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;computar* (now .at Aberdeen. Proving Ground) realizcd tho .

. gieed of "gubroutines" and made some provision for dealing

“with thems. Doubtless the same is the case with other :
“"pachineg.’ The problem of program con@oaition was' ' d major.

consi‘deration in o study of inverse interpolation on ‘the, i

[TAC made at’' Aberdeen Proving Grounds; for, although.
that study was made under stross, and was dirégted .
primarily towards finding at least one practical method -

Bf programning a specific problem, yot an offort was made

to construct the program by plecing together subprograms
4n such a way that modlfications could be introduced by

‘changing these subprograms. lore recently Goldstine and . . :

i[,,, von Noumann have announced## that they are working on
i the" p_roblem and plan to publish their results In o few

. ponthseiti# The study of Goldstine. and. von Neumann . just
: .mentioned promises to be a more extensive study than it
“will ‘be possgible to make-in this report. Nevertheless,

. «the problen 1s important enough to justify an independent
! attack on 1t. e

* Ior an account of this machine aea rei‘er—
% . ence. (a). The statement in the text ig.

based on information disclosed in a confer- ;

ence held at the Bell Laboratories, July
15, 1945, It was written up‘in various’ .
‘internal memoranda of tha Laboratorieu
before that time, Wy ¥ i "
%* See reference {e); cf*also referance (d).
o+~ ‘One 'of the modifications mentioned‘refarred
oS4 £0 in reference (o), p. 54 $11.2 was 1ater‘»
5 worked out by Lotkin, raference (1).- '

vk

“it-lhi- See the prefac,es of refe‘rences {g) and (h3

ﬁ-aHHt meae resulta are. coni:ained in reference L ER
~+:(3)s which: appeared while the present repoz‘h
was in process.”: (This report. was :t‘irat ighd
submittea July 26, 1948.) . .
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T80 " mho present attack, aIthough 1t 6wes a greab
dealito’ Goldstine and von Noumann, goes; back for; 5
% *{initianié%nta.l‘f-"Philﬂ? sophy to; tho Aberdeén'report ebovVe: .. §

~entioned. ' “In fact, it was ovolved withivreference Lo,
Yy nverse-intérpolation. That problem, which was first
i mgpested agy v subject for automatlc programuing. Dy

Py Es -fiSrl_;arné,'-"?'héa- shown itself to-be ‘woll suited i‘orthe

‘purpQse. "7t714 simple enough-so that it 18 scavcely’
“economical for a big machine; yet 1t has. g structure "~
ehowing several differer’_;t-kin_ds"of-.-comp'osj.tioxi;_; Nevers: &
: in view of the shortage .of time It seems: vest
__ ( attention to the general principles in this . .
. peport, and to leave the applicationsto 'i;lverse_inte:pq_la.-;_ y
':'i’-\-tioh- to. a '1ater ones W, . R £ R ._‘ _- : :

SO ver ol ¥ e P ek T s b
“ 4. 6s. The fact that the illustrations are postponed
* to this later paper may make the present theéry seem . ;.
"¢ gomewhal abatruse.’ However, 1t 1s expected that a, " g
... pracbical “technique will be developed at that timeron 7
74 °the pasis of the present theorys - Thls techniquer will')
¢+ "aiffer from that -of reference (g):in some respechs, ..
¢ .glthough 1t will agreo with it in others. .. The present .
theory develops, in fact, & notation for program-.cqnai;xiué\_
“4ion.which is more compact than the "flow }c_'zha'rt.s"' Of 0 e,
roference (g). Flow charts will. be used, 28 in peferencs
~{e)y primarily as ean exposltory devicee® By means of thig
.+ notation a composite progran can be exhibited es.a.’
S et s funetlon of its components in, such. & way thab:the actual . ..
“iL 4 ¢ formation of tho, compo site program can.be capried. outis ¥
o s Y a¥guitable machine. ey o e T R T B B

bl
i

i, i, $o the present, nothing has been said about.
i the ma¢hine. /It might be inferred; from-the Fact, thab. "
A 'a modification of a technique for the Princeton machine’
¥, +ig:derived from e program for tho ‘ENIAG, a very @lfforen
_“sort:of machilne; that there ere goneral. pri;;cipl,és' ki
.‘contion to all machines. There déubtless are. Bub:dne ¢

'

‘148 report 1t is nod feasible to be quite so absi] facher

It 1s expedient rather to.plck oub & single machine.whielt;

¥

SR

o Iha’ flow : Fige. 445
.wag added to. the report aft oy the work wad
%11 done,in order to make. i, easler. for the
# peaders’ ‘This £Llow chapt-is-aifferent dn .
““ principle from thesae in reference (g)s: it
¢l more 1like the flow charts uded in o5
~opdinary buslness ‘managemente g !

giow chart in ‘referance:(o)s.

T R R
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ia mora or less typical, to make the study with refel?enpo to /
"+4fia’ to! include | such generalizations as. seent immgdiatoy: -

" end. to leave:. tha question of ultimate’ generalizatien until

‘- 2ater. For. this‘purpose, the Institute for ‘Advenced’ Study
machine has been chosen; largely because through the . ¢!
- :eou‘teay of those in charge of the pro :Iect;, rgpazqta IS '
~gongerning it are readily avallable, .However, in order .,tQ;,
. build up‘a theory it 1s necessary to 1dealize 4theé maching,: .
_'Accordingly in ‘Sectlon II, Dbelow, we consider an idaaliza{:;lon
- of the Princeton machine. sThe modifications in the theoly. ‘s
i 4n order to adapt it to the actual machine wil]. ba consider—
7 ed J.n a 1a.ter report. L A, : A

L

-II Fumdamantal Definitions a:ad Assumptions

s 23 8. The following statemants are partly definiuihons
’-and partly aasumptiona abou‘c the machine. _ v, e

...J__,__:;J_:_‘ij.a_.- Words, Locatlons, end’ Programs

9. The machine handles as units certain aggregates

-Qf digits called words. Theﬂe are of  two ma.in tmes, ag
‘follo*ws. : 1 7 '

h 1 E N o
¥ 4 . . . T\_ '_ 2
s R . - : g

b, Orders, i.e. > coded 1nstructions govering
y EEe operation of ths machine. 3

- i‘i’orda -will be denoted by ‘the capital letters G By oL, - Jd5 9K
Loy My N with or without subscripts and othen diacritical
Zarks, . The lebber J will indlcate a: blank word. br i
-fcomposed gxcluaively bf zeros.

=, 10. The machinef has a memorx consisting of a cez'tain
saquence of locations in“each of which 2. word cen be’ stored,
thése locat tions will be distinguished by assigning to each 8
Sorial numberiealled its location numbers It will:
%hat these locations Bre: infinitefin nu.mberﬂ a,nd, pha -"fi;h
100&tionmumbem are 0, 1, 2, '

b, 1 P

lti-

.\.' . ,
BALS = LV i
+

hmay includa d.ntegarsé necﬁasaz?yd
‘br-ack of‘iterationa, otCh. . ;They“ ars‘not
4 neceaaarily thought oi‘ as in th.e ‘!.lflit‘ 1ntarval
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1i. - An assignment of n ;f 1 words to the first n ;[ 1
yocablons will be called & pro ' The. number n, which .

3 1a erbitrary, will be called tne en th cof the program. ¥
~fup lotters X, ¥, 2, Uy Vo W will designate progpams. -

¥

13, - thations I'or Programs. An equatiq;n
! X = mo Ml = e e Mn

 ghall mean that X is that program of 1ength n for which
¢nhe kth word (l.e.; the word in the locatlon numbered k)
13 B, o Here MO will play a perculiar role. It will be
called the initating order. Sometimes it will be omitted

“ (this situation will be disclosed by the fact that the

‘subseript of the first word written is not 0), 1n* that case

‘a blenk word J is to be supplied. Thus,

X= M'Mz... mn

ghall mean ‘the same as

X=IMIM2."' 2

L}

- Finally gi%en two programs

x = Mo M' . 8. 8 M n
y — No N‘ 5 * e N n

~ We define their concatenation, XY, thus
x Y MD M g oo M "ua’ . ;

. “Thus' the kth word in XY 1s Mk if kgm, M- n A2 k>m. Note ' .
that Np is omitted. O O e

2"

=

15. A program consisting axclusively of orders will
be &alled an- order propgram; one which conslsts, except for

. an.dnitial order J,° entirely of quantitles will -be called:
© o6 dquantiy prcug%am Order programs will be desigrated by *
g__the 0 tera A, q

uvantity progra.ms by the 1ettaz's G, D{

14. 7 Tha distinction between quantities and ordera is,l
UNCLASSIFIED U ke R B NOLM 9905
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Wiy .. r,.‘-‘ : Y : ; .t;»i_".:
'*"“f : [ 1% not & distinetion of form, Given a word written out in ,;
¥ o i tho code, 1t is impossible to tell from its appearanceo s
By ",. * .ghether 1t is of type a or type be In fact the same word i
B BT gay e interpreted at.one time as an order, at another =
A tims as a quantity. The machine makes thia dlstinctlon s
48 soosording to the situation. Making this clagsification o Af
of words in advance 1s a difficult problem which will sy

X concern us later. : 'H";%f!
15, An order 1s assumed to have the following ‘ﬁ

structure. It contalns two loeatlion numbers, which are "y

g the numbers for the datum location end exit locatlom, it
i respectively, end a part coding the character of the ’

operation to be performed. The latter will be called’

the operator. The machine is able to recognize these
three parts of an order. The words located at the datum
end exit# locations will be called the datum end the -
exlt, respectively; while datum and exiT location numbers .
¥1l1 bo referred to as datum number and exlt number,

reospectivelye.

B. Operation of the Machine

: 16, Wo have been considering the memory as an €
isolated static phenomenon. We now consider the other
organs of the machine end its manner of operation. Y

17, Besides the memory the machine contains an'
arithmotic unit (Par. 18) and a control (Par. 19),

18, The erithmetic unit (a.u.) is, of course, the:
- organ which makes the celculations. We assumo that A8 W 0"
_contains some suxilisry storage locatlons and that words” .. .
can be transferred back end forth belween a.u. and the'' ~. °
memory. We further esssume one such location capable of .~ [.°
adding, called the accumulator. In the actual machine
ﬁhgx‘e are two locations in the &s,U., the accumulator and _
a "rogister,” each with some spocial functions. However, B
4 the detailed structure of a.u. is irrelevant for our . . .° PR
~ present purposo. _ : g A :

___"* The present theory would have to be but
. little modificd if we admitted the -
posslbility of seoveral datae. '

41 7« VHQLASSIFIED
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19. The control is, for our present point of vlew,
slmply & device for keeping track of the location in the
pemory from which the machine receives its instructions.
mnig locatlion will be called the control location » If
tho control locetion is numbered n, we shall say the

" gontrol is at n.

20, The operation of the machine is as follows.
The calculation starts with the control at O and the
arithmetlc unit clear. If the control is at n, the
machine interprets the word at location n as an order;
1t executes the operation indicated by the operator,
using the datum and the words in the a.u. as operands;
on completion of this operation the control shifts ©o
the exit location, unless the operator orders encther
control shift* or causes the machine to stop. Each
such cycle of operation, from one ghifting of control
to the next (or from the start to the first control

ahift)_will be called a stepe.

o1, The state of the machlne at the beginning or
end of a step willl be called a confil ation. A configur-
ation is completely specified Dy g{vfng: (a) the program
in the memory at that time, (b) the contents of &eles end
(¢c) the control locatlon. Configurations will be denoted
by the letters P, Qs Re The configuration at the end
of 8 steps in a celculation will be called Qg3 its

program, coatrol location, and accumulator contents will

be called Xg, Cg» ags respectivelye (For 8 = o these
give the initial configuration, prograim, etc.)

¢, Classification of Orders

29, We consider here the assumptions in regard
to the orders more in detail. It 1s not necessary to
require that the orders be as specific as the 1ist given
in reference (g), but rather that the orders can be

# The possibility is expressly allowed that
the operation may order that the control
shift to the datum location, rather than
‘to the exit locatilon.

=0,
Al

s
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? clessified into speclesi according to the scheme glven

ﬁ  balow. Under each specles, examples are glven from the

L 4 code of reference (g), Table II. It is agsumed that

£ erders ordering different operations can be distinguished
¥ m, viz., by the form of the operator; &0 that,

-3 in form, ’

< although there 18 no distinetion in form between a

¥ quantity and an order, there 1s guch a distinction

: between the different specles of orderse.

g 23, The scheme of classification is as follows:

e A. Arithmetical orders which order

# Tho a.u. Lo perform some calcula-

2. tion, using the datum and the

2 contents of the &.u. as operands.

& The result of the calculation re-

K mains in the a.u. The program 18

S unchanged. Examples: 2, 35 45 S

% 6, 7, 8, 11, 12, 20, 2l.

. B. Transfer orders which move & wordunchanged

g from one position to another,

? erasing the previous content of the

§ new position, but leaving the old

& position and everything else un-

5 changed. There ere three main kindass

&s 1. Incoming transfers from

B the memory to the a.u.

: Tn these cases the datum

b shows the location from

B which the transfer 1s

12 made. Exemplez 1, 9.

i i

g,_ 2, Internal transfers within

o the m.u. Here the datum

i , 318 irrelevant. Example:

JI e 3 | 10, ’ .

o8

h} o .. '

K En o i The term specles hereafter will mean a category
o of words, viZ., one of the smallest categories .
Bl in the classification obtained by comblning the
i - : schemes of Par. 9 and 23. :

k{-.\:"” ‘- e . 7 \ - e
iy UNCLASSIFIED . NOLM 9805
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3., Outgoing traensfers from
the a.uw. Lo the memory.
Here the datum is erased
and replaced by the word
trenasferred. Example: 17.

Control orders whilch change location
numbors. control shifts belong here,
because these can be regarded as mak-
ing changes in the exit numbers.

1. Unconditional control
shifts. Here the effect
of the order is to shift
control to the new datum
location without making
any other change. (In
the idealized machine
such orders are super-
fluous; but they are
necessary in the actual
machine in order to
initiate the same action
from two different sources.i)
Examples: 13, l4.

2, Diserimination orders,which
order the a.u. to make a
discrimination and then to
make a control shift depend-
ing on the outcome of the
discrimination. There are
thus, in effect, two exlits;
one of these is indlcated Iin
the normal fashion by the
exlt number, the other 1s
indicated by the datum - :
number. Examples: 15, 16.

# Tho presence of such orders ellows substitutlons - & 3
to be made in exit numbers while confining C, - R
3 to datum numbers. y ; .?*.-13

NOLM 9805
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3. Location substitutions,which
substitute a location number
in the a.u. for one in the

© datum without affecting any=-
thing else., Exemples: 18, 19.

D. Stop orderg,which cause the machine to
. g8top. It will be supposed here that an
order with a blank operator (i.e., one
for which all digits are 0) is a stop
order. This has the advantage that 1f
a location number is stored as an order
with blank operator end the control
comés to it in error, the machine will
stop. We suppose that a stop order

?f stops the machine so that the configura=-

1 tion remains intact. This is important

j_ y in case the stoppage is due to an error. :
=$£  o D. lé}Theoﬁé on Type Determination ki
J@n A 24, According to Par. 14 it is not possible to .

& - dlstinguish orders from quantities by thelr form alonee.

0a the other hand, the theory here developed requires -
that all the words occurring at all steps of the calcula-
¢tion be assigned a unique typo. : .

’ 25, .. An assignment of type to each word of a calcula-
tion will be called a type determinationit when it satisfies

' ' " the following conditions:
(Frie a. TInitial condition. The initial order

i of the initiel progrem is an order; ket ﬁ'_';ft
g the words initially in the a.u. are g e ?

quantitiegest

‘@ The toim will alsb be used for pabts of & - - .k % T RS
< calculatlon in en obvlous sense. . ARVE S e e Oy

P T QgADF properly planned caloulation .will be so .

Tie . . arrenged that the: inltial contents of the @.us . . « '
o+ wlll-have no effect on the results of theic@l= ., v 47 =N
o oo culation.  Thus,it -is not actually.necessary ‘to . °
# . ‘tlear’'the a.u. bofore starting. But the theo- At b

© ... retical discussion is a little simpler 1f we maked Tueuw i
o el cthe assumptlon mentioned in‘the texTwe - E N e T st

ﬁf;SSI'E;Ep "B | .. 'NOLM 9805 i .-, |
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be Exlt condition. The.exit of an order
is always an orders

¢ The invarilanco conditions if a .
‘word 18 not affected in any step, = .
then its type 1s unchanged also. a2

- d. Tho transfer condition: Vhen a
word is transferred by a transfer
order, the word in the new locatlon
has the same type as in the old. i

e. The arithmetic condition: An
arithmetic order never occurs
unless the words in the a.u. are _ )i
quantitiess The result then has o o
the same type as the datum; all 5.,
other words left in a.u. are
quantities. In the first case
the order concermed will be
called a pure arithmetic order;
in the second, a mixed arithmetlc
order, Tho mixzed arithmetic order
will be subjected to further
conditions below,

f. Tho type condition on control orders:

The datum of a control order which

: is recelving control 1ls always an _

't order, and so also is the result ; oW T
of a substitution. (In the case . ; L
of a substitution note that it is e I e By
a location number which is substituted, . .- = " /F.us
end this nust come from an order Pra e T T
in the Selo) < :

g The discrimination condition. ;
Every discrimination is based on
detecting the sign of a. quantityo_ ;

P e ) 986 Theorem. Suppose we have a piven tvne- nE-
~. Qobermination For the initial program X . If thore el
_1-:0“1ata attxg_--determination Yor the -ﬁole calculation © . .
«« ¥odch pa Lsriea the conditions of par. 25 and A89igns . or;
'%h von E 8 o X,, then this dete tion_ls unfgge. S

'.a

%

e .,',,'" FIED - ) 2 - - - moLM gac_ns___f
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_ﬂ 1o determination satisfles the condition that the word
5 % the eontrol location ig always an order.
,:{ o7, To prove this we show by induection on 8 thnt
3 the type of every word in Qg  is uniquely determined, and
65 ¢hat the word in the control location of Q, is an order.

3 e

fnis is true for 8 = o by the hypothesis afld the initial
condition. Suppose 1t true for Q.; we prove it true for
3 1o The assertion concerning he control location

rgl ows at once from the conditions (b) end (f).%* As

for the uniqueness, let the order at the control location
of Qg be Ny, then we conslder various cases as follows:

ey
w3
[

as If N, is an arithmetic order, the
resuft of the calculation has the
game type as the datum; all other
words left in a.u. are quantities,
while the program is unchanged.
Thus the type of every word 1s
uniquely determined.

i e

b If lg is a transfer order, nothing is
changed except that the transferred
word is put in the new locatiom in the
place of what was there before. Thus
the type of every word is again uniquely
determined.

ce If H, is8 a control order, then th.
condftions of par. 25, parts (c¢) and
(£), show that the type of every word
is again uniquely determined. In fact,
a control order does not change any
typess

i
L
g_
£
8
'
¢
B
W
&

g

£
£

d. If N, is a stop order, the machine
stops, leaving the configuratlon
unchanged in tota (par. 23, D).

We can say that the types are still
uniquely determined by the invariance
condition. !

3 % The control ghifts to the exit location and
' ~eondition (b) applies in all cases except
o b L . ‘orders of speclestC, and D; in casesC eoither.

. condition (b) or (£} applies while in .case D
,«< the machine stops.
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28, It will be noted that we did not prove the
existonce of a type determination. It is easy to
i« gonstruct ‘programs such that for the ensuing calcula-
" tion no type determination exists. (One has only to
have the freak situation mentioned as a possibility
in Par. 14.) A calculation for which type determination -
exists will be called typically determinate, and a
program which initiates such a calculation is a
typically determinate program,

s

=

S

oy
5 n

=

E. Special Kinds of Programs

29, Since en entire calculation is uniquely
determined by its initial program, it is proper to
characterize programs by properties of the calculations
they initiate. In fact, we can apply certain adjectives
to either programs or calculations, as we have already
done in Par. 28. Some further classes of programs will
now be considered, :

e TRl T e R

ol 30. A location such that the type of the word in.
it is the same throughout the calculation will be saild
to be fixed as to type. A similar definitlon will apply
for being fixed as to subtype, specles, etc. A program
will be sald to be fixed as to type, subtype, speciles,

etc, if all of its locations are so fixed. It ls diffi-
cult to imagine a practical progrem which is not fixed :
a8 to type and species; but it is concelvable that such

should exist,.

3

AL

;2 3le A primary program is a typically determinate
4%~ Program whose calculations contain no mixed arithmetic
order; a secondary program, one in which at least one
mixed arithmetic order occurs. In a primary program
new location numbers cannot be formed by arithmetic

% .. Processes. The only location numbers which occur are
.+ . those already in the initial program,

#. . O2e Secondary programs are necessary when one. has
function tables. Suppose that the values of £(xy5 oeey
B2 5 are gtored at locations e £ ﬁ(xl, ‘esey Xy)s TOBPECw . i
s bively, whore X1, .cs, zu and F(X7, eees %) are-quanti-‘ ' =
i 1 Tleg whleh, with possible shifting of scale, can be ‘¢ i
.. falculated by the machine. In order, to "look up" * Gt
ElZ35. wesy %), 1t 18 necessary to caloulate the, locatlon
", UNOTASSIFIED TOLM 9805 ¢
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of the following , .
; on.eiprogram. < To formulate this condlvion we ™ ' .~

« ghen cons

b
Sy = <

ATl S bt (RS g

(:cl, soey J;'“). Evidently iﬁ is .ﬂufficioni'_-_;,

1ate @(X1s eess x_‘c) and then add e to it by a > 2 M
. The diseussion in Par. 32 leads to the formmla- ' « ©

conditlon, called the table condi- -

gs that there are certaln groups gy, £gs ess 0L = = 7
tons with fixed types, the locations in any one .

being all of the same type. The table condition
onsists of two parts, viz. & restriction on mixed ~

¥ eotithmatic orders and a restriction on location substifu= ‘¢
. tiens, Tae formor restriction is that a mized arithmotic
3%0 only when (a) the datum is an order -

ation can occur o
se datum locatlon is in some g;, (b) the operation is

addition, and (c)

location is in the same gji.

the result is an order whose datum . ~°
The second restriction is -
% that a subatitution is only permissible when.the orliginal " ' ~
. and substituted locatlon numbers are numbers of locatlons
4% 4n the same gi. '

.84, ‘_ A regular program ig a typically determinate . '
. grogram which ig primary or clse satisfies tho table

¥ condition. This category embraces a wide varlety of " ..
‘o peactical programs. PFurther restrictions on a regular Bresz s T o
wrogram wlll be made in Par. 43. -y Lok
s _lgtum and Exit Locations | S

+~ 3% ..We define an exit location of a program X as .
si¢a2 wnlch receives control at soms step of the calculatlon
, baced on a program X~ got by changing the quantities in -
%@ Funther we say a datum location of a program X is ‘a
--,{I;;Q_natior; such that there exists an order N of specles 4,
B e 1 ¢ y ) d i

. »% In any particular calculation there is a uniquey
. scholco at every discrimination. A change in ' = noge.
the quantities of X may change such choices and | ¥ '

'~ .80 bring control to different locations.’ An . '
. ©exlt location 1s one which can.recelve control'
- in - any such choice. When it is desired to |
limlt considerations to a particular cealoulation

.tho ‘berm actual exit location will be useds,

S,

o

L ¥
Y
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y By, or Gz, such that N recelves control at a certain

ﬁ%e of the calculation based on such an X,* and the gi‘van
oabion 43 the datum locatlon of N at tha% stop.. A . ; b B

4& .wau.'cicn which is either a datum location or an exit - ,

__-_.7;_ Jocation will be called live, one which is neither will °

% ' pe called dead., Then it may be shown by induction cn

tho number of steps that a word at a nondatum location

—~emains unchanged and does not affect the calculations

ot other locations until 1t wreceives control. GConsequ= _ ‘ :

"ently a dead locatlon remains isolated from the calcula- ' A

¢ion throughout.i . i

. 38. The characterization of exit and datum locatlons
gppeara t0 be rather difficult. But it becomes possible e’
.2 we make the following assumption. An, outgoing transfenr
‘«{species Bz of Par. 23) is allowed only ¢f the tﬁe word
. transferred and the datum are both quantities. This

S aammption in combination with the type conditlion for, a5 2
&% control orders (Par. 25 (f)) entalls that the locatlons ' - e
¢of the program are fixed as to species. Comersely if a = = .'%ES
- program i3 fixed as to specles, there is - apart from: RS
“. ather restrictions such as the table condition' (ef. Par. o
© " $3} = no loss of generallty in making this assumption, k
" 8ince any allowable transfer of orders can be made by a s
locaticn substitution. ; : A

e
S E
AR
Yoot

37.. . Suppose the assumption of Par. 36 is adopted )
: o end mz- Zis a regular program. Then we define two Lt iy el
'~ catsgpries of locationSof X called E and D locationa, O '

Ir:r Induetive specifications as followp. . 2

; ‘&, 'The initial locatlon of X is en . A
e E location. AR ¢

% If m is an E location contalning an " - *
order M of species A, B, Cg, or Czs v 7

= «._2.&.

= — -

i g, B0 - # i’.ér’o Weoiaely, in any calculation modi-_. , i
- % % 'fied a8 4n the preceding footnote, :

",_-:Wuzm dofinition of exzlt and datumn numbera*
2 .f@:i? an order was structural (ef, Par,, 15)“ ;
_#hepeas the concepts for a program are ; ity
- “defined functionally. If we wepe %o definaf

- {hsm fufidtionally for orders we should haye -

tto #a8y that a control shift has no- dﬁ.i;um

nd.zzwera « only” axit numbera.

4 @mﬁéﬁm TR,
03 e L _19_-.-'
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}.-_ ,then ti;.ea exit location or M in =¥
f’f;a.n E 1ocation. VI

18 n is en B location containing'
-an order M of gpecles Ciior o
then the datum location of M 1
an B 1ocation. S
If m is: an B location containing
an order m of specles A, By, or

Bz, then the datum location of E
.i3:a D 1°Gationo y -.--_,._"9'

If m is an B loc&tion and: balongs :
to a group g1s then-any location
-belonging to that same g; is’ alao e
an L location. 2 “

*-'(.

“If mis a' D location and. belonga
“to.a group 81s -then any ‘location B
*belonging to that same 3'1 15_ a:l,acp . ! el

o e uD) location. 3 o
7 ﬁ_h'lth..these conventiona 1% can bo shown th,at any - exit
'_ 'hcation of X is an E location, and any’ datun location
42 of X 18 a'D location.* Fm*thermore, E 1ocations com:ain
i am:x:ly' orc'lers. LSS 1 y
"--e\ 58._. In ‘orders of apeaiea Bg, 1o datum 1ocation iﬁ
,b;'qlsmnt to the op ration to be performed. . In-such a™.
-¢age. tha datum number part of the ‘order plays no role .
“'shon the order 1s executed, A similep statement applies .
ito. ‘l;.}zefexit number part of orders of specles Cy and to ';
«iﬁath theiexit end datum number parts of stop orders . .
{epecies D). All those diglts could, therefore, be used
2 !'om storaga, 0+8s of location numbers to'be used, posaibly

tomlection with the arithmetic orders, for substitutionq.’l oy

igigd’ complication, It is simpler to &ssume %that oll:
_lbcation ‘hunbers gtored for such purposes are stored im T
nto orders, Thus, an order of species Bp 18 regardpd as
8 g not datum number sh ile one species g}_ is regarded -
uamumg 1o e;:it number. It will be noted, that this

Syt .‘-."

'
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rﬁ.w g pounabancod is taken into accmj.nt in making the above
. .;].'-: }.'. A d’ofiniﬁlollﬂo .
A - A . .
-' B 4, Stop orders require special conglderations .
oo « ot [, B el L ™ e
T aae the P 6sent assumpilond they are used Ior Lo
e (pdar .
1.7 pupposes, Vize (e) to stop the machine, end (b) %o
"I . vstore locatlon numbers. For simplicity (cfus Far. 38),
- gp agree to geparate these two functlons. In fact, .we
70 snall essume that no stop order is in e locatlon waich

35 both an exlt and a datum locatlon. Then there &reo
tgo kinds ol live stop orders, as followsa: :

"
H

g 4 4
-1

! a. AL stop order in an exlt locatlon
h ol will be called an oubput. Then,
Lol exncept for the possibility of
g melfunetioning, the machine will
& atop with the control on an ocutpube
;,1- & The different outputs will indicate
_ "i the different alternatives of the
‘ calculation. Such stop ordera have,
o ;};7}"‘ in effect, no datum or exit numbers "y
, B (cfe Par., 38)e We could, without 3
AR e . _ loss of generality, suppose thab
Teie AR & : every output ls the word J.
‘ e ; ‘5‘ i I
Sl 3. be A stop order in a datum locatlon
T TGO will be called a storage order. b5
gt N B o  Then if tho control reaches a .
o © A storage coder it is en indicatlon : sy
I B of maliunctlonings ' T
Sgf 0 wfiy- .40, It will further bo assumed thaf a substitution
Lol v . ec2a replace a datum rumbor by & datum number, and an - R
{'r_':'_f- (ENTRRRY 5 RS L number by an exit number, but cennot confound the - ©. et
I SRR ok twoe In fact, Af uncondliional control shifta are ‘present, c.e.:tu
L; ks Yowly WO could suppose that only datum munbora could be changede e S
W {4+ (Tis is the case in tho actual machine, in which the A S
I b h . exly of every order is the next words) e
Bl Mg, ., 4L. ' Thne following further remorks cencern the Wiy
o i g l“f“a&mption of Pav. 56. In conjunctlcn with the table W e
R, 10 e ARGy ‘condlilon that assumptlon eppears o be gtronger than the ' &/
.J . o balé essumption of fizity es to gpocies. : loreover, 1L £ Pl
i iRkl asoumed, the restrictlicnon mized arlthmebic orders.in = " ULl AR
p g the tablo condition cen bo dropped, in Ffact it 1is morely SRR
g i\ Becespary to puppose that if the datum of gn arithmetic’s ™ « w
Faen § URIASSTFIED L _ NODA 9808 L LA
T3 i SRl - 21 = LA R
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and all words not cleared from the a.u. are all
ri¢iog, then all new words formed are quantities;
jenst one of these constituents is an order, then =
Jiw pew words are orders. Such orders can only be :
géprled into the memory by substitutions. On the other
nand, one might go to the other extreme and ellminate
loogatlion substitutions altogether. In fact such a
substitution can be accomvlished by forming the differ- &
enca between the new and old numbers in the accumulator, -
adding in and transferring back. A substitution enables

cne to oxtract a location number from an order; but Y
snis could also be done by a mechanism for clearing &
~artain digits in the accumulator, leaving the rest.

These possibilities are merely noted here; we shall

ainere to the assumptions previously made.
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Gs Regular Programs

AT

¥

42, A regular program weas defined tentatively in
‘ar, 34, The discussion in Par. 35 ff. has shown the
desirabllity of making additional restrictions. These
reatrictions, and some others of less importance which
it is convenlent to make, are summarized here.

88

43, A repgular propgram is one satisfying the
conditions:

Sl

a. The calculation based on the program
is typically determinate in the sense

of: Par, 24,

o g

{{ b. Eilther the program is primary or
o the table condition is satisfied.

'311'  ;{; Ccoe The conditions of Par. 36-40 are
R o g N ¥ gsatisfied.

jFe | g de The initlal location 1s nondatum,
SR B : and the initial order is an uncondi-

} ticonal contrel shift directing the
e control to the locations in the body
= of the program where the calculation
properly begins. (This is a matter
of convenlence. It 1s motivated in
part by the fact that since the method y
of starting a calculation has not yet 2]

. * - UNCLASSIFIED NOLM 9805 )
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been planned, it would be advisa- R
ble to save a place for 1t.# The
restriction affocts only certain
details. Perhepa it will be v
dropped later.) The location so :

o

5 Mt e
oo 2 :

B referred to will be called the 2

,.33: starting location.. %
i 1
f} 0. Tho locatlon numbers in the ?
?;_\ program correspond to locatlons i
8 actually present, 1.0, these - ¢
o numbers do not exceed the length

of the program. &
fo The calculation terminates, 1.0.,

the control reaches a stop order - i 5o
"after a finite number of steps. .

1II Transformations - : ! >

A, Definitlons

44, Let T designate a numerical function
k! =7 (R) () 2

which assigns to each positive integer k S m a positive : :
integer k! © n with the proviso that k' = n for at least \
one k. We suppose throughout that T (0) = 0. The . .
programs X, Y, Z referred to later sghall be as follows:

X = MQMI MZ. S_‘.‘ MP,

y = WNo Ny W; e Nq . (2)

7 A S T R | T
Finally © is a class of natural numbers. We then adopt 2
the definitions in Par. 45-50.

45. Transformations of the first kind. Let T be a
glven numerical function. We define a program iransforma-

% fnother motivating influence was the comnec-

géan with combinatory logic mentioned in Par. Sl i
. UNCLASSIFIED NOLM 9805 fgg
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¢ion (T) as follows., Let X be a program such that

B n and such that every location number k which
oceurs in an order of X ia in the renge O«k < m.
mhen (T) (X) is the Y such that q = P and every Nj is
derived from the corresponding Mi by replaclng every
jocation number k by T (k). Note that 1f My 1s a

quantity Ny = Mi.)

46, Transformations of the second kind. TFor a
jyen numerical fransformation T we deiine the program
transformation §T} as follows. Let X be a program such
that p = me (There 1s no loss of generality in taking
= m, For if pem, T is a fortiord defined over the

smaller range; and i1f p>m we can oxtend T over the
larger range by T (m # J) = n 4 j.) Then {T} (X) 1s
the progrem Y with q = n such that:

[ P NO:MD
b. If there exists a k with
TEKIZ G, live) (8

we suppose given a method of
plcking a particular one of
 these, called ky, then

¢, If there exists no such k, then
HiﬂJo _

This trensformation i1s equivalent to the following.

One goes through X from left to right and places each
My in the location T (k) in ¥; in case two or more My
contend for the same location then My, wins out; 1f no
o aslgned to location 1 it is left blank (J). Hobe
tﬁat, if there ere multiple solutlons of (3) for any i,
the transformation is not uniquely defined unless the
method of choosing ky 18 specifiled. '

47, Replacement. Lot X and Y be glven and let ©

be subclass of the positive integers € pe Then :
5T |

is the program Z defined as follows, If p = Q, We have

UNCLASSIFIED NOLM 9805 °
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i 1f p<q we adjoin q - p J's to X and adjoin the numbers
§ b A1, D £ 2, eeey @ to ©, then apply the definition
§ for pe 9o If p>q we adjoin p - g J's to ¥, but do not
f ~ake any additlons to ©. The result of all this is that
A we have for Z:
f Y z the havger of pandq,

Lo Mo ,
while for 1 >o
My .'.-Fisge")}f‘; P
L2 = N, if 1£2q4,and i€E@ or | >p,
J if ieoe, i >9:
When © 1s vold, the result will be written % » The program

transformation carrying X into Z will be indicated 8, O,
sccording to whether © is nonnull or null. ¥ X

TS -,.*,a?—.rr—ﬁhrw_- et b

e

48. Iransformetion of the second kind with replace-
ment. We define transformation
Q,T l

as the transformation transforming an X with p = m 1nto

z = g ({'rj (x)) :

VWhere © is unexpressed it shall comprlse precisely those
numbers 1 for which solutions of (3) do not exist, This
composite transformation can be independently defined.
The definition would then include both Par. 46 and 47 as
speclal cases. In fact, Z is characterized as follows:

o S

o

il S ———

r = the larger of n, q

Ly = My .
while for Li’ 1>0 we have the following cases:

as If 1 is not Iin © and there exists ;

a solution of (3) (this implies
¥
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' 5
# %; 3 £ =)
; 1 <n), then we presuppose & method
of selecting & principal solution
i g, and Ly = My,
5, If 1 isin © or i»n, and 12q,
Li = Nic
o 1 1 is not in O, i€ n, and there
exists no solution of (3), then
Ly = de
i
n i, If iis in © and 1 >q, then
Lj_ = Je
{ w . s-ansformation of Par. 46 is the special case where
4 . 4nd @ is void, that of Par. 47 is the case where
5 . ':."'." identity.
‘;
4 43, Transformations of the third kind. We define
E » reansformations l
: o]
:;.- vl [$] Le7d, L7y
&
% .y +an transformations carrying X into the following,
% ‘a1-eciively,
£
[T] «) = {TfmI),

i'{i}(ﬂ(x),

[-H (%)
[eT](K)

¥ore U 1s a void program

[eﬂcm : {%'-'f}(-r)(x) .

_,',-i';hf-_ﬁl a transformation of the third kind is one of the

v2% klnd followed by one of the second kind with the same T.
..,_,5“" Notation for transformations. Slnce the above .
Seneformation 1s determined by a numerical function T, Ly
.‘L:;”*m’m‘ciona can be represented, according to the above
“¥entiona, by any suitable notation for such functions.

{ oTl(T)(x),
O

TV 5 B ot COWE 5T e ST M e A AR Py - O =
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e aLOVO definitions also suggest a somewhat similar
gltuation which has arisen in combinatory loglce (Seo
nplorenceo (¢), which gives further references, also _
weference (f).) The next few sentences requlre someo i
tochnical imowledge of this phase of mathematical loglcs 3
are not necessary for the rest of the reporte

-
hC il Sl Y T e

T

put the

In f.c.u.:t‘.::,r if we consider the transformation of Par. 46

and suppose that for every i all the M in X for which PR
(3) holds are identical, then there is a unique normal
variator (i.e. combinayor corresponding to a variation N

op "Umwandlung") U such that
UN, Ngevs Ng"=>"M, Mz Mp,
ghere the symbol n_s 1 indicates a reduction in the

sense of comblnatory loglc, end the words are regarded
moroly as names for "entities" which can be manipulated

gccording to the rules of the theory of combinators.
otherwise expressed, i1f ty = T (k), then

ISR 3 AP B e iR A

Uﬂotl...xa‘:—})ﬁto!tlxt&e.. Ktl‘ .

This relationship to combinatory loglc suggests somo
compact forms of stetement which can be used occasionally
to supplement the more usual ones. These can be stated
nontechnically even though the motivation cannot. Thus

1If ot,< K, <+ &q5 the notation
B%s K#s - . . B %= K%z, 8% K

6 (3a)

will denote the trensformation T such that

K § O« K & ek,
K48, i« di4k £

Tk =
, '(4-6;‘5'33.‘; “‘&‘kﬁ-d-i X,
K+3‘+aalo-.-. 1'@5 iﬂp dsl"k .:;
4L
4 Also T will be sald to be K = free 1f (3) always has at 5
0 least one solution; W = froe 3) has no multliple 5
3 solutions; gnd € = free : 1s monotone increasing. e g
E 1., Transformatlons of config%gationa. We conslder "
. now how to extend a transformation to a configuration. We i
do this for a very general program transformation > #
4{, _ g (X) = { %Tr.} (T H(R) “é
i X \ _:.-,*,'r;
£ UNCLASSIFIED NOLM 9805 i
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be & configuration with program X, control locatlon
the contents of The &.U. is a. oince &
kind changes location numbers

put not 1ocations, and one of the second kind does the
NV“R%» it is natural ©O define S(Q) as the configuration

whose program 18 S(X), control 1ocation S(e) = To ¢c), and
such th s(a) & (T)%(a)s

Be Homomorphic Transformatlons

Lot Q
and such that

?;;anafcrmation of the first

at the contents of the a.u. 18

tion whose

52, Dofinition. Leb fQe} be a calcula
oo Lot 5 be a transforma-

gucco3slvo steps are Qo» Q'l’ Qos

tion on configurationse Vie say S 1s a homomorphlc trens-

n for Qg if, end only if, in the caIcﬁation whoso
Tnitial configuration 1s 5(Qy) the atth configuration for

ovory 8 is S(Qgle

53. Let X be a regularl progreum, and let T be &
punerical transformation which is defined for every
Then T shall Dbe said to satisfy

1ocatlon number in X.
the differenco econdition, if and only if, whenever % and
aro location numbers of locations in the game group &€i

(Pﬂro 55)
T (rY - TiEg) = n- Y : (4)

in other words, 1f the differencesof 1location numbers in
the same group are invarient.

54, Theorem. Lot X be & ZS 1ar progrem and T &
numerical Eransformation which 18 % ~ freo (Pare 51) and
Ton (Par. 53)s inen, 1ol

gatisfieg the difference condlitlo
an 3 hic trensiormation for the

] is a homomor
—aTculatlon initiated _191; X.

Proofs Let Xt.= [T] (X). Let fag ve the
Let Q

calculation based on X, 1Q that based on Xt -
rol location Cg» end accumulator

have the program Xg, con

contents ag; while these three entlties for Q'g are Xg»
Cl, e Let g be the order in location Cg of Xg; Wi that
in location C} of X!,and leb dgs d! be the datum pumbersy
egs ©4 the exit numﬂers, end Mg Mg the data of Ng» e
respectively. To prove the theorem Wo Show by inauction

on s that Q} = [E](Qs) 1.e. (by Pare 51),
7 ,
X5 = [T](x) 3 c5eTees) a’s = (THEa0 (5)
s completed in Fare 55=64.

The proofl 1
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55, The relatlons (5) hold for s = 0. For by

QUEHOR L [Tk = [F] %o,

3ince &, end aj are equal

T(a,) = a5 = &} .

(3]

since ¢o = ¢} = O

Tles) = el .

56, From now on suppose (5) holds for a given 5.
%o show first the inductlon for the second equation in
(5). Now c} 1s the exlt number of N§ (except in the case
of a control shift or stop order, for this see Par. 6l-
64), The equation T(k) = c} has the solution k = Cg;
since T 18 W—free, this solutlon is unique. Hence, by

definition of[_t_i:_:?
¥

NE ® (1), (Hg)a
Therefore, by definition of (T) and cg4 41

€ ees s Tk gui ) (6)

57. Let (5) hold and let N, be an arithmetic o der.
Then :

] -
Xeyri® %g 5 Xsyi1 &= Xs,
Hence, by the hp. of the lnduction _
¢ i o 0 ‘
Xivw, = [F] (X580 (1)

Further since N} = (?) (Ng) and dg, d} are corresponding

datum numbers,
i

G's - T(ds), (8)

T et ook e PN - = e
R s SR AR T W A IR e AT ey T3
“ i F - ] .. X Sy 04.}"‘

S YRt e A
e o Ry T e O e

# This remark follows by the footnote To i
Par. 25 (a)e Alternatively, it could be s
mgde part of the definition of homomorphic g
tragnasformation. e
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yow the solution k of ag = T(k) is unique; hence, by the
dofinition of [_t,t'_],
X

My = (THMs). (1)
We also have, since a.u. has only quantities,
a's = (T)(e5) =as. (10)

If N. is pure, then M} = M,; further (T) (aq £ 1) = ag f 1 i
Sincé aj A 11is formed by fhe same operatiog from / < B
ag and Mg as was ag 4 1, we have ;

*

a‘s-i-l = (T)(assi). (1) t
0n the other hand, 1f Ng is mixed, Mg 1s en crder contaln- Si8
ing a location mumber x belonging to some group gi (Par.
33), The effect of Ng is to add x to a quantity z in the -
cccumilator so as to form a second la ation number y
belonging to the same group. In the transfa med calcula= Lk
tion M3 is, by (9), an order containing T(x), while - e
scewmlator holds T(as) = s. The effect of N§ is to form 3
in the accumulator the location number T(x) # & = T(x) £
y = Xo By (4) this is T(y)e Since the rest of tho &.U.
s unaffected by Hg or Ni and (5) holds, we have (11) in e
this case glso. |

58, Let (5) hold,and let Ng be a tranasfer order,
Let L, L' be the words transferred in the original and
transformed calculations, respectively. Then

L' = (TN, (&) "
For if I originates in the a.u., this follows Dy the third ;

oquation in (5); and if L is the datum, then we have (9)
a8 in Par. 57 and hence (12).

59. If the transfer is into the a.u., then (7) holds &
as in Par. 57. Further from (12) and from the fact that
all other locations in the a.u. are unchanged, we have (11).

60, If the transfer is into the memory, then L, L'
replace Mg, M in dg, d§, T gpectively. Now from the ‘;
definition of?_%] in Pare. 49,&3] (Xg # 1) differs from
[%] (Xg) at most in the location dj. In that locatlon, |

UNCLASSIFIED NOLM 98056
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since d, is the unique k satisfylng (k) = dé and since

occupgas location dg in Xg / 1 [E:I(XS L 1) has () (L),
. k4 (i)

1,605 L'e Bub X§ /4 1s formed from X§ = [%} (XS) by

putting L' in location dé, Hence (7) hdlds, Since &.Ue
is unchanged, (11) is clear.

61l. Let (5) hold and let Ny be a control order.
If N_ is an unconditional control shift, the case is
trivgal because such an order does not change either the
program or the a.u., and the control can be taken care
of as in Par. 56 (cf. also Par. 62).

62, For a discrimination order, the case is differ-
ent. These orders likewise do mnot change X or &, SO that
(7) and (11) hold as before. But the proof of (6) has to
be revised. In fact cg is elther dg or the exit number
eg of Ngy; and cf is simllarly either d} or ej. The cholce
between these aiternatives depends on ghe sign of a
quantity in the a.u. This quantity is the same in both
cases by the hp. of the induction (since it is a quantity
and#the third equation (5) holds). Hence we have either
c m dgy C = d} or ¢ = €4y CJ = eks In
eithe% casg thg éréumeng of Pgrf %6 prgvess(é)% .

63, If Ny 1s a substitution order, the caseé 1s
similar to an outgoing transfer. The a.Ue is not arlfected,
and the effect in X 1s to replace Mg by L, where L is ob-
tained from Mg by the substitution. It is only necessary
to show (12). This, however, is immediate from the hp.
of the induction.

64, If Ng 13 an output, the machine stops and
preserves Qg. Then Nj also stops the machine and pre-
serves QY. There is then nothing to prove.

65, We consider now the question of weakening the
hypotheses so as to admit some cases where T is not W - free.
We should not expect T to be homomorphic, in general, in
such cases; and simple examples show the expectation is
correct. But we consider here some specilal cases where the
theorem of Par. 54 remalns true oven though 1 18 not W - free.
Tn these cases, for & given i, the solutions of (3) are a
cortain set of locations called the i - set. The cases are

important because they allow the dropping out of certain

UNCLASSIFIED WOLM 9805
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aupefrluous words to be subsumed under the notion of
transformation.

66 The first case is that where every i - set :
contains at most one llve location, and ki is the unigue
Jive location Af it exiats and is otherwise arbitrery.
Yor we used W - freeness in Par. 54 ff. only to kmow
that the word in location c§, d§, ci of X} must be the
image of the word in location cg, dg, ¢g 0f X. But these
locations are live. Hence, the argumeng is equally sound
under the weaker hypothesis.

67, Another case of interest is that where among
the live locations of the i - set all except at mosn one
is an unconditional control shift whose datum i is another
word in the same i - Set. We then teke k; to be the
Tmique exception.t This case we can na: “ié_ﬁy modilying
the definitlion of a step. In fact let a step (in the old
sense) where the control is at one of the words of the
1 - set be called a substep, the one where the control is
k; being the principal substep, and let a maximal set of
consecutlive substeps in the same i - set be called a full
atepe Then & full step in the original calculation cor-
responds to a step in the transformed. We use an induction
where s is the number of full steps. The orders glving the
substeps of the (s ¥ 1)st step, in the order in which they
receive control, will then have the followling form:

Location . Datum Exit
Noo. Operator No. No.
ca Os dg es = Jo
Jo C Ji Ji
d1 C Jo P
Jp = ¢sf1 Os/1 Jp g A1

+% Unless there are no exit locations in the i -
set such a ki exists by Par. 43(f).

#% The code in reference (g), Table 2, 1s used;
Og, Og £ 1 are unspecified operators.
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< . “Here the order above the dashed-line is the last order L5

of the sth full step. The Q, which results from this ; k|
full step is the same as thag of the last substep (above),
alone, provided we change eg to cg £ 73 the latter change
has no effeet in % (Qg)s This reduces the present cage

to Par., 54. It is assumed that all loeations in such-an

j-set are non=datum locations.

Cs Normal Frograms

68, Permutations which move the various groups
(Par. 34) as rigid units (il.e., without disturbing the
differences of locatlon numbers of locatlons in the same
group) are special cases of homomorphic transformations. s
Since the locations in the same group are all of the samne Wy
type, we can segregate the types of an arbitrary regular ' =~ = &
program. If the orders are at the beginning, we shall. E
have a program of the form X = A C, where A consists of
orders only, C of quantities. In such a case X willl be
said to be normal; A will be called the order program or
order part of X, C the gquantity program or quantity part. -
We discuss here some matters connected with this normal
form, ; .

69. The order part of X gives the general kind of ' -
calculation, If we change the quantity program, we shall
get the same kind of calculation with a different set of
data. In actual practice these two programs are likely
to be stored separately, and we are likely to use the
same order program with many different cuantity programs,.
But it is necessary, in such cases, that the order and P
quantity programs correspond. In practical work, safe- R O
guards -must be provided to insure that this will be so0.% ot

70, In the more elaborate combinations of programs,
transformations which alter the locations of the quantity
program only are of some importance. This leads us %o
adopt the following notation. Let the quantity program
of X be of length n and the order program of length. m.
Let Xl, L] xn bB il’lte 818 ¢ rhen X 3{1, 32, CRCRCN ] };rl)
shall mean the program[T] (X) where NEN

i This much program composition was provided WP e
- for in the Torc machine (see Par. 4); further- iy e
‘more, this was so done that the order and f '
quantity programs could be stored separately i . o
on tapes and used as often asg dasired. T e e
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. + (k) = Kif OKKEm™ e
m m< K & o
- W e LK E MmN, ;
To illustrate this concept, let X be & progrem for adding 3
two numbers. In the code of the Princeton machine, modl- &
fied to conforu with Section II, the order progran would i

be as follows:

Location Ho. Operation Datum Exit
1 el 5 2 3
2 h 6 3
3 s 7 = i
4 Stop ' _,
‘-
The quentity program is: . '
Location No. Location Initial Final
' in X No. in C Quantity Quantity 4
%"
S 1 X x B
6 2 v v |
7 3 - x4y ¥
Then X (1, 2, 2) would be the program
1 / 5 2
2 h 6 3
%1 s 6 4 ol
; L Stop ’
5 1 x x o
6 2 ¥ xfy
% 1.0., 8dd and clear. The cods in reference (g)
% does not provide a symbol for this operators i
UNCLASSIFIED ' NOLM 9805 -
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Thig differs from X = X (1, 2, 3) in that y is replaced
by %= # ¥ instead of being retained. On the other hand

X {1, 1, 2) As

1 # 5 2
2 h S 3
5 ' S 6 4
4 Stop

5 1 x %
6 2 — ex

This requires x and y to be equal. (Note that the
tpansformations used are not homomorphic and also that
C contains spaces not only for the given quantities,
but for calculated ones.)

71l. Tn later sechions we shall allow X], eees Xn
to be symbols for the quantitles of some larger program,
which can be translated into location numbers by a table
of the quantity part of that program.

72 Characteristic of a Program. The following
three integers will be importan concerning any program:
(1) the length of A called the order lengih, (2) the
length of € or guantity length, and (3) the number of
outputs. If these three numbers have the values ec, @ ,
and ¥ respectively (these symbols will be the ones gen-
erallly used hereafter), the program will be said to have

the characteristic (&, @,T).

IV Program Composition

73 We now embark on our plan of studying the
combination of progrems. The fundamental concept here

is that of substitution. A program 2 wlll Dbe sald to be

formed by substitution of ¥ for a certain output in X,
when Z carries on a calculation homomorphic to X until

UNCLASSIFIED NOLM 9805
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the control reaches that output, then starts a calcula-
tion homomorphic to ¥ using the quantities calculated by
X as quantity program. We start with the simplest cases
of substitution then build up to more complex ones. The
latter must include the formation of loop compositions,
where some output of Y restarts X or some pert of it.

T4, The developments here are so carried out as
to preserve consecutiveness of orders as much as possible.
This causes a little more complexity, perhaps, than is
strictly necessary. But it is thought it will have
advantages when the theory is applied to the actual
machines.

75 All programs discusged in this chapter are
assumed to be regular progr

A. Slmple Substitution

76, Suppose first that 1
X = AC Y = 8C, ('3)

Here A and B are order programs; the quantlty program C
is supposed to be the same in both X and Y. Let d,@,

¥ be the lengths of A, B, G, respectively. Let m be
the location number of a word M in A for which Y is to
be substituted.i# Let the starting location (Par. 43 d)
of B have location number n.

77« First we define transformations T; and Tg as
followa:

k Fov 04K L,
Tl(lﬂ-:. M= Fov K= v,
k+6~-| For m<k & A2y (14)

% This will fequire a restriction on the trans-
formation Tp below. The outputs mjy must not
geparate any of the groups gy into two separate

parts.
%% This location 18 to be a nondatum locatione.
UNCLASSIFIED NOLM 98056

w5

VRIS Sy o s

A

\._".

23T

: ;{' o = ok
Efat it e el 2w P

T

e

e =L 2.0
I PO v

[T :
T

e,

e

-
oy
T

- a:‘ _'-
s
R S

LR e SR Ly L Rl W

= b Bl




bk A e e i S TR T
o S e :

L

ny i

(CUASSIFIED

snen the programs T, (X) end Tg (Y) both have the
Tangths o + @ & y-le

Now let © consist of the numbers k for which

76
, mékama+ B (i5) e
man lob 6T \ '
T = [ ‘ET;er)] L, 50 ()

e Z glven by (16) is the program formed by substitu-
sing ¥ in X at M. . ERE

79. By the definitions in Par. 44 ff., it follows
that 1f we set

x: Kﬂ'l<l l{auu ® Kg-}\'
W=y e ke g k@ N
then
@) Z= No N, Ny - No+@ vy—1,
where ;
Ng = Ko
and

(3) Ty 0« K& m, N=(T)K) _
(B)em 2 K e m+B-y, N = (T2) (Lg-rm 1)

Eyl=omi+: @ < TS K , Nik= (T)( K gi).
80, Consider now the effect of this program Z. By

Par. 45, the transformation [ = is a
LT3 y) ' i
homomorphic transformation of X(X belng & regular program)e = -

The locations in © are dead loeations in | —— Cx)
L7213 YY)

except the location of M (Le@oy m ,f n - 1) which is a : X%
nondatum loecation. If the words Iin these locatlons are e
replaced by the corresponding words ot [TJf, there is no
change in the caleulation until the control reaches

m£n - le On the other hand, the calculation 4 o
—ae é7
?[ zn:cx)}cv‘ . ;2
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aiffera from 2 only in the initilal order. The calculation
19 homomorphlc to ¥, the locations corresponding to those
in A are dead, and the calculation starts at locatlon
nodn=- Ll Thus when the control in Z reaches m ¥ n = 1,
the situation is the same, except for change in C, as
though it had reached that location in (17). From then
on the calculatlon is homomorphic to ¥ with the changed C.
mhus Z has the effect stated in Par. 73.

81, We shall be interested in thls form of composi-
tion primarily in the case where M is an output of Ko
1f we suppose that, as part of the specification of X,
the outputs are specified and assigned numbers, say 015
02, eees Op, then Z 13 uniquely defined as soon as the
number of the output is glven. With the understanding
that the output is O3, 2 is determined by X and Y alone
and can be symbolized, X—>Y. The way in which the out-
puts are numbered in X =Y will be determined laters
Noto that the order length of X-»Y is a4 @ - 1; its _
quantity length is Yy, tho same as that of X and Yo If ey
the numbers of outputs in X and ¥, respectively, are iy
T, and Tp, that of Z is &1 £ tg - 1. ,

g2. A dogenerate case of £ —>»Y will be useful
later. In case B, except for the initlal order, con- "y

sists solely of a single stop order, we write ¥ as O.
Then it is clear that, except for the numbering of out-

puts, X=»0 = X, -
B, Multiple Substitutlon _ o

83, Suppose that X is a program with P outputa,' 01

Ogs eess Op %, snd that X, ¥1,¥a.ee ¥p arve regular . s
programs of the form -
X = ApC  Yi=4;€ (& 1y &gy Py 08)
Then we define the program
: (197

z=X-—=>Yi:8Y28"+°8YP :
as the progrem obtained by substituting ¥, for 0, then

% These need not exhaust the outputs of X.
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Yo for Og, then ¥z for Oz, etc. and finally Y p for Op,
gg in Par. 76. With proper renumbering of' outputs we

have
Z = (. (%> Y])—> Y)—=> YP)

84, The program Z can be characterized in the follow=-
ing manner. Let Iy be the ith output 0:; and let my be
its location number; the m; are then ali distinct }rom
one another. Let ny be the starting location of Y. Form
the program Z' by inserting each A in the place oI the
corresponding Mi and renumbering; thls 7% is independent
of the order of making these insertions. Let Ti(k) be
the number of the location ocaipied by the kth word of
Yy in Zt; and let Tgo(k), for k not any of the nj, be the
nimber of the location occupled by the kth word of X in
71, while To(mg) = Ti(ni)s The - trensformations To and Ti
so defined are both W — free and C —free; in fact they
are of the form (3a) in Par. 50. Let ©3 be the class of
integers j for which there exlsts a k such that Ti(k) = ]
and such that k is the number of a location in Ai. Let
the kth word in X be Kj, in Yj be Lﬁ. Then the kth word

Nk in Z is as follows:

a. If k is not in any of the 64 let h
be the unique solution of Tg(h) = k;
then N = (To) (B) e

be If k is in 04, then i 1is unlque;
furthermore, there is a unique h
such tgat Ti(h) = ko Then Ny =

(Ti) (I’h_) °
The proof of these statements may be obtained by an

induction on P. This is a straightforward but rather
tedious process. It will be omitted here.

85. Tt follows from the characterization of Pare. 84

that
' Y—»Y.l‘laa"‘f-\!v

18 independent of the order in which the substitutlons are
made, because the result in Par. 84 depends only on the
correlation between the mj and the Yj. We can make this

UNCLASSIFIED _ NOLM 9805
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oxplicit by defining Ty, T5 thus: let ¥ of the m
vo ¢k, and let the sum of the % corresponding«:be e
Lot mj be the- greatest of the my which are £ k. Then

wo have
K f no m; & k
. )
TolK) =1 ¢ s e ov if m, <K,

1+ P ¥ + nGj =1 bl ”j = £ .
ps for Ty(k) let @, v be as above for k = mj; then
T (K) = P— ¥ ™ + K — 1.

86, As in Par. 84 we have the possibility of
degenerate cases where one or more of the Yy is O.

C. Reduction to a Single Quantity Program

87 We consider now the composition by multiple
substitutlion of programs

X'BA'QCB 3 .
V; = A Ci (= 2,0, P @O

This can be reduced to the substitution of Pare. &5 by
transformations. The result 1s to be a program :

& =-8D, i)

88, When such a composition is contemplated,; 1t
willpresumably be the case that we wish To identify each
quantity in every C; with some quantity in D, We assume
this and let the number of the location in D which is
assigned to the kth location in Cji be S1(k)(1 = 0, 1, cees
P). Let ol be the length of Ay, Yi that of Cj, @ that of
B, and § that of D. Then form the transformation

'
7 (rd = aei + 3 cx=-eci ),

i

Tn the notation of combinatory logic (ef. Par. 51), this

is the same as J
i X :
T: —; 3“" J’ (R.a)
N t '
ow 3o xi_: [TQJ(X) ) p .
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-_‘. 54 : iil’ .: ¢ Q‘iuL.QSDIt‘ TED
@f ien we shall have
o ¥'= afcg
.u'-{ }r ¢ .
e v: = a{ <] f = 0,2ty P Ca4)
¥ PR
}r. i wasy § . '
_ A4l = CTi)CRi) ‘= 0,080 F
! ‘ gad ¢ 1s a progranm of length .k
g9. HNow replace G by D thus obtaining
X' = #5 D
y:.' =a8 ; ¥ (as5)
# mhon we adopt as definition of 2
_& zr’xu_.)- Y‘g'va$°“& "‘l; 3 (26)
)
,z 90. If the locatlions in the various Cy end D which
b ape identified by the =i actually contain ti'lie game words,
‘.; then ey
o X' = [1'20 (X)
e {“ iy - K jD '
. " T ¢
g fE i .
§ Y el O e
;-".:- : where {K" 'iD 1s explained in Par. 50, The assumpblon is
fulfilled in case the Ci and D consist excluslvely of
; -.J;i'a blanks. As stated in Par. 69, this 1s likely to be the
% Note that C{ differs from D in that the kth
location in C] 18 blank if the location 1is
@ not one of those assigned to a location in G&
% | by Sis if it is one so assigned, the kth wor
& i3 the same a8 in one of the locations in Cq.
»J The smbiguity in case two or more locations
bl ] in the same Cj are identified will make 1o
o difference in the definition of Z below.
; 5 |
: 4§, UNCLASSIFIED NOLM 9805
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?( case when we are compounding programs practically. Under
y :’- . these clrcumstances any ambiguities there may be due to
o jdentification of dlffere t locations in the same Gy &are
2 8 jrrolevante ,
! )
¥ 91, In order to get a notatlon for this 2, we
£ develop & little further the ldeas of Par. 70, Let zj-!:',
'1,% Zoy eees and zsbe a notation for the locatlonsof De et
: X 3 = By
- Yii = Fo | @8)
L then we can seb
i o
g 4 2= Oy xgy s ¥o)
i ¥ vii= Yily vsinnYie) .
él (Thege notations are ambiguous, unless D is glven.) Then
ix the definition of Z can be stated as follows:
:.i: z(zuz_‘,...’zb) = X(X.;xas‘”)x“f))"‘*’
4 T
’;;s Vi g et 90y )g ceee g Vo (ganrnyes o). @)
i 92, We now consider the characterizatlon of Z
it directiy in terms of X and the Y1, Y, eees ¥®- Let
.\’;! Tb, Ti, ooy Ta be as in Pare. 88, Let TS, T“, coogy . T%
& be the TOs Tis eees TP of Pare 84 defined w}th refer-
11 ence to X", ¥, ..., 9. Then set
4 1 ®
: 7?-‘-7";’ 7_;‘ ¢ = 69 & et ». _
" Lot the ©4 be defined as in Par. 84 with reference to the
& Tie Let heikth yords of X, X", Y1, Y¥, % respectively,
';«__ be Ky, Kits Lijzs Lic » s Then we have:
i a. If k is in 03, there exists a unique
7 . 3 h in the range
a O0<h & «t; Such vhat 7ilh)=7 KOS &
/i 2 then '
NI 4 -l (] ’ ' . N ol
i Ne= (P ) = Cridzi)(a ) = T )(24).
b § UNCLASSIFIED . NOLM 9805
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be If k is not in any of the © and
OCK ‘:ﬂaﬂo'&ﬁ‘"‘-lc'ﬂ-ﬂ}o—,@;

then there exlsts a unique h in the
- range 0<h « ety such that

T To (W) =TG(h) = k.
For this h
Ny = (T )KL = (Tod7g )K= (75)(Ky,)

coe If k»@ , then k is not in any of
the ©;. There exists a unique h
in the range W< h £ <o + a3
viz., h = k -8 # &4, such that
Tg(h) = k. Then N, is the word of
index h in X", and this is precisely
the word of index h -&g= k - &
in D. If the condition of Par. 90
holds and if h = &g = 3¢ (] ~<€e),
h = Té(;]), then N 1s the same as Kj;
if h = o = S;(j - ;) then Ny 1s the
same as Lj°

93, The characterization of Par. 91 leads to the
following practical procedure for constructing the program
Zo In the first colum of a sheet of columnar paper we 3
write the successive locations of Z, the total numbering - w iy

£ & . In the second colummn we write the transforma- Ko
tion Tg by going through X and writing h in the kth row
whenever Tg(h) = k; if h 1s one of the mj, we put it in.
parentheses. - In the (i # 2)nd column we do the same for
T,, It is then easy to write out Z. Given any k 4 @ S
tIiie:re will be only one column in which there 1s an un=- w
parenthesized h. That column shows which progrem, X .or g g
3 Yi, should be used. We now look up this order in the glven ..
program and make the approprlate transformation. This can 1 e
- be done by finding h in the appropriate columm and replac-" . .. &
ing it by the corresponding k. It is intended to give.
examples of this technique and modificatlions in the future :«. . i
_report cited in Section I. Evidently the process comdd 'y "
_ be carried out with a suitable machine; considerable memory .

"
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o %t be involved, but not extensive calculation; nowever,
¢tnis question is not gone into at present. :

.. . 94, As to the effect of the program, it ls evident = .
“ipat Z makes a transformation homomorphic to X", and hence
¢ X with the quantitles of Cp teking the values.pre-' -
goribed by D, until the control reaches some Ia{mi). The
ealeulation then proceeds according to a Y;, -in'which Cj
. has been replaced by the eppropriate quantities from the
.D a8 it has been calculated up tp that time, -

D. Loop Programs

95. In order to carry out iterative calculations,
it is necessary to have programs which double back on -
themselves, repeating certain parts as prescribed a ,
pumber of times, or until certain conditions have been.
fulfilleds We consider here the formation of such pro-

:-'_3 gramse

3 96. If X is a program with an oubput 03 in location
= my, we can form a loop program by requiring %ﬂat when the i
. control reaches mj the calculation will start all over Ty

E agaln at nyg. The order located at ni will then be called . - v
{ the  input. This can be accomplished slmply by replacing e
2 0 with an unconditional control shift which transfers’' . = . .
control to nj. There 1s thus no particular ddfficulty ™~ - I R
about it. In our idealized machine we can accomplish

Aax
o

; the same end by means of a transformation such that mi -

X i and n; both correspond to the same j, say AL |
’-‘*f‘r __ T(m,) = Tln) = §, 5 -

'5‘;5-" the transformation being otherwlse W - free (Par. 50), and

Ypf K- free and C - free to boot 1if we went i1t. In fact, if 74

‘nj<my we can set

?J K for K £ mi
. ) = ] 0nfer & = o, ‘

SEL. K-t Jor & > ™.

_,fl"J'» g A E ¥ _I

g - i

Yo |

¥
a3

" We ﬁrust‘rqgard n; as the principal solution of ﬁ.‘(k) 274, '_:""-?Z"‘ g

(o
gaf o

-y E=- |. [ -
Mo Tet L BE] T
e & o i
e

-5

.?_ e
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g2 s 16 i . it 67, The formation of the loop program is thus a
oo e gind of substitution of part of X in 1tself, Evidently
e Y indicate such a formation by the same sort of
.}? 4. Ditation as for substitution; we have only to replace
by an indication of the input. - We

s tho appropriate X

! guppose that %n the specification of X there ‘ls

- designated & cortain number of locations indicated by
I, Igs 2cc2 Iq which can funetion as inputs. Then the
program formed from X by Joining the second output to
tho third inpub could be indicated: X=»0y & Iz. Bub
sotually this is not 1ikely to be necessary. 1he inputs
_are 1ikely to be either the start of X or that of some

 component prograie One cen use X in the first case and
tho symbol for the component in the second. Thus the

pam formed from X by (1) substituting a progranm

: prog

i‘-—;z & %Z. for the first oubtput, (2) leaving the second
cutput to Become the 09 of the new progrem, 3) going

. back to the beginning of X in the third output, (4) go-

ing to the beginning of Zgo from the fourth output, and
(5? combining the fifth output with the second could be

weitten:
X = (Y=>2.,5%a) 0.8 %s &% G

The repeated appearance of the symbol for a component
program is thus sufficient indication of & loop prograle

iy =8B The combination of outputs can be regarded as
the formation of & loop. See example in Par. 97.

99. Presumably, theorems eanalogous to those provéd'
in Papr., 83 and 87 will hold in this case also. This
question is left open far the presents

E. Complex Programs

100, We consider now the formation of more complex
programs by repeated applicatlons of the above processSose. 1
~Vie take as fundemental composition mode .

X = Y&k HEYp> Go)

end ¢onglder how to keep the notation straight when X, S
Y1, svs, Yp- are formed by (possibly iterated) compositlon

- VHCLASSIFIED NOLM 9805 -
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peom cortalin ultimate components Us, Usy eees Uy o It
will be supposed that these are re&ulaﬁ programs whose

oro g g 1s completely lmown, and that on those kmown
5rograms, we have a definite numeratlon of the outputs,
which 18 regarded as a part of the program. For each Uj

it 13 also supposed that we lmow the sterting location,
the order length, the quantity length, and eny inputs

yhich may be necessary.

10L. In an expression of the form (30), the "Z",
My ", caes ”Yg . or whatever symbols take thelr place,
wiil be called the constituents; the constituent in the
Jace of "X" will be called the functional constituent;

P
those in the places of "Y1", esey "Yp ¥ the argument
constituents. A constituent which does not conta parts

of the form (30) will be called an ultimate o nstituent.
Tt is supposed that the ultimate constituents are sympols
for the Uss or programs derived from them by transforma-
tion, end for outputs. An ultimate constituent which is
an argument constituent will be called an ar ent; if it
18 not part of any functional constituent it wgll be
¢alled an ultimate argument. It will be supposed at -first .

ttat the arguments are all gymbols for outputs.

102, In order to take care of loop programsd, it will
be nocegsary bto modify this scheme, 850 as to have nota- '
tions for inputs and to allow them to eppear as arguments.
A possible notation, which will be adopted tentatively,

' is to allow a constituent, which appears in a unique posi-

tion as vltimate functional constituent, to appsar as. i
argument, with the understanding that when thia happenea:the “. " 3k
output at that point is to be joined to the inpul at tho -
. point where the constituent occurs as functional congtitu-

ents When it i1s desired to be explicit, these input” = -
indications will be enclosed in engular brackets. AR <2 I

“ 03. - Additional modifications may be necessary 0 5 it
‘take care of transformations. These will mot be com=: “* = ',
. sidered here. No particular trouble is anticipatgd in

'regard to them.

104,  The ultimate arguments are the arguments,of'tha-gfarh

. 'domposite progrem; thelr numbers are to indicate the number=:-
“ing which they are to have in the .Tinal: programnings. . Whep: .,

. the same number appears two or more times the outpu@g;arpjz,g"

“toy be identifled. ' i TR c:

NoLY 9805,

e
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grams for those constituents. Otherwise the outputs of
eyery constltuent will be explicitly indicated. In elther
case whenever an expression of form (30) occurs, the
pumber of argument constituents is to be exactly equal to
iho number of outputs in the functlonal constituent, and
¢ne expression is to indicate the progrem formed as in
par. 83 by substituting Yy for the ith output of X « HNote
that if an "03" occurs as part of a functional constituent
{t 13 not an output of the whole progream.

| -‘k‘ i:,
q :% L-};CLASSIFIED
é “-. :. 2
& gw‘t ' 105. A functional constltuent which is a symbol for
" ulsimate component, with or without a transformation,
§ gill be supposed to have the outputs stated on the pro-
g

o haate
R T S i P

106. Repeated use of the notation (30) leads to a
lerge number of parentheses. Various devices may be
employed to make the structure of the program more
perspicuous. The following methods will be consldered
here and 1llustrated with reference to the program:

U, = (Uz—> (Us =~ 0,8< ur)§ s = <Usp)
& 03)8<U37 )8(Us —> 05804 .

107, The Peanese dot notatlon 1s said to have been
used by Lelbniz; it has been extensively used by Peano
end many writers in modern symbolic logice In this :
notation, brackets are replaced by groups of dots. They rat
are placed beside an operational sign to indicate a i
bracket which extends away from that sign until it meetis '
an equal or larger number of dots. This scheme will here ,_.f»g
be modified so that a group of dots on the riﬁ,ht of R

&“. Then ] i
e, NN

W

5

"_. " takes precedence over one attached %o
the above program becomes
-:'? <U3> ot

Ul D :Ug"'""‘uq —}oﬂ'-‘g{U'.}.&'Us. %
£03té-<u5‘7:&: Us——l‘? oz&<o‘>‘ : | e

108, The Polish prefixed operator notation. This’
notation invented by Lukesiewicz and used ‘extensively by
modern Polish logicians depends on the fact that if opera-
tional signs are sharply distinguished from other signs : %

) - UNCLASSIFIED NOLM 9805 o
! : . j 3 4,? a ' -+ -.
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and if a definite number of operands 18 assigned to each,
then parentheses can be inserted in only one way. Thus,
if we agree that " —wp'" shall be an operational slgn
with exactly p # 1 operands, and that (30) be synonymous

with
—}rxr; Ya‘ovaYP.

;
:

S o A
T T -

o,

then the above sample Program becomes

sectP=icy vV, "'3'302‘ = My O <U.? """gUs’ <U3>
03 SU3? ~». 3 U3 0, <o.Y .

Although this notation is compact and can be read with
some practice, yet it is not particularly perspicuous,

109, A notatlion similar to that used by Frege can
be devised by writing (30) in the form :

X Y
Yz

Yn

Then the sample program becomes

w
[Fg
v, v —Uq 0,
A U, )

), Usg LUz
<Us¥
:.. I;‘-l.:: -U 3 o a
| < O, >
.; Although this 1g perspleuous it 1s not so compact as the
&, J Peano notation. Frege's notation, it must be remembered,
o : died with him. . & iR
iy UNCLASSIFIED NOLM 9805
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110, Flow chart. This 1s a quasli-grephical repre- S
sentation of the flow of the control. A flow chart for “
the sample program is shown in Figure I. Note that this ;%
notion of flow chart, which is the seme as that in
reference (e), i1s not the same as the "flow diagram" in O T
reference (g). The purpose there is to show all the ‘ :
details of the logical aspect of the program; here merely
how the program is compounded from its "ultimate com-
ponents, " which may be quite complicated programs
already setupe.

111, In dealling with composition of programs
theoretically, where we use expressions involving symbols
for unspecified programs, we naturally cannot adhere %o
the requirement that the outputs be indicated. As in
Par. 76 to 95, we have to leave the numeration 5f the
outputs unspecified, but we suppose it is done 1in the
same fashion.

¥. Assoclativity EProperties

112, The notations in Par. 100 ff. give essentlally

a unique method of construecting a program from its Eg
ultimate components. Bub 1t is evident that the same 3R
program can be constructed in different ways. In other i e
words, there are equivalences among our programs, so that .é§
we have in effect a calculus of program compositions Al- R
though a thorough study of that caleculus will have to be & &%

left until later, there are certain properties which can

115, One such property was considered in Par. 85,
viz., that in forming the program (30), the ¥j can be
gsubstituted in any order. Thus we have the property

X=> V& Yz =2(X—>Y&O) = Ya=(x->0by)

—> Y )
provided O does not occur in X, ¥j, Yoo

114, Another property 1is
(X == (Y=>0)—>Z = X —=>(Y—=>2Z) .

UNCLASSIFIED NOLM 9805
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This means the same as

(X —=> VY)—> 7z = X—=(Y—=>7%) (31)

115, In combination with Par. 113, this ylelds a
rather general assoclativity property. The property (31)
may be proved by working out a characterization of both
sides, as in Par. 84 and 92, and showing they are equal.
The details, which are rather involved, are omitted here.

116, Another property of a simlilar nature, which is
similarly proved, 1is

x (.-‘(u)*--,xm)'—’r\f(:ju"')‘jn) 2(x-—"?\j
(gre o) 3r0ﬂ:x.,- Cay Xm) o

where, with reference to some D= Z]y Zgy ecesy & 52
xk S Zik, Ik = Z’.hk = 3.11{0

V Concluding Remarks

117, The theory of composition of which the basic
portions are developed here has relference to a restricted
o 8 i class of programs called regular programs, defined in
5O 2 Par. 42 and 43. It is not lmown how general this type
‘ug of program is. But i1t seems likely that a great verlety
Y of problems can be solved by using programs of that
il character.
|

i

118. This class of programs may or may not be as
general as that to which the methods of Goldstine and
von Neumann (reference (g)) apply. The relationship
betwesen the two methods has not been investigated;
probably it would be premature to do so until the atudy
of subroutines, which the authors of reference (g) have
promised, appears. But several persons have noticed that
the technique in reference (g) involves a lot more fuss
than is really necessary. The procedures suggested by
the theory of program composition, at least insofar as

s ,ﬁh they -have been tested on slmple problems, appear to lead

2, * to & less formidable technique, even when the problems

: ¥ are planned in detail from scratch. '
5{ |, ' UNGCLASSIFIED NOLM 9805
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%7 119, ' The machine with regard to which reforence (g) T
¢ s.gas Written has, besides the finitve slze whlch it has in - e
Uy commmon with any machine, two deviations from the:"idealized‘ f
ﬁﬁzégiﬂfﬁmdhine considered herg viz., (1) the fact that orders are
ﬁgﬁ-éx.gtérad in the memory in pairs, and (2) the fact that the - -

o

¢ ‘exdt locet
control shift are determined to be the mext positlon in ad
4 “the memory. The modifications due to these peculierities,
‘B . and the working out of a technique illustrated by examples; .

-—
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ions of every order except a stop order or e, .

gre left for a later papor. . :
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