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The problem of Multiple Prec is ion  is one of requiring significant digits 

i n  excess  of word s ize  capacity in  a given machine. A given word "A" 

i f  l a rge  enough can be divided into sections, and each s e c  ion can be 

represented by a machine word. A. = AT t t A';'9 k ------ o r  

m o r e  simply A = A.1 t A2 t An3 ---- to the degree'of precision required. 


Arithmetic operations involving multiple precision numbers present  
machine handling problems unique to a machine because each machine 
word is only a portion of a complete logical word. Some of the problems 
encountered a r e  herein defined, and a method of handling multiple p r e -  
cision add and subtract  is illustrated. 

A machine word of 60 bits is  composed of an  exponent of 10 bits, a 
fraction of 48 bits, one sign bit, and one overflow indication bit. In 
multiple precision problems the exponent is only significant in A1, the 
f i r s t  and most  significant of the word sections. The exponents of A2 and 
A 3  a r e  progressively -48 f rom the preceding word section. It is planned 
that the exponent will always, be positive because it is possible to real ize  
all npmeric values with a positive exponent and a fraction that can be 
e i the t  pasitive o r  negative. 

F o r  the purpose of this  memo, ze ro  is defined a s  an  exponent of a l l  zeros 
and a fraction of a l l  zeros.  In the case of multiple precision numbers, the 
fraction portions of a l l  the word sections must be zero  a s  well a s  the 
exponent of the most  Significant word section. It is evident that an  increase  
i n  the exponent is the same a s  shifting the decimal point to tha right. In 
the event that the exponent is increased beyond i ts  capacity of 10 bite, an 
exponent overflow indication is provided, Should the exponent be reduced 
to  the point where i t  wil l  t r y  to  assume negative values, the exponent and 
the fraction will be se t  to  zero. 

Automatic single precision floating point operatianer cannat be applied 
direct ly  to  multiple precision operations. $'loatin63 point methods can be 
programmed for  the particular aituatian at hand in a atsp by atep procedure, 
likewise automatic normaliking procedurerjl should not be applied to multiple 
prociaion applications. Norxualization a1~otilJha dons i n  w prugrnx~iniad, etep 
by step procedure only if tile expunelit i w  riot a l l  2;Oroa. 
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Exponent differences between wbrds involved in multiple precision 

addition and subtraction a r e  very easily reconciled. The multiple 

precision word carr ies  i ts  exponent with i ts  most signigicant word 

section (all  fraction parts car ry  their own sign indication). Regard-

less  of the value of the expopent for a given multiple precision word, 

the value of the exponent associated with the second word sect ionis  

48 less  than the value of the preceding word section. (The difference 

is determined by the number of bits in the fraction part of each word 

section.) The value of (the exponent associated with the third word 

section is 48 less  than the exponent of the second word section and 

96 less  than the exponent of the f i rs t  word section, etc. 


When two words a r e  brought together for addition o r  subtraction, one 
of the f i rs t  operations that will  be normally performed is the deter-  
mination of the difference between the exponents. If the difference 
between the exponents is less  than 48, all sections of the lesser  valued 
word i s  shifted to make the exponents equal and the process of com- 
bining A1 t Bl,  A.2 t B2 a A.3 t B3, etc. is  continued. Because of the 
shifting of the lesser  word, some of its least significant bits will not be 
involved in the operation. 

A difference in exponent values that ranges between 48 and 96 implies 

that the lesser  word has no counterpart to the most significant section 

of the greater word, In this case 48 must be subtracted from the 

exponent difference and the remainder indicates the axxount of shifting 

necessary to properly align B1 so that it i s  compatible to A.2. An 

exponent difference between 96 and 144 indicates that the most sig- 

nificant portion of the les s’ea multiple precision word will align itself 

to the third most significant portion of the greater multiple precision 

word, offset o r  shifted by exponent difference minus 96. 


An exponent difference greater than the degree of precision times the 

exponent differential ( 3  x 48 = 144) indicates that no addition o r  sub- 

traction operation is to be performed, The larger of the two words is 

the result of any considered addition o r  subtraction. 


One means of normalizing multiple precision numbers is similar to that 
used in the 702 and 705. A. special. Normalize and Transfer instruction 
is provided which causes a transfer when an insignificant zero is removed 

. 	 from the fraction part of a machine word. If there is no insignificant zero 
to be removed, no transfer is affected. The instruction permits removal 

? 



. 
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of any o r  all insignificant z e r o s  and readily permi ts  counting f o r  

exponent modification. It is presupposed that a single instruct ion 

will  be  provided which will fully normalize the word and the number 

of z e r o s  eliminated will be available i n  the exponent counter. 


t 

Addition and subtraction a r e  performed i n  the computer by a n  adder.  

Subtract  can be defined a s  changing the sign of the second word and 

adding. A.ddition is spli t  into two types of operation, addition with 

like s igns and addition With unlike signs. Addition with like s igns is 

a s tandard a lgebra ic  addition whereas  addition with unlike s igns is a 

p r o c e s s  of complementing the rjecond word and adding it t o  the f i r s t .  


T O  faci l i ta te  'multiple precis ion operations, s eve ra l  special  instruct ions 
and indications a r e  suggested. 

a)  	 Add, i f  unlike signs suppress  recomplementing, impose  
init ial  c a r r y  in. 

b) 	 A.dd, i f  unlike signs suppress  recomplementing, suppress  
init ial  c a r r y  in. 

c) 	 A.dd, i f  unlike signs pe rmi t  recomplement, pe rmi t  ini t ia l  
c a r r y  in. 

d )  	 Add, i f  l ike  signs force  a n  init ial  c a r r y  in. ( instruct ion C 
is the standard add instruction, modifications a, b,*and ,d  
can  be realized by coding specifically designated bits in the 
instruct ion code) 

e) 	 C a r r y  indication: i f  addition resul ts  in  the fract ion over -  
flowing the left  mos t  siznificant position, a c a r r y  indication 
is  provided. 

f )  	 Load complement: the word specified is loaded i n  complement 
f o r m  into the accumulator.  

Multiple P rec i s ion  Addition (like signs) Given: Tr ip le  precis ion words 
+A and tB where A.>B, therefore  A.1 > B1, and A 2 4  B2, A.

3.
7 Bg 

( s e e  Fig. 1). A typical p rog ram fo r  performing multiple precis ion add 
. with like signs is presented ; detai l  is provided only in  the a r e a s  that 
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specifically re la te  t o  multiple precision. 

1. 	 T e s t  the signs of A and B; i f  the signs a r e  alike and addition 
is to be performed, o r  if signs a r e  unlike and subtraction is 
to  be performed continue to  step 2. ( A  and B both t, addition 
i s  to be  performed).  

2. 	 Subtract the exponents of A 1  and B1, determine the difference 
i f  any, and which of the two is larger .  ( F o r  this example l e t  
the exponent of A1 be l a r g e r  than that of B1 by one), 

3. 	 If necessary,  modify index r eg i s t e r s  to properly locate the 
word sections to be involved in  the operation. 

4. 	 Create  B 1 which is B with the same  exponent a s  A. 

4a. Load B1 into accumulator shift right one position, s to re  
IB 1 in  memory. 

4b. 	 Ring shift accumulator left 49 positions ( in the i l lustration 
of figure 1 a four bit fraction is shown, therefore  ring shift 
accumulator left five positions). 

4c. 	 Load B2 into accumulator ring shift accumulator right one 
position, s to re  ~5 i n  memory. 

4d, 	 Ring shift accumulator left five positions. 

48. 	 Load El; into accumulator ring shift accumulator right one 
position. 

5, With B/3 in  accumulator Add A.3 to contents of accumulator. 

5a. Store  resul t  in  accumulator a s  Sum S3 in  memory. 

5b. 	 Test  fo r  c a r r y  out, i f  c a r r y  out exists do special  operation, 
i f  no c a r r y  out exists do 6 (no c a r r y  out in  illustration), 
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Load B2 into accumulator, add A.Z. 

6a. Store result  in accumulator a s  Sum Sz in  memory. 

6b, Tes t  for  c a r r y  out, if ca r ry  out exists do 7, i f  no 
c a r r y  out exists skip 7 do 8. ( ca r ry  out is present) 

Load BI into accumulator Add A1 with special instruction 
imposing an initail ca r ry  in. Transfer  to 9. 

Load Bi into accumulator add A1. 

Test  for  ca r ry  out, i f  no ca r ry  out s tore  SI in memory and 
problem is finished, i f  c a r r y  out exists do 10. ( ca r ry  out 
exists), 

Add one to exponent of sl, test  fo r  exponent overflow, i f  
exponent overflow stop machine, if no exponent overflow do 
11. (no exponent overflow exists), 

Shift accumulator right ( this is not a ring shift) one position 
because c a r r y  out d ig i t  is one position to  left of normal 
fraction s tore  S1 a s  final answer. 

l la.  	 Ring shift accumulator left  five positions, Load s2, 
ring shift accumulator right one position, s tore  S2. 

l lb.  	 Ring shift accumulator left five positions, load S3, 
ring shift accumulator right one position, s to re  Sg ) 
problem completed 

Multiple pzecision Addition ( unlike signs) 

Given: Triple precision words -A and tB where A)B, therefore, 
A 1  7 B1, and A2LP2,  A3 7 B 3  ( see  figure 2 ) *  

A typical program for  performing multiple precision subtract  ( o r  add 
with unlike signs) is presented, detail is provided only in the a r e a s  
that epecifically relate to multiple precision. 
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1, Teet the eigns of A and B, i f  signs a r e  unlike and addition 
is to be performed, o r  i f  signs a r e  alike and subtraction is 
to be performed continue to step 2. 
and Addition is to be performed. ) 

( A. is minus, B is plus 

2. Subtract the exponents'of A1 and Bl,  determine the difference 
i f  any, and which of the two is larger. (exponents of A.1 and B1 
a r e  equal therefore, no sl-dfting or  exponent manifpulation is 
required.) 

3. Adjust index registers to properly sequence the word sections 
for the operations to be performed. 

4, Load Bg into accumulator. 
of accumulator, suppress recomplementing impose initial carry 
in. 

Complement and add A3 to contents 

4a. Test for carry out$ i f  a car ry  out does not exist continue 
to 4b; if a carrv out does exist follow different procedure- 
(illustration of figure Z does not have a carry out.at this 
point. ) 

4b. Store contents of accumulator in memory at  S3. 

5. Load B2 into accumulator. Complement and A.dd A 2  to contents 
of accumulator, suppreser recomplementing and suppress initial 
ca r ry  in  (Compare with step 4, initial carry in is suppressed here 
becauae there was no car ry  out from addition of B3 and A.3 ) 

5a. Test for carry out; i f  carry out exists continue to 5b, i f  
ca r ry  out does not exist follow different procedure which 
adds A1 to B1 and suppresses initial car ry  in. (illustration 
has a car ry  out a t  this point.) 

5b. Store contents of accumulator in memory at  S2. 

6, Load B1 into accumulator. 
of accumulator, suppress recomplementing, and imposing initial 
car ry  in. (initial car ry  in provided because preceeding operation 
contained a car ry  out.) 

Complement and add A.1 to contents 
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6a. 	 Test for carry out; i f  carry out exists store accumu- 
lator into memory a s  S1 and transfer to 8, i f  no car ry  
out exists do 6b. (no carry out exists) 

6b0 	 Complement cointents of accumulator, Place proper 
exponent with S1. Change sign of S1 to minus. 

6c. 	 Load S2 into accumulator. Complement contents of 
accumulator store S2 in  memory, make sign minus. 

7. 	 Load S3 into accumulator: Complement contents of accumu-
lator. Add one to accumulator contents. Store in memory 
a s  S change sign to minus. , 3 

7a. 	 Test accumulator for carry out if no car ry  out exists 
transfer to step 8, i f  a car ry  out exists do 7b. 

7b. 	 Add one to S2 and check for overflow, i f  no overflow 
transfer to step 8, 

7c. 	 Add one to S1, and check for overflow, if no overflow 
transfer to step 8, i f  overflow existe stop machine. 

8. 	 This is an optional procedure provided to normalize the multiple 
precision word if desired. 

8a, 	 Load S1 into accumulator. Normalize and transfer,if a 
zero is removed a transfer is effected to another protion 
oftthe program where the number of zeros removed is 
counted and control is then returned to 8a. If no zero  is 

' removed control is switched to 8b. 

8b. 	 Test zero removal count i f  count is equal to zero, no 
normalizing is t o  be done, i f  count is greater than zero 
do 90 

9,  	 Load S3 into accumulator, Shift accumulator left number of place6 
equal to zero removal count ( one in this case per  figure 2 ) Stove 
S3 in  memory. 
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9a. 	 Shift accumulator right five positions. Load S2 into 
accumulator. Shift accumulator left one position. 
Store S2 in memory. 

9b. 	 Shift accumulator right five positions. Load S1 into 
acaumulator. Shift accumulator left one position. 
Subtract zero removal count from S1 exponent. S1 
is now in final form store S1 in memory, solution is 
complete. 

The illustrations of figure 1 and figure 2 with their accompanying 
solution procedures outline or  define practically all the possible 
situations that can a r i s e  in multiple precision addition and sub- 
traction. The purpose of analyzing the problems and providing a 
means of solution for multiple preaision add and subtract has been 
completed. It is expected that the ideas presented herein will  be 
reviewed and modified after the basic str.etch logic ha8 been more 
firmly established. 
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x t :  X1 t x2 t x3 
Exp. Frac t .  Exp. Frac t .  Exp. Frac t .  

B P 010 1001 - 1100 - 011 1 
A x 011 1100 1011 - 1011 
B’ ~e 011 0100 . 

CII- 1110 - 00111 (4) 

00111 rn B5 
1011 st A3 ( 5 )  

00110, f x  ,ci 
01110 Df s3 ’ 

11001 ci 
___I_

10001 rt S1 (8a) 

Sa 100 1000 1100 1111 (11) 

F igure  1 

Multiple P rec i s ion  Add ( l ike signs) 
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X1 t x2 t x3

Fract. EXpe Fract.  EXp Fract. 

-A 010 1110 0011 1010 

tB L: 010 10.01 1110 0011 
-a 010 0001 1100 0 101 


1001 R B1 

0001 A A1 


00011- ci 

I 01011 I0 s 1  ' 	 1110 

0001 

- 010 0100 0101 
00000 ci 

s = - 010 0100 0101 1111 

s * x  - Oot 1000 101IL 1110 

Figure 2 

Multiple Prekiaion Add ( unlike Signs ) 

* normalized 


