good way.

Working out a good assembly ‘is important not only for the solution
of the equation as a whole but also because it has soms effect on the
time required for the rumning off of each particular solution of the
problem. Varying between a few minutes to more than an hour, depending
on the nature and range of the solution itself, the running time quite
obviously becomes important especially in cases where large numbers of
solutions are desired,
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On the basis of the foregoing description it is apparent what infor-
mation must be required of a problem that is to go on the analyzer. This
information is about of the same kind as that expected of the digital ma-
chine. Enough initial data must be provided to fix the solution. For
the proper assignment of scale factors, consistent with accuracy require-
mants, it is necessary to know, at least approximately, the ranges of all
the variable quantities involved. Finally, it is very desirable to have
on hand a pre-computed typical case in order to check first results ob-
tained on the machine.

A final word on the types of problems best suited for the differ-
ential analyzer., Differential squations requiring many multiplications
or divisions - operations that tie up many integrators - may frequently
not he suitables, especially if their order is relatively high. Problems
where only few solutions are defined are usually not suited for the ma-
chine since in such cases the tims required to work out a set-up may be
out of proportion as compared with the actual running time, Further,
g.lutions where high accuracy is demanded may be impossible of achieve-
ment.

Wnile each particular problem must be examined individually, the
remarks just made do point out certain general characteristics that
should be kept in mind.

During the last war the differential analyzer was the only large
scale computing device available at the Ballistic Research Laboratories.
It was then used almost exclusively for the computation of trajectories
that go into the making of firing tables. Since the end of the war, the
machize has been successfully put to work on a wide variety of problems
arising in the field of ballistic research.

38




——

[ .




