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2.(I b)

The necessary formulae are few and are revieved in the following sections
of this chapter.
b) Partial Derivatives:

Let z function of two indopendcat varioblesxand y. of z is given by

dz« ) ax + (53) ay

where the functions

Bw (35)A= (Ibe)

are the partial derivatives of gz, the subacript on the parenthesis
indicating that that varieble is held eonstant in the
with respect to x and y.

It is frequently necessary to change the
from x and y to tvo nev variablos u and v. Let x end y be known Pune-
tions of u and v so that

dx = (a), du + (2oy), av

Substituting in (Ibl) one

du + (SB) dvady (2)

[32) + ( ( aeOx

+ (2) Ox dvoy

from which one mey conclude that

GD, ~
GD, (Sp + (33)
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7.
II EQUATIONS OF STATE

@ a) Law of Force Betveen Atoms

Atoms sre kmovn to censist of a nucleus suPsounded by a
number of elssctrons. Tho nucleus contains almost 4tho entire mass
m of the atom and hes a positive chergp equel to, thovgh opposite
in sign from, that of Z electrons,where Z is. tho atomic aumbor of
the element whose atom Is considered. The is surrounded by
a cloud of Z electrons, so that the vhole ctom hes he not charge.
The study of the energy end of theso belongs to

effeat of one atom on another.atomic structure and we noea ide.

Because of the electrical neture cf atoms
polarized whon plesed in an

becous

20
(4
0o

a their positive charges boing s
the divection of the ficla reletive to thei» re
Now a dielectric sphere is alvoeys attracted Pe
lerge electric field ivvospective of the direction of
intensity E. Thus if one moleculo is slightly Leed u
attract othor molecuiee end cause thon to become algc.
These in turn vill tend to incveaso the polerigation of the ?
one. Thus because molecules aro pelarizable thoy each
other in such a wey a3 to ettract. This of Perce varices in-
versely as the seventh pover of the distance, is galled 2 Van

7

7Waals forces, and explains thé force between atous at ats-
tances.

As atoms get closr together, of the order of a mil-
limieron between avclei, their clestvon clouds interact in morse
complicated vays then electric 'as may est) in

oF
this range whereasan additional mich che

tvo argon atoms repel. At yet oleser distances there is 2
repulsion due to the interactions of the imner o?
in a repulsion. Pyro nitrogen atoms

or eventually of the muclcol therisclvos. i L 3 7

erally increases very rapidly with Gecercasing Cistanse. Mac poor
of all these interections is a vartetion of the force and potontiael
energy on internuclear Oiguise Tle, Thia

on angles as well as on but 4% is ter most
purposes.

7

"a 43figure does not live
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b)

The "molecular a

16 for atomic oxygen. A wess of substcnce

N @ M/m molecules

An amount of bance whose mess
lecular weight is called a "umole". lus the moos

Loschmidt's number end is

N/n = 6.023 x

This is e tromendous so
matter how far wo srodivice So ve mma

weigh it, it will cons
Many of the lows which ce
fact thet one is dealing whol em

of identical particles.
Consider then an

identical atoms in eau
position ofwill be so meny more
we shall neglect surface effocts.

The distanco of wil

possible value Let Vo bo the corresponding
dition of equal of neores
on the stitucture, and is celled

The
of the velonce and these cits
atoms. However, onc can
in which tho
pounds. These ave

Cintas 2
betvoen tyo ators stecng 5

atoms ara united so
third atea. Whe S
Van der Veals Downng

The State of Lowest Energy

10.
(II b)

and theve aro two units dn cumion use: tho



aas carbon may continue to bing
sheets, or solid valence
may be considered as a sins 3
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Q } Thermodynamic Variables
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@ SUBSTANCE FORMULA
:

COMPRESSIBILITY:

:

:

:

cm" cm" fmete /Newt. deg32

VALENCE

LOMONG 5

Graphite C 2.25
c,35

9
33 7 :

fT

2
Quartz 819, 2.55 Be,

METAL

Sodium Ne 97 24.7 ANS:

Aluminon 75
Potassium ABH 2.:

Tron Po we

Copper Cw 2.94 20ad :

Silver Ag 30.358 10,3 59
3.5%

Lead 28.35
7: ::

he
:

IONIC

+ ao &S

at cope

we Ws

ar :: :

ASLECULAR

foam ine
vt

: : ::

2
a wy

: :
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Zio). entend Gan be woll reproscnted vetions of the Poza
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given by a surfeco In which is
(Iidl), separated by stoneface for ice is

it should be pointed out thet

MAC O
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erysteliine foru of loe which san bo As Emrium,
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hand @ definite stetument be mode

an isothermal prezoss
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would, of ocurse, be unstable,
Chatolior enunciateod e
intcnsive yorieblo (conticioa} we

7

eg grea 33 eater
Yormules and willl bo





t

:2tfy ;

N

A

N

f1

1m
;

1

R

a

G

a
7

N

A

i
+

a

x
a

Ch,MOE
a

7
;

a f

@

"=

1

+

4 :a

1

TTSer a

ACX
2



el.
vheve vhase 2 is the wcuowetueo Onsite sts

it Pollows ispositive «f che

upwards to the left. Thua toe T courracty 3 ev o2d \

:86 V expands. When the ion Liss che
forthe gign of "rears dovn, this costes ccld xs.

la & complesoly "ov Buyer tag tseric
As She ce'

of hav cite UR

to the 2

ne le :

chee wt,THM can be etplstnsc oniy tno

AS the is gusto
long rarge order hos dis oored, end wild bo Celine' a 'quid.
Bot firet "long rango cider" est be defirod. cays. 1

ey absolute goose, tae pociviome of ary "neee &

ave given, this fixes ali the positions Glow mey
cecupy, in to orgor. %5

the is che roe
recount ef vibrations ube tee
vhe of
roe lete nelgnbovhooc oo? ef move vay of

about 12 meleevle. vo be ey Wah an
(EO, ETH cannes chereo vointive 1,

This eC
art in

Orcineriiy 3 hoa 3a7

ne the molecuics uve 3 4,:

fh COLE 8. LOSS in :

Lows whieh "o..
no 106 difver much in cw, +

with vnion they ceo fa Om
oaly che thesacd oa oF oP
AcPecses, she dstirition ts mo.
as simply anocher wod of 2 a

23 in tous oF long dar
Ccther sith the ese
aad yer Vi @ uteess Ls

in time, flow in the on of 6.-9 theveloroe
vieeos liquids, and tim ster, ecses

theve exishs a wilt,
gopomtensocusea: "he tearsd te (oe 7

teke place, This dea an for >

ewous Le VeLy Bee,
fORL SO WTS ave ome MO

thet ce a
"@htame poimns
a the a

€

Sho ™

:
: 8

2&
ty

:

considered erd Loving becr peagsee toc outs. Ly
free from deat, sauder + 3:

3° :

argt :
: wr pe

: 37 >
+

2



co/mBle
Vo

cc/méle

Metels
Na 24.2
Al 10.6
Fe 7.50
Ag 10.8
Sn 16.50
He 14.15

MELTING POINT DATA

eal/
deg.mole mols

1.70
2.73
1.97
2.19
3.40
2.48

Ienic
Necl 29.6
AgBr 30.4
NeOH 18.8
AgN0359.0

Molecular
A 24,2
H, 26.5
No 27.2
H,0 19.65
co, 28.8

Valence
c

510,

Ly

25.2 42
67 .6 26
96.5 27
69.4 26
68.0 39
15.5 27

1.88 §
eee

1.59 e o {

13.4
6.44 3.2

ban
kg.cal ke.cal

7

24.6 3711 0.63
11.0 932 2.55
8.12 1602 3.56

2.7011.3
16.97 505 1.72
14.65 238 .58

37.7 1074 7.22 6.72
33.6 fos} 2.18 3.10

590 1.60 2.73
583 6.45 De 75

28.1 83 .280 3.3 :

28.7 W .ees 2.0
2832.6 63

18.02 273 1.45 5.25 7.9
2] 7 1.99 637.9

3800 4C :

1980
Al 0 2320
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AQ,

At low values of P and V, hovever, the behnvior is g as a portionof the curve has a positive siope, indicating @ compressibility.if this part of the curve were reclisable the substance
when ths preasure is increeszed snd sontr is decreassd, an
obviously explosive situation, Fortinstely it nocd mot be realized, for
a given -pressure end temperature 1 this three solumes
and the substance may choose any cne of the threc, ov part may be in
one state for phase) and pert in onethor. in just a question of
what combination is most stable, vill, Past, never inelude
the unstable phase. It turns out trey tre cencensed phase is moro
stable at the higher pressures, the expandod phase at tho lowér pres~

ive2
a

7 1

4

Ttwe

4

sures, and that thoy are equsliy stable at the pressure P Tae
actual isotnerm is thon P ke scetion at

This is eoxactly the observed Pouavior condensation. P
is the vapor pressure and the 1 section reprocent $ @ ccom-

the question of
Tater thet ittination of liquid and vapor phases.

where to dravy the horizental line.
ee :

chould be drawn so that the two arees it and we

korisontel are equal when the P end V Linear {Pig
wot logerithwic. Van der therefor
cor densetion phencomens ang the Liquid ES VEIL eas the coperruve

WOOD +

We
1: go 79

cf real gases from tne ideal lavs.
The Condensation Curve:

Some irotherns vor Ce in figure{th6. The line joining the left Lend Eye the 1 portionscf the isotherms may be celled cho Ne as givos the
on ie ting,

1.5 the right hand Cues be t te.)tole curve may be c&llec bine ne 3

>» 1

che here. HL cides
corresponds to @ sutureted vapev, de 2 ts Liqiic, There

no simple equation Pov the
densities of agavuraled Liew"d

é

one cho

ALO7) it is found that oF
owo dansities ) the line obteined : wie.

L/v» + Vv, [%, ~ ) Lih6

this is called the Jaw of and listhias.
The point where tne bolting anc concenseticn curvas

4

is called the critical peta. Toc occur at Lota

bean observed, This unfortunately 42 33 us oo Liquids whose binding
46 wclecular as the criticel ol of

cetnt which will not be desertnea here, te say that
4

whose binding is by
tejonee or coulerb "ores3 ars 2d& the o The ticel
Ecints of some molectlar evogtances era in table Ifh5.
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Not only are the phenomena at the critical point similar,
and 7 hold with fsir accuracy for ell gases prsvidod the scales of
pressure, temperature, and volume sare chsuged go that the critical
point corresponds to tho same values. This is called the law of
corresponding states.

the entire curves which have been given for co in figures Ithz, 6,

As an example of gocuracy of this lau we have givenin Table Ith5 the volume of the Liquid far frau the critical point

is at ea definite fraction of the critical te 2 and if this
were done the constancy would be semewhat Whe accuracy of
the law of corresponding states is tion the accuracy of
Van der Waals! eauation.

is scen thet the LOand compared it to the crivicalis constant within 20 m be corres
should have been atfo

wy

6. The Critical Foint:
The botveen tus stable and those vith

an unstable portion occurs of is
This point, which is also the pede oF hishost rressure at whics
liquid and vapor can be is celled
The values of P, v, and Tf at the a points a number of goags
eva given in tedle Iifns. 6 is thet the : 7 4 tieal voluns ?

noe i 2

4

of isguid. The
» Ven Wacse' aregenerally close to

readily obtained by solving Iih5 fe
tasoretical values of tncose +

1Ih7

ant differentiating twice

eri" a2 Ting

2akt
5)

2

{V-nb 4

Equating IIh7 end zero, RAT is climinated to give
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whence

@ Vy Snb

T, 8a/27 Rb f IIh10

P a/2To" A
2

and there is a simple relation between these:

on TInil8
3

Tne value of this ratio 1a also shown in table > and it 28i

treat the actual veluc is definitely lorge. wnst predicted by
Van der This is evidence of the & Ven
der equation, but the situation 1a mot &@s tad
these particular numbers would indicate, of the pointNOG + of

therm may be changed a good deal by a very of theof inflection on the altiost horizonval sWG te. OM ui @ OF eal

curve.
Equettois IMG «ay

constants a, & from the critics he
2

are too many equations, but we heve ot : jon is
wreliable and we must use the lest tyvo

RT. a :

65

Pe

The subscript c hes been wscd to the Ven Gor a con-
stants determined in this vay frow those Oo: Do deterdinsd frais
low pressure measurements, but Zortunstely thes do net differ very
much, Velues of these constents are given in wee RALLY Tins. The

when & is large, anc this : true for molecules wit darge dipo

stant as Vol g

gine+

AOte7
3 :

bly because the molcculse or
ana battractions. wil

34 : aes ee by
be nos: hatuy a

ig fairly constant, bub nov as con-The quan: haWA dt
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(TiTe}

where A is approximately constant. The presence of V and Ain this
4 vary little and in the same direction. This is useful to
obtain values of 6 at low temperatures from measurements of Cy

formula does not alter much the proporticnsality of c end Pas V and

The specific heats of gases have a siniler tenreraturs Ca~
pendince although their CHaracveEri anic evo much lover and
at absolute zero they approach 3 degrco instead of zero. At

5, or 5 celertes6

normal temperatures c,, has approxinetely the value
per mole degree according to the gas is monstoute, die.homie
or polyatomic. The specific nest of @ sol d : 3 thevoi.vo a

at high temperatures.

re

smaller than that of its apor ape re busesee a than it

6) Heat end Work

It will presently be shoun that heet, like work, is crosgy in
transit. Heat differs from werk i no motion is nec-
materiel or between surfaces in contech or by
esserily involved. It ig t

:

space snd in no other way. Iu the process
heat transfers: from the hot body to the Riu id end From the Py: : io
the cold body. In flowing from the hot tc eo4d bocy the 1a
carries not heat but enthelpy es will tse seen,

Ge EES ETSY
1) Equivalence of Work and feat

In a series of classis
(1840), and others shoved that

fe (1798) oul: +

end heat were caulv-7

alent. In Jovle's first expasinent stir
water by felling welents, S rie] tae Logs of Pot of tha
weights compared to the temperature rise in tho WEEP. & similar ex-
periment was performed the less of : Im
conductor, In all ceses it ts found 8

: ves of
work produce the same effect as the transfer of L ef heet.

nt,:
:

2) Cyclic Process
It is, however, not mecessavy the 7 ws : be per

shown in Fig. (IIda&) 1% haa besn soap CLAS a : : of yorkirreversibly. If a substenss ves h : & : we eve fe AS:

appears or disappears in each cyc e. Expestuent shova thet an
equivalent amount of heat

:
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This and may , respectively, the hange in internal energy a: a
are not generally measured @x-

ard CS ig wuch easier to measure than Cy - Therefore the
with temperature. U and H

entnaloy H is calculate
the : energy deduced from (II%c8}, In fact the enthalpy is

in tne cooling-curve method of measuring specific heats. In
Chis Io &nod the substance te be studied is disposed so that t is mein-

first from measurements of Cy and
given

tained ab a conatent pressure P but loses (or gains) heat at a known
P evict we shell assume to be constant.

Q/at =r (IIe12)

This can be a donc, for example by heating through a resistance yire.
The temperature 3 then plotted sgeinst the time and the slope of the
eurve

OQ = ret

H= Ho + rt (IIIc14)
ve plot no the temperature we have imnedtately a lot of

the 2

Ono could siutiarly obtain a plot of the internel cnergy U
ae ono sould pevPorm th experiment at constant volume, but nis is

not possible.

{Iiic13)at
at

is inversely tc the speal
{Tlrs9} it isd

woeOst

and thorefore
+PIG JiTc:.

ie ey: :



5) a,
The heat absorbed in any process cen be :

Cy as follows:
aada

ag

Substit tine chi 3 in

ag
:

fe

V

:
:

ay :
:

Supstit ting
GP GY +

m

end usizg the cyclic ti: 2.
: :

Am
AT +

end ginilarly
rfGan (9 ye a

3
:

These cqvesivns : sive wae Op M

in any revergibie progoss, 4
> i

and give tha ft
Go Peck

tsothezral process.

6) sdievatics
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9) Throttling Process
The second simple

flowing through a pine

& s6écond pipe et pressure

::

[>at pressure P
through

Py. This differs from a "U4
free expansion becauss as

~

a

>

n moles so through the
nozzle an amount of work " ean L11 :

turn it doss FP, V, on the gas snead une net WO ts N= PAY,
P4Vy and i? there are no wat to the pipe Q : %, When

we

1

=:

€ m *The entialpy er
8

27 a

4 7ar tne :
7

+ a :
:

havizn 24 he :
4 ~

ut
E fa

et >

Tt out thet the 6 5: :
times tne erltical On
exvansion) and may be be

gases 13 besed entirely on ths

Ux> 4

:

10} Reversible Flow
For osLine,
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From (11Ic24) = Q

From (IIIc26) dU = Cy at (IIIa5)

Applying the condition for an exact 3 4 this cquaticn Lt is
seen that

ac ray)
( ~(Trdo )(sy) yp)

go that Cy can be @ function of m only. Integrating

ust, + J, Sy a
From (IIIc5) EQ a Cy at + Pav

Whence (IZI7)

and aH = Cy aT

The difference in the heat capacities 17.
from the term PdaV which represents t
is heated et constant pressure. ite
expand a gas isothermally.

att : Cor 7 :

4 : ww ASS:

3

From (IIIc16) Ag &T (Cc av[V+ Cy P/P)

so that along an adiabatic

AV/V + GP/P = 06

or y const. (iTa8)

3) Latent Heat
In the parts of a P-V diagpam where two phases are in equilib-

rium the isobars are also tsotherms and

Co Cy (xrTa9)
It is therefore impractical to use the @Q-cavations. cquation
(IIIc9) applied to an isstheim in regions gives

Gy
3
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From the definition of the enthalpy

Lyy = Uy - UL + P (Vo - v5) ({ITa1%)

The latent heat way therefore be considered es tyro povtas
an "internal" part which gocea inte VN the 4

:
: 7 of the

: :

substance and an 4:

pressure. This letter pert is quito smali unless the : + purse is
vapor.

As an exemple of the g way tare
water gt one atmosphere pressur: Then

:

At welting CO cal

rom G G te 160 G 4,

a 160

45 go inte

be remarhebly constent is: :

Bett Seat ths vobume of
@ccitreriig aC) =
close to Water
Gipole moment Laat

2
2

us
4

: itad, : : :

4

lew.
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@ Entropy
1) Ideal Gaa

It ts readily seon thet the sence is net
only exact that cen be fooned "out of the G
and oOW. Por tastance

i3 exact if we corsider only oroseanes.idsal gas it is es37 so sea
an:

fin?
e

Also e a.
: : : :

: :

WaL
Lete

h is caoie,. he i :
4: :

%

ta
e te
e

oy

r *:
: :

:

wr +

4: : a
:: : :

A 7 ~ ~

ae L

4 pne mE yy: : : :

: PIL srk + >
~ :

a6
t

3 : : : :

Lak 4
+tyes

:

t

: a
:: :

: :



This equeticn is net qus.c as Lee (hit as obo
used when P and T are well corinsd, tiat is ques!

@ Similarly one has

Bal

We heve secon "he of
prosaure gvadienes ao

7 dns . ly,
called the do, ta Ch
go thas heat Plows Mev 2 me
Game end ac 2

and the heat by op
38M6 GS
('TIe3) ts used.

Equations (IVe8&) evd (1Ve9) show the betveon entropy
creases with toncsrature end decreases
and volume, Entropy is like
volume in thet ia not

energy is conserved only

St
es

+ >

2) Second Law

Pov

Keavatlon (2ez)
mathematics tars is 3

fhot

ay,

wilh produc

gome, 1/f, foo 28. 2

thet nesative By do

this is not a FOS
and wy end



3) T-S Diagrams
From analogy it is cleer thet plots of tenpereture

entropy will have many propertics useful 30 those of P-V
diagrama. Thus from equation (IVa9) it is seen that
the heat absorbed ina reversible process AS is
given py the area under the curve AR. An
yersible process cannot be rovresenicd by @ Pt
curve ag the temperature is then uot ad

Also from {ITIb5 and (IiIb4) we have for
the heat capacity

Sy
op 3 x

T/C, is therefore the sleve of
constant x on @ T-S dicgram, just ez -7 ar
is the slope of the curve of consvant x cn BEG Val
a P-V

Adiabatic and
by vertical ami
scant T, P, V, end & are
that these disgrans are ont

:: : : : : :

+ an : : 3 4>:
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The second derivatives of this surface also have simple
@ meanings; ~

Peyote

where 8 ta

efficient of volume

But the pertisular te the

of a hemegenec s
syatem. The rurts of ecifferent pointer whose

energy u, ent.opy 8, ari

OVS COnBIGCLCT gogo. a fay

the combined specific energy is:

UW

Qn,
+

A

ar ~

of The sien ef
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FIG, IVb1

It is immediately clear thst the

oceur onty if the roturpn path ie et the u vee ay P= 9 fe
solute zero is unattainable it follows that:

The heat Q cannct be converted in BQ We :

panying amount of heat 24 azopping + vou wo 8

perature. {Kelvin no perpetual : A af the :

Reciprocally, if tho eyols dg
Girection as a refrigerating :

perature without the expend ef an
atatoment). The "eoefficient of
this case be greater than onc,

If the objective is to dsliver
peratures the use of a cyele hers
than the direct convorsion of work into heat,
ov in an 6lectrical resistor Qa ' This Doe A

proposals for the efficient heating of houses

ths horizontal line the Liquzd-ve por ea FY wt. FP

repidly enougn the gas might coneeivabiy be caveted
states and then expanded alony the stable Ls the vhoig eye e
is at the seme tempere tare it is represented by a en a
T-S diagram and 4

2 Qo. Tesverore the work ust be voro and the
shaded areas in the be equal, and this is : the con-
struction given previously in figuie 5

P

that is the heat absorbed not MG
unlegs Q, is zero, and frou figere (IVb1) it :

x *

Tho heat +7 eannor ba a Pye +

: : :

N

2
: Aw2

LeanNS : a: a :

A special example is the isothermal cycle
P diagram, figure 1ih5, The curved line is :

ahL4

>

as ARIS



9



3

2) Carnot, Cycle
Sadi Carnot (1824) proposed a simple cycle composed of two

isothermal and two adiabatic processes and which is
ed by @ rectangle on a T-S diagram no matter
what the working substance. Also as the heat; 7:
RQ»

is all absorbed at the same temperature T,
and, similarly, Qy is all reloased at

Ro T, (, - i

The heats Q and Q) are simply expressed in T,

adiabatics. Qterms of the entropies 38, and S, of the two
:

(Ivb3)
Q, Ty (3, - 3 )

- §We
G. iV

De * (IVb4)1
2

The efficiency of Carnot cycle cepen 3,

atance nor on the cntsopy differonce be theperatures between which it ogcratss and Or Wee4 :

isOne application of this, : : :

to use the efficiency of a Carnes wa : Low:

condense, while the Gernot cycle formu ic :: "nneetemperatures the ideal gas : pres 4

In actual practice otner can Van :: : :
:

law defines a temperature scaic, the of
which is independent of any choice of substance

3) Other Cycles
It is now pessible to compare the

eyeles one can sey that it is move efficient
then any other reversible cycle werking be-

: :

cycles. Lt vith other revers

tween tho same extremes of tenmpereturc RB

and T,. Any reversible cycle can be
up by adiabatic processes (Pig. in-
to eycles which Ore Very
Carnot cycles and whose efficiency

1

given by (1Vb4) but with values and Vya"ry

appropriate to the smell cycis.
:
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used as a motor to drive the cther as a rofrigerator. If they are
adjusted so the heats Q, are oqval they will violate the Kelvin
statement, or if the wotks Ware ecual tney violate the Cleusius
statement. Therefore Qn/Qy is the same for ell this class of en-

beceuse this is its value for an icealgines and is equal te
gas. Thus

§ (v8)
for all Reversible Carnot cycles, and therefore fcr ell revergible
cycles by the construction of figure IVbi. This is tho coudition
that

a aS (IVb9)

be ean exact differential. whieh therefore : the Kelvin
or Clauglua statements, An ivreveralblo ong meoG ag ef-
ficient and so, more gonerally

ater +
:

{tVbio)0

) Irreversible Processes

1) Mechenicel Irreversibility
tas~

+ Go) ated

Consider Joule's poddle wheel oxperiment é@es 4
ample ef mechanical irreversiMllity. is ne heat trans
this experiment go

:

Tho

LQ = 6
and au = ~ ty
Tae work -2&W goes into mass motion
of the water which, because tlre
are yanes in the vessel ta facilitate

tinually diminishing until it is of
molecular dimensions, whon it can be
referred to 28 thermmel motion. Part
of the kinetic may, however,
go Lnte potential "og of saparation
of the molecules. Traces it is op-
served that the vcnpervature

the process, breaks up inte
and areller vorteces ani these even-
tually become One
imagine the scale of the vorteces r\t >

rises
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TT.

so that the net change is
as = ds, + as, m Q (IVe2)2 7

12

Conduction always leads to a net in entropy. Ead we talkon the
heat from the hot body reversibly, that is alleving it tc operate
a Carnot cycle, we would have obtained an of work

T,-T
OW! =

2
end delivered to the cold body

aa
2

so that in this case
dS! as. + as? 0

Ly! = T, as {iVe4)

1

Rowe rer there is relation botveon the work te

obteined, but didn't, and the ontropy Ive?)
ve

the loss in ability to do work is alveys cqual te ths ineronse In
entropy times the love & temperature of tho system.

3) Internal IrreversibilityT

The simplest exanple of internsl or is ths

expansion of an ideal gas. In this case

aw FQ = au dt = 6

but from equation (IVa3) for the entrory of an ideal gas ve find that
there has been an increase

8S, -5, = aR én Vo/Vy (Te5)

The process could have been performed reversibly by an
isothermal expansion, getting an amoun of work

W' Fy PAV = aRT Fy GV/V = nRT tn V/V}22
1 1

and, of course, supplying &n equal amount of heat. gain, the work
which could have been obteined, but which has become unevailobis in
the process, is

t+ : :
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and the Gibbs function

Gx iH - TS (ive5)
ffhese last tuo have both been mes "Pee:
always better to use the ness of she Mien
A, and Gare called the The.

fa tnevevore
:

LC

2) First
From (IVd1) asd simple of (Ivd2), (IVAs),

(IVa4) one obtains the following equations Por the oxeet

aU = TAS - PAV

GA = - Sat
aG = ~ Sav + VdaP

From these differentials one readily 17 'xe yee 38
of the potentials, Theve ave simple ones of the trpe

de

:

GH = wrdP
da ?

ray

ce (FO
au

{
a

:

in waich each potential is vith
independent aviablss, those 2

: : : :

:a : :: : :

equation { IVa5) as the potential.
There 2re cight more in of

is "natural", such 28
+ :: : : : :

(<2)3
7)

Cs),sa
Ce Cah

and similarly
GY ;

(
€

J
4

:



81,

and there are eight others, such es (S$) in which both independent
variables are "unnatural",

There are 312 other first derivatives as each of the cightvariables, P, V, T, S, U, H, A, Gy may be with eespectto any of the seven others holding any of the six constant.This gives 8 x 7 x 5 = 336 first dovivatives. Hovever, they are not
independent and it can be shown that there ave +

between them, all obtainable by applying (Ib3) ar€ 7 roy A Leu of
these relations are of frequent use and will be derived below.

24
2

3. Eouations
From equations (IVé3) and {IVa5) we have immediately

A-Us (Sh)
and similarly from (Ivd4}) ana (Iva3)

P
( rau

These relations ave useful to compute U lmoving A, oo H knoviggg tyor vice versa, es they co not contain the entropy explicitely.

h, Mexwell's Relations
As the potentiels ave the utace of the 3their differentials must be exert. Jd. : aoplied the con-ditions for exactness to equations ( a3); obtaining

applicable to adiabatic processes:

7

ORE3

€( )
am oP OP(<=) Csi) (sq)te

Vda12):

and RW (<x) ak 3)

and two which apply to isothorael precesss

(want)
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SA,
(ive)

integrates readily in this case because dT = and neither P nor T
depend on V. The intesral is

az fy 1 )2

= 4av :

This is called che
been droppec in
tween two isotherms is the cane:
one tales a veleue oe
wives the shove of tHo line on
transformation.

:
: : :

SONS
:& Lé : ons

:: :

Sinilarly, from ani 39),t

Varyat : : :
7 >

Cpe pla

This is Kirchhosfis equation. Ib may Le : :oe

7.

2 1

y B

This isst is « diPferentisi Tow the
If the equations of suate ond CMT,
as well as the latent hent at : : :

2: : :

:
"a :

be vor the Levers 24,0, 0
in

3 : ionsAn,

1) Ideal Solid
We rayTred : :

is
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€5.

As the second derivatives a" and b" are generally small
will not depend greatly on the pressurc ,

p

The internal energy U is obtained immediately by subtracting
PV from (IVe6)

Ux H, - Vi, a'P + V {> + {2.ve9)P

\T= sereIt 18 neted that the internal Geinitielly decreases on isothermal conm-
of ecourgeoression. ork is done on

the solid during compressica, but so
much heat has to be teken avay te
maintsin the tembperstur

v ToOthet the interne] enerey actuo
decretr ses until the :

large enough for the squared tems
to be important.

Using (IVe38) tn the second PTd5 equation one obtains

as P(a" - B/e) ao - Oa

mich readily integrates 4.

5,2 5 po

(elo)
SAF Sy

- Vo ela' - pt P/2)

froeThe takes

AMA, (P) +

9 tm,
1

It 1s a characteristic cf this cote: ia aba te

it has a minimum at sero Leye 1

Slastic work done on the 30 + : :

7 tewe : >: :: :

+ es

rat : : :

A ia calleé enersy".
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Finally from (IVé24) we have for the difference in heat
sapacities

At loy temperatures where the s
the difference in heat is quate ne ten-

atant, the difference incresses Lireariy with one

Tre Third Lav
It is observed beth 6 anc

sclids tend towards zero et least proportionately to Fag
sero of tempersture 38 appronchcd. them

Mexuve 71's isothermal ves lions,

tropy at ensolute zero ney be
Third Lew of Thermodynamics

eryst.iline solids cin be
shertical evidence that cho
venisues et absolute
331 solids is seme es UR

3
n
baron

nd Was

The word above
signivicant, and this may be illustrateth eroperties of
'xeon studied. The beat of the

solid is in
up to 2g1°K at whien pempora cure

the enystels melt wth a latent heat of
1271 celiories per mole, This corresronds
to an Sneropy difference betyeen Bis

phan of the crystal by about 1.5
deg. The is ea super-

and undergoes a rapid but con-
tinuous change within a fev degrees of
286°K. Below this range it has the

seystal = 15.02 cal/fmole ces.

eizidity of a solid but hes remained
amorphous. There is no letent heat
in the chense, and below it the
spesivic hest of the amorphous
te much the same ag thay of the
of the specific heats by the tens
curve of ig, 2 tais on.
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end hence

Q

(3, - $.)901
- (sy

vhence

s, - 3., 4.56 calfucle aoe.

the entropy of the crystel is 3%
: Wey: gero it follows cne

3 2 at a :

the disordered of the.56 is: Ja :

olecules in the amorphous solid.

7 n equilibrium state.
song enough it will apontancously

entropy the resulting
neat in the change.

Yen der Waals! Ges

Ven der equation soivec Lm:

(use) x

3pom this we see that

The constant volume curves

from the first TAS equation one mos

on 2-T disge

PIG, [Ves
2G)4:

250
LILS onoponous solid is not, of COLES»

--TP ie oe7
2

&3: :
& :acereaize, ané as this irreve: b : fy : OG AC

"BAS

BRT
nb

(Se)oP nR

anda

UP

erential to &8
lines.

Applying the Pox en
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that is is a function of only. This is the basic fact from which
ve can start to derive thee Thermodynamic functicns of @ Van der

30 ts+ ge& if T is held constants

gas.
Substituting (IVel4) in the TdS equation

which integrates imncdiately to ;

V-nbav

a2 + mR fn (V-nb) +S, ( ive15)
>

acthing to the entropy: it is the eana rr 7 of qn Taso} pas
yolume is reduced by nh.
The Van der Waals! forces Lon ibute

Substituting (IVel4) im the energy equation gives 4
3

A2=
=

4

2
43

30 that 12.
ay

which integrates to

that a Van der Waals! gas alvays cools ine freon ovyension. Tae

2
4 U

30 that here it is only the attractive ORGGi ny:

the energy. Ina free
zonstant, it is evident :

Joule coefficient is > 1

won a2

The enthalpy is obtelned by adding PV to the interned
snercy and is

+ nREV
_

207a2HX Leap VY-no v
2 (te19)

a + PV - + U
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e~Selvin expexinent) theIn a throttling peocessstates have the same enthal but the
ea easily be seen from thie procssain an increase or decrease of tenperatursc. However it is readily seen
from (IVd19) that both enthalpy anc teugereture can ifGOONS ceils

BO }

6-7 ov}
Computing B from (IVel3) this eauetic: reduces to lp

(2-300/V}
o>

ne

end it mey be shown that if P or T :

equations the #88 cools on extang Norebid
As the rolume is alvavs much 1c:ne
a8 nearly independent of V, end &

equations (IVe21) one cbtains

:

a: Gy: :

:+ :

>
:

4

2 (1 N Pa
2 bee,

which defines the inversion curve on 4 2-9 disgvmm. Tho theothling
prcecess to obtain cooling and eventuel is widely used in
the Linde Process.

Finally from equation (IVd24}) it follows thet

p P r=



ka 3
:

:

:
:

:

:

:

:

:

:

:

:
4

4
:

4:

7

2

: :

:

:

:



Ye.

Ay
K-
+-

ad

i
a

om

?

W
w3

7
q

ouaye Cape

a

>

6 47

the frund at af
wh SS 4, a6 Oa.

ake
:

e 3rk Loar. IAG TO 009 "us oo ex-
adwah bi

Poand : VOR A
zwe ae be

3 2 ata 4

O : go93 to
ZOVG :

:
vt2: y

: : :

ts

Sram hor WAAL
ae

a

a



:

>

3

:
:

:



the devtation of observation frog this are geo large aa ta
make 1h of Little raiue,

5} Molting
The latent heats Lee of meiting nole at pres-

sure of 4 few solids is given tn the table. It is scen
thet they vary by féctors up to em. Herever the
melting & vary by equally srounts, and 19 che same direction,
sc that the entropy of melting

S, = 5, » ivse5)

varies rome Lt hea alread: besa sais that entropy
ts that sane id

Gn imerconse an 12 @ the

Pandomness, and caVore Tue be enous
tue seme.

ia aiso riven,

~

taule sheyvs Gg abs,
quires & govenrbh of 4

the of mole
hovéver, tie Liquid is veisr
to the sas.
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CMAPTOR

Entropy and Probabllity
(a) Microstates snd Macrostates
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It does not matter
etoms are indisting aaable And

put we can the

A "microstate™ is defined by giving the number of
perticles in & given cell Porit has no nerming to eak them co 2e
uy simple 58 row one corner

in it. The get ef numbers
Thus

99.
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give the 6sbhali noWe +

a3

Se2kn W

ke = 1.381 x 10-23 Joules/degree

L

1 2 3

2 3 h

3 4 5
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j 1 2 43 5 1 8 9
1 2 3 2 4 4 h 5
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Dividing the seme microstete into of @ eelis
one left over!) the folleving of a5 wece found &
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phase space, whose axes are x; J, 2; mvx?this hyperspace can then be roovesented
Parts 1 and 2 of this figure ceo
monencum projections, and 2 43 2
one coordinate tnd the coz

rive,» Project
: Yo.

Le

A 'ding:

tonaljections similar to this ong. A

the cube a in space
h Ky Vy, y

:
: rashypervolumeAx a :

:

& : 1

a

or
nFor te be in th :

ww tl7

simmitenecusly in the a

Tre kh hag he ar
ready Paniliar fron the
ecculegs, however, en cven 7

: : :

:
wrove shova is
the avscurscy with
a particle along any axis can he this s aed
by the relation

4:
:

h = 6.624 x eres sec. we

+ :The colls, which were sed ox >
7

aa:

Gefined ag ever be.
With this nov

section b cerrlos co a

sroups vhich eopocbont one

ay
corres cond $o the sano 45 GO

Phese space, Wren 3

3
: sOs

arc . + --

{ : 4.

The entropy is then
yey )

Tues Us 3
3

tisvlerly fuverco:
entrory. :
we must ay.

7

:

ta



109.

from spreading out all over momentim spece. Lestdes having a finite
® number of particies N the system hes a finite Chor U. Accordinglythere are constraints

N= 3H, (ve5)
and C= Tu. (e6)

where u, is the of & pavticla Im the aell 1,
we shalt consider only my CLD, so thet

sa rave/2 {Ve7)
nd the vesults tha2

The conditions 4 Mondeh are new

8)

9)= be}x {Vat

{e10)

the mothod
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(Via)
CHAPTER VI

Maxwell-Boltzmann Statistics
(a) Maxwell Distribution
1. The Distribution Function

a 4
Wr3) (vVr2) oneSubstituting for a and B from (VP5) M23

obtains for the number of varticles in the dyv_ av

N 3/2 - my four dav. av
Tne quantity in square brackets 18 celled the ton in volocity.In particular 1% ig a Maxwell she We 2en 3h now

and these are represented i a 2 em one 3 COTE" in
figure Viel. The vertical lincs at the bothon of t ls
molecules, each one in @ cell at the She
between the lines are empty cells. This is the of 4 an

between "microstate" je "mncrostate" (Val), anc al)
heme

va 8

There no numbers but zeros and ones, and geome whole
numbers, associated with Eb. The cells avs 2

the avevaze eceupation pumbers
1

as the step-function. be
Gwad Wes127:

aa >in practise the steps are much less coerse than ind
points of the stera rey new bo Ly wok wed 33

the
the groups and the steps to become and unaller until the zvep-
function approximates the smooth cuvve, this is mor
physically because of the discontinuous neture of the microstate. Tuese

1

steps in converting a microstate to a smocth function neve tueir exact

audio signal. ;

counter
signal

iz radio communicstic:rt pulse Prec:
ti ) hss to be in Ox G4

S E OIA
th

Expression (VIal) may be into sinilar fectors, cach one
containing only one component of velocity. het

f(v..) = feet2
nm

Then = N fiv,) av, vw} a av, (vi1a3)r )a N3

This means that the distribution tn
component of velocities of the RFK tad C 3. Consid Leu only the con-

of the

ponents Vy and V
one obtetus e above theplane (Pig? Vino

Aap Liv above Me

x y
e
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origin. Equation (VIa3) states that
the section of this surface by any
Plane perpendicular to Vye in fact
by any vertical plene at all; will

pressed by sayings that tne three -
components of the velocity are
independent. It is an exclusive
feature of the Mexvell distribution.

give a similar curve, This feature
of the Maxwell distribution is ex-

Fie. Vie2
Referring to teble Vf it is seen that

av =iA

Integrating (Via3) with Poa?2% te and v

an = N

This is the distribution in of velocity, and 4t
to be similar to the distribution in vector preci GLY t : : :
the components are independent.

Changing to polar cvordinutes one may write

tf beh
3/2 sin 8d 6 Gf dv xa 2 )

which is, of course, the same thing os (Viel). one new with
respect to 6 and snd obtain the disteibution in sie a

an = my far:2 2

This is also ae Maxvell distribution, altnough it is a different Puneticn
of the speed then (Vial) is of the velocity. MMs is because (Viel)
gives the number of veloulty vectors terminnting In small cube
dv, dv. dv. of the sauce size no matter located : i velocity SLAs
whdread (va7) gives the ~waanber in a spre eal gr 7 of

(VIa7) is plotted in Pigure (VIs%) end has @ neximu atthickness dv, asand the of this shel Gm

(vier)
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E12. Compare the formula for the rate of efflux of gas throu osmall hole with Torricellits formula for the flow of fluid through
a hole, using the same pressure and density for both cases, Ex,lein
why the formulae differ in the direction tnat they do.

wo

E13. Compute the maximum rate of evaporation of mercury at occ .
and at -20°C. At 0°C the vapor pressure of mercury is 185 x 10 mmof mercury and the latent heat is 80.5 cal/sn.

-5

0.2& SimpEl4, Tungsten at 2500°K will enit and the wore funetion2
is 4.5 volts. is the rapox essure of the electron zasevaporating from Tunzsten and wnat is the latent heat in calories+
per mole?

E15. 'The stratosphere extenés from 2 km to SO kmsurface and the aurora borealis has been observed in
up to altitudes of 5050 laa. Assuming the stmosrheze
temperature of -53°C caleulate the pressure cnd sheof nitrogen, oxygen, and hydrogen at these these
proporticns by volume of these elements in the otmospherve at sea

the Ww ?
:

3

hase
budc The

level are:
78 per cont N 21 per cent G Ol cont E

E16. The grevitational petential of 3 of muss m in the
the earth. Show that this formule to a t atmospheric
using the data of problem E15.

ao is the radius ofwherefield of the eart is mgR?/r
pressure at infinity, te the moce : x one t

E17. Find the mean forvard velocity; of tre which
through a small hole into a vacuum,
E18. Show that the averaze kinetic cnergy of the which eg-
cape through a hole is 2kT.
E19. Ina molecular beam experiment the souree is a tube at 4o0°K
containing hydrogen at e pressure p, = 0.15 min of mereuny. Tho tube
has @ slit 30 x .025 wm which opens on a highly evecratcd 4

which experiments on the boom cen rorfowed, Opposite
in size, and this opens cn 6 smel chawber in which the eapressure Py can be measured,

2

slit and 1 meter avay from it is t cs ts alse 70

a) What is the discharge vete of th > Source V4 :

centimeters per sscond and wmicrorvsu na VQ?
rb) At whet rate does hydroren reach the detector slit, in

micro-micro sus/see and in of molceulec/sec?
c) How weny molecules which avo golgg te roech the detector

ere in the spose between gouvec t Vetector mo any
:a} ie the a & :

So tneat the race of & rivel of+ 2
rate of





2
This is the most probable speecd, whereasis, of course, sero.
Substituting the energy

u av?/2

most probable reloci

Me

du < mv dv)

quantity dependingin eny wey on veloc the Pare
mula

As examples, the averags apeed is
cof

ave oe
45 a

and the averer? energy is

im Ene

m

which is the most

(ie9)

in (via7) the

~

(x?)
4(vz&and is shewn 7 :

+ Free a 34a ) Lied d

as the

7
Mate:

A 34 OV

at PRES Pes

PrasTae
hoving eny Th then to value

Kove very an fale}\oy PV
N

popemv2
5

ru 3
pee af aks

4

4{ t

x al

: 5
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These values are indicatedon figure VIe#. Note in rarticular now much
larger the average energy u is than the most probable ens ray u
Referring back to the elcnentary kinetic picture given in sestion IIg4we see that the formulae ore identicsl At the 83 speed assumedin IIg6 1s identified with the ome velocity, Yet we see how false
the postulates mode earlier were vhen we onserve, in > + VYiat, now
broad the distribution in speed really is.

a

Experimental Verification
There are tyo cirect method : i +obs: :

distribution of atoms. The Pirst Fives ro4 : :

consists of messuring the Et 'morn vaat
atoms cuit ligne of ds uso-
chromatic. These give tue syvectval dines. It :te e

* aise known thee
Raa the C a

light cbserved in rhe x ito Pec-
quency Gisplaced from the Gut By an

Avis
Hence the light observed wust be spread in :

of the atoms, and the of the Lent of must be pro-
portional co the rH ye of acoms
the intensity I of a single spectrum Lire,of high vesolution, as a function of we the :

shown below

> w
Nt7 :

boy
L

:

%
a

Suostitutin for 42 iould follow the: w

lay > : : :

iGI

ac that a plot oH a se a line. Ths
e.g that theonserved dopsrtuvcs

light is not strictly monochvemetc,
Bante PE Gve Go
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The second method uses @ roteting drum colector in @

molecular beam apparatus. beam of molecules cf soute metallic vepor
as

oven

such as Lisuuth or eadgmium. entersif the 4s they ue ve" whe @ 4

where theyform a deposit on « glass DT? bro Is eotoc ag

of the drum, tas Aedes.t vill be a
distribution (Viel8) approgriave to the partaclos in a beam,

4h, The Random Plow

As the molecules of & gaa @ro by no licens cane

Thig neler, ber second snd per unit ares, is ae
or vandom current deasityf".. The samo Che af wilt the mw "yee

in the wall smell so thet the tlew of posticles througn it does
not appreciably increase the the will
also Pa ve the number of particles 4 Prom the nole. is

:
J.

Hanee

:

may ask how mony crogs any arca A in The mou
ber is zero, but let us count s* fond :1

rary

:
of particles striking the well per scconc, op; a hole

ush

portant in the production of mol these produces:
maintaining a gas preasuve P in a chauher used as source, Tao source

/*
>

soures Getector
: tira >

iriso @ in h G Lesh NES



pumping, Molecules issuc from the source slit In :

those going in the desired direction poles
Various experiments can be On : is tion

D> 3: . ny
i'

ed by measuring the pressure in Cevce
To calculate the renédom how

and B in equation (Vil)

ax dy dz av, 6)on = \ aea:

Considering first only molecule
having s definite vector velocity v,
striking the area A in the time dt cous
from a cylindrical volumc whose bass is
A and axis v dt. (Fig. V0e5). Ite volumeis Avdt and this may be substituted

Nhu che

for dx dy dz in (Viel5)

ad N a ) 3/2 e we : d

: :

Solid angles can be Intreduced in &

formula by replacing dv avy av

@ dodo dv = 7 ach. CV

and also setting
fi= du2

A

NA 1 U cosG Chowdiaf ata N
:

This formula gives the number of
issuing from a hole as a function of their
enersy u and direction 8. It is readily
integrated over the energy to give

:

a AOE6 te208.
v

oy

19)NA ey
VN erm ave 44=

23
: :

: :

a
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Move

tained by multiplying the particle cuvvens by the moss m each
particle

o
do

e

We frequentiy vent the
Vee

For example, substituting the values at ome Une ond Boo
one finds s of 26.5 28, Gourse,
quite random fio, SUK

where A' is the svea of the "vera the
section of the effluent ctreem. A da h
of tne nole.

5. Evaporation
Formnla (Vie®l) my be apolicd to of

from & gurfece. Gons dev 'cc supfesc die. aits vaper, ate ab un has tae

condense on the liquid and eooaune Ine the jos 3-indisete a is often lese te In be
the gross rete of evaporation of the liquid be
of condensation, and therefcre be

p

where P and 9 are tus pressure and density or the equilibriumwith the liquid.
It is to mosume that tris is sei

below 2s the pace
cvernad pressure,

oy
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In the case of sclids we cen procsed somcyvnet further. 3ud-
stituting from (IVe37) in (IVe34)

4 Yin + an + $ an.3
2

theory of (V37) applies only to a menatomic gas

This can ve substituted in (VIe25) to give

This formula hes bean used, for we to obt the ef

now substituting from (Vai) Por I, + En af2

5

RY
2
2

Pm

where ( em)

VIa2
where

Tre
vaporization of tungsten, whose vt rb. Shae

but for which the rate of evapoBE :

portant applicetion of ecuation nes boon te

2 because of the tyo
about 1/2 so these two cancel, b ds sere the
electron is written eo

weight of tungsten > :
:

tion of electrons Pron a
: w condinterested in the elcetric

so the must be GQ thveugh by eft.3
weet mA atan : qin ou t 6G :

:

Phen
By

where

and @ ia of the order of 2 few volts.
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(bd) Boltzmann Distribution
i. Independence of Space and Velocity

If there is on externol force the totel u is partlypotential, o{z, vs 4)»
4

Substitutine iv
G

€

4
Lic y

There Oo Goce tater 7 iiafirst to be observed thet
factors, one aGpending on tne the other on
This means that the velocity 4adistribution is.Maxwelllon indepeCndcnily

katie ows1 in wo? tom ts
tes

la
nspetial distribution is ex-ef the pos tion and reciorocally the

Only the varaweter hrsat to
be the same in these distributions.

Intesratins over the Y

Masry 5 plas
We shall discuss +ww) applications of

we wed>

B G

or
a"

This is called 13 on x :
a> both position and velocity aus

: :
ay ural: 2fleld.

2, Uniform Gravitations
In this case @éane g (Wing }

Oa 20> of ai a : >La
integrating (VIb3)

N= ABN f 6 = /ing

30 that eT

and

where Wiis the veicht of the colar of at. civ) 2 Lae

the hottom,



Therefore

or

This lew sufficisntly woll represents
function of altitude so os to be es
In order to observe under

effect. moss by sasvonding
a

and therefore of
Accorédingiy the effective wos
these particles dees nev fall
a microscope, the pevoiclevertical displacement,

Cf course the ova
observed to have & repld

Returning to the

the distribution in hoveve
In fact it is a kind of spectrin
Eech molecule of vertical

kT,
"ap

VOLPE
reaching the top of its vey, end
height corresponds to the
pears here, for if the particles ave dows
move upwards, how is it that tac
high velocity in the firsts place each Une 7 BEL,
with height? The ansvor is tar.

to
gravity.

ph

titude. Obviously the is the
turbing feetures ave theIf the flow is adisbatic

oH 4

But from hydrostatics

whence an





or H/M + gz = const (VIb5)

The enthalpy decreases uniformly with altitude. For an ideal gas in
which

aH = Cy aT

it follows that

which, if an effective heat capacity Por moist ai of 10 eal (aol
degree is used, works out to 6.6°C ser kilometer vise.

molecules in & magnetic fleld. bs ment o
Molecule, then its potential energy

us - mB cos &, mos 4: (VibB)

T,

Peramagnetism
An applicetion of the Boltzmann Posie ope pondily: :

observed in the laboratory cf
175 ES

where 6 is the anzle between the voctors in ane a

ecs @ =
at

a°n = NG gt a yp

Integrating once gives
6h = 2r C" at

and integrating again

This determines the ene

Lf we wei. thecn
distribution in anslo irrospective :

ob>
a Sin 9 Gs aya N m3 sos 6/kT2

Let mB/KT x
(Ib10)

(Ib12)

(Tb12)

sink

+2

an si2
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Tr meager ic moment KM the comrmoaentshe : moments in the direction of the ield

q mcos dive. ~ dt

(VIEL }

This formule vas found by

ete is called Leggs

fer molecules of erall
m

ands BY Nywed

fr

The glope of the jis 1/3 se >
:

2Nm

4 :

Nme
4,

x

Thais devendence ov ye
Gurie' as separates

quire
aae

Whe of & Sg.

adding up the of tat a Lie field
WS :

Tone

g * eC 3 + wa
aa 34

:

TO PAG OF. om ld
:1 & ifae tec te

7
~ye {ue 'rae gdu te

mw
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Similarly the entropy is found by substituting (VIb14) in (Ved)
though there is some difficulty here as'Velt is
over cells and (VIbd14) is in differential form. et thecs

tten FS} surmation
shows that the summation can be vevplaced by an tion provided
x is not large, and gives

n
:

[3 ct:

= ON - N fn 2 x+ W
N

hi WORE

The first two do not dcponé on magnetic quombities and so cen be
incorporated in the constant, leaving

nhNE én

and 5, >

: romeThis formule fails for large : : : é
2 wugoes to minus intinity whereas it snows

The extension of the Tds 4 to *

found by differentiating (Vibe0}. cre en is is new:
iy chai: :

(Vib21)
so that

Tb22 )
whence

Tas

One of the ways of producing extuovely Jew tcupese tures,around 1/200 of a GOsrec e 4 16 througn the usa of the by of
DE ymNK : Fins tewy Wois in wil'. liquidfield le applied to sai: a +

helium. In thls srocess : label oT
Sherefore by ns the a

notizetion is : os
:
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represents an ordering of tae magnetic mouentu in tho of the
field and therefore a decrease in the randomess. Accordingly heat ia
given off in an amount

Q {VID24)

and causes the liquid helum to boil. cone thecircuits in producing the 2 within tie V is

2

Hey
3}

Hence
"Tae t

Uy W

which differsfrom (VIbI8) includin: of the 2
Tae:usp pow

constant provided ell changes ars
reduced siowly, and at constant
cheir random and, bern
elsewhere. Tho only disorder
the molecuies and thess

puted by (VIb27) came out

There renmins the of ng the value of
absolute tomsercture which has boon vy se
jong as Cuvie's lev (Vibi7} the oon he computed

OPN

4

the known cempcracure T * 3% and
the unknown teupersLures

ove
ané determine the

Ty
OFing

7
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After the second expe ciment

of heas Gd, by tne
absorption of

3 to or nGRUBle
THis ponsals bo

<

QMS .an be deterinsé ov a
ment

of

Che seme

+

:

ton
- Tee

Th >

iced ase
caag, bogauae th'a

7

scugiderine otestoe
TL then ca
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SPECIFIC HEATS OF GASES

Gas r°o Trans. Rot.

Monatomic Gases
He 18° 1.63 3.19 3
Ne 19° 1.642 3
A 0° 1.667 3.00 3
Kr 19° 1.689 2.87 3
Xe 19° 1.566 3.00 %

He 310° 1.655 3.00 3

Diatomic Gases
H, 16° 4.90 3 2

HCl 1.40 5.00 3 2

frietomic Gases
1.305 6,56 3 3 3

1.324} 6.18 3 z
Polyatomic Gases.

CH, 1.313 6.8 3 g 2
1.279 7.2 3 3 .6

CHCl, 1.219 9.0 3 3 1.5
CHCL, 1.154 13.0 3 %

C Cl, 1.130 15.4 3 3 4.7

@

:
2

1.407
33. 3

a20° 2.koo! 5.00
2

No ~161°
2

1.468 te 27 24

Cy 20° 1.399; 5.02
NO 31.394 5.08

1 223 &.002

2
co, 1.300
NO, 150°

2 3
1.352 6.45

2

5



SPECIPIC w SOLIDS

p

Coapounds

H,0 (ice)
C Cly

fonie Compounds
Ne CL
Zn 3
an 9
Ca Py
Ca CO.
WH, Ci

Metallic Gompounds

Valence Compounds
Iiamcnd

Quarts

20
20
20

a a 2

Soild Cal a

3:

:

5. €

6
= 182 :

:

Na 20 age
:

4 34

Al 20 :

ve 20 :

Cu 29
a2

eo :

Pb 26 0304 :
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43, \CT € KE
V ees berate 135.

-v=VXp (VIe6)
The external pressure is assumed to remain P. Tho net work done in
producing the compression -v is

2

and applying the equipartition theorer > Pe=

W (VIc7){*pav = f * 3 %= f 1

\c (aff
(Vic8)

or, as the relative change in aeons fe wes changein volume
Seas at

(& p/p = (vAv)® = (Ie9)

Fluctuations in density arg therefore greatest when

Za3 near the critical peint cecomes very hate ate andexpectlarge Pluctuations of domsity, These mretuce +

which is observed in gases near the critical

7 volumes of a
highly compressible substenco ore observed. The com vos

:

:

In the case of an ideal gas, mere = 1/P

(% N/a)" # (% p/p)* = kT/PV = L/N (ie10)
or

the mean squere fluctustion in the cf molsonlos in any volumeis equal to the number of molecules in thet volume,
has disappeared from this equation and ve : Th a peletion which itswell known in the theory of tho rendom of

fi :
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and the mean energy density is

(VIe17)
Eech standing wave can be decomposed into tvo travelling waves, one
going each vay, and the pover in cne of these waves is its energy
density multiplied bye, so thet

P, (Ic18)
This is the basic formula for the spectrum of Uetinsen nolso. Its
derivation is Nyquist's thooren.

At the end of the Line there is : 4
efficient P so that (1-r) : ig 2
Ag full kT AN v comes fret one cra of : :

be emitting (l-r) kT Av and as only :

emission must come from the reolavauces alec, :

both en ebsorption and sn emssion ond : sen
from theory. Ifa line of real oy a
pure resistance R

Ae ted3

(R+Z)°
(VIsl9)

and it is readily verified that 4f the Resa
line R Z. The edscrbed pover is then

RkTAv = i2
(R+Z)

kTA v

OR
>(R+Z)

The emission voltage is Pig.

Ve i,k

and he
(R+2Z) 2

The emissive powor of a re-
sistance is best pictured by imagining
a source of electromotive force
tained in it. As the emitted rover 3

24

kTAy2

Viel

Hence
(ie20)z + =4

2
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This formula was derived by Nyquist As it does net ecntain any
parameters of the line it vopresents an inherent pro)cety oF »-esistances,

Suppose, for instance, thet we are interested in = ies
from 12x LO
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NOTES 0:1 ELECTRONICS Wea :

Course 8.08 i

M.I.T. Soring Term, 1949 2
:

Chanter I, Introduction

This set of notes 1s written as an introduction to that
part of electronics which deals with the physical properties of

electrons, and to some extent with the physical properties of other
fundamental charged varticles. Thia branch of the broad fleld
of electronics 1s sometimes referred to as Physical Eleotronics.
We can define physical electronics as the science which deals
with the motion of electrons in electromagnetic fields; the in-
teraction of electrons with each other, with other charged parti-
cles, and with radiation; and the emission of free electrons from

matter, in narticular, from metals.
Matter is made up of molecules which in turn are made up

from the atoms of the chemical elements. All atoms consist of a

heavy vositively charged core, the nucleus, and a sufficient
number of electrons surrounding the nucleue to just annul the net

charge of the atom. An atom or a molecule may become ionized
(charred) by the gain or loss of one or more electrons. All funda-
mental varticles contain a charge which is numerically equal to

the charge on the electron, or to a small integral multinle of
this charge, and this charge may be both nositive and negative in
sign.

The position of the atom in the Periodic Table determines

the amount of positive carried by its nucleus; the number

of negatively charred electrons surrounding this nositive core is
then just equal to the atomic number of the atom. While the total
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charge carried by the external electrons is just equal and op-
posite to the charge of the nucleus, most of the mass of the
atom resides in the nucleus. The nucleus of the lightest atom,
hydrogen, which is called the proton, is 1837 times the mass of
the electron. The heaviest natural atom, Uranium, is some 238

times more massive than hydrogen. All nuclei are made up of.

protons and neutrons; the neutron being an uncharged particle
nearly equal in mass to the proton. Here the masses of all
nuclei are nearly integral multiples of the proton mass, or the

hydrogen atom mase.

When the atoms of a substance form a metallic golid gome

of the outermost electrons become detached from their atoms and
are then free to move about in the metal. These free electrons
are the carrters of electric current in metals, and it ts from
their number that thermionic and photoelectric electrons arise.

The particles with which we shall deal mostly are: (1)
the electron, (2) the proton, (3) the deuteron, which ig the
nucleus of heavy hydrogen, and containa one neutron and one proton,
(4) the a-particle which ig the nucleus of helium, ana (5) the

positive and negative ions of various atone and molecules.
All fundamental particles are characterized by four de-

finite properties, (1) mass, (2) charge, (3) inherent angular
momentum (spin), and (4) inherent magnetic moment. Any of the
last three quantities may be zero, but in general the values of
each must be specified to help in our undergtanding of the parti-
cle. Modern phyers has not progressed far enovgh to tell us much

about the size of these particles, but order of magnitude cal-
culationg can give upper and lower limits to the size.



These notee can be divided into the following general
sectione,

(1) Motion of Charged Particles in Electric and Magnetic
Fields.

(2) Relativistic Motion
(3) High Energy Charged Particle Accelerators.
(4) Space Charge Effects.
(5) Kinetic Theory of Gages.
(6) Elemente of Atomic Theory and Collision Processes

in Gases.
(7) Gaseous Diecharges.
(8) Fermi-Dirac Statistical Mechanics.
(9) Emission of Electrons from Metals.
The general reference text will be Millman and Seely,

"Electronics" and the material covered will be similar in content
to Millman and-Seely (M and S) Chapters I-X, XV, although the
order of the treatment will be different. Page references to
M. and S. will be given throughout these notes.

These notes will use rationalized m.k.s. unitg throughout,
except where otherwise specified, and will try to conform to the
most widely used notation of physical and electrical engineering
texts. Millman and Seely use the so-called practical system of
units and their notation departs from the norm to a congiderable
extent. Table I serves to compare the Millman and Seely notation
with that of these notes, but we can scarcely hope that this
table 1s complete. The student should feel responsible for the
conciliation of the two systems of unite and notation.



TABLE I
Principle Differences in Notation and Units Between Millmen and Seely and these Notes

Mi liman-Seely Notes
Quantity Symbol Unit Symbol Unit Conversion Factor
force f dyne F newton 2 newton =10° dynes

electric field E volt/m 2 volt/m=10° voit/cen

Potential E volt V volt
mass m gram m ge 2 kg = 10 grams

distance (various) cm (various) meter lm cn

Magnetic Induction 8B Gauss B weber/m= 1 weber/n = 10 gauss

volt/em

3

2.
10

2 4

18

no symbol joules
mnergy E electron-volts U,w joules 2 joule = 6.25 x 10 @.V.



Chapter II. Motion of Charged Particles,in ané Magnetic Fields
2,1 The Electrostatic Fleld

In order to formulate the laws of force between electro-
magnetic fields and charged particles we will begin with a summary
of the special case in which the fields do not vary with time.
The electric field, we know, arises from the presence of free
charges, which attract or repel each other according to Coulomb's
Lav

(2.1.1)F = + Qq
HITE

Here F is the force between the two charges measured in
newtons, q and q' are the respective charges measured in coulombs,
ris the separation measured in meters, and & 1s a constant of the
medium in which the charges are immersed, and for homogeneous iso-
tropic media € is a scalar quantity, In the rationalized m.k,s

sp208, or nearly empty space, in this course, €, will be used through-
out,

system of units € in empty space is equal to LO farads/meterL 9X

and is designated g, Since we will be only with empty

It is an experimental fact that charge consists of two
kinds, labelied positive and negative, and that no net charge is
ever created or destroyed, All matter is made up of both kinds of
charges, and one may separate negative charge from a neutral body,
but one will always leave the body with a positive charge equal
numerically to the negative charge removed, It 18 also an experi-
mental fact that like charges repel each cther and that unlike
charges attract each other, The symbol q for charge, then, implies
that an algebraic sign must be used when the symbol is to be re-
placed by a number, The positive sign in equation (2,1.1) in-
@icates that when q and q' are of like sign the force is positive,
tending to increase r, and when q and q' are of unlike sign the force
is negative, tending to decrease r,

The electric iatensity vecto E due to a single charge may
now be defined, Let us imagine a singie charge q isolated in space,
If we placed any other charge q' in this space we know q will exert
a force on q' no matter where in space we put q', We can think of



this nrocess as being due to an electric field . ue to q which

completely fills this snace, 4.e. a vector field since the force
ig always directed along the line joining q and q'. However,
since q' will also give rise to a field 1t is necessary for the
sake of definition thet be very small comnared to q so that
its effeot on the field is negligible. In symbols then, the
electric field due to a single nolnt charge is

(2.1.2)E L
ane r2

With this definition the force on any charred narticle
q in an electrostatic field is always,

F = Eq (2.1.3)

providing a does not disturb the charges giving rige to E,
The electric field due to an assemblage of charges is

the veotor sum of the fields of the individual charges. In
order to comoletely describe phenomena in material media it is
necessary to introduce another vector, namely, the electric dis-
placenent vector D which'is related to the electric intensity
vector by

(2.1.4)

As a direct consequence of (2.1.4) and Coulomb's Law,
with € renlacing €, we can formulate Gauss' Law, which states
that the flux of D over any closed surface is equal to the net

charge q contained in the volume of which the surface is a

boundary. In symbols

ff D*dS=4q (2.1.5)
cloged
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where the dot * gignifies that the component of D normal to the
surface 1s to be multiplied by the element of area dS before the

integration is performed. The sign convention states that D > aS
is positive if the component of D normal to the surface is di-
rected outwards.

2.2 The Electrostatic Potential
The electrostatic field is congervative and can, therefore,

be derived from a scalar potential function. That ig to say that
if only electric forces are acting the work done by these forces
on @ charged particle will serve to raise the kinetic energy of
the particle by the amount of the work done. More precisely we

say that the electric field vector ig the negative gradient of
the scalar potential, V,

E=- grad V (2.2.1)
in cartesian coordinates

ax
ov

5
ez

The necessary and sufficient cundition that a field be

conservative ig that the line integral of the field vector
around any cloged. path be zero, or,

« ag = 0 (2.2.2)

Physically this means that there is no net work done (per
unit charge) as we muve a charge around a closed path, which is
of course essential if energy is tv be congerved,

The potential itself 16 not uniquely determined, since it
arises from an integration of &, and mugt contain an arbitrary
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constant, However, we can define the difference of potential
between two points A and B as the negative of the work done per
unit charge in moving a charge from point A to point B, Hence,

E ds (2,2.3)
A

A

This integration is independent of the path taken from
A to B because of the condition (2.2.2), We may, if we wish,
80 choose the point A that may conveniently be set equal to
zero, This is equivalent to stating a boundary condition which
enables us to evaluate the arbitrary constant in (2.2.3), We may
use the following metnod to choose the point A, The field in
many problems can be expressed as,

A

EO
where n may have any finite value, it n 1s greater than 1 we
choose A at infinity, and if n ig less than 1 we choose A at zero.
For the special case where n is equal to 1 neither zero nor infinity
are good points, dut some finite point appropriate to the situation
must be chosen,

Since the potential 1s scalar function, most electrostatic
problems are more readily solved by computing the potential, rather
than by computing the three components of the fleld directly, After
the potential has been ascertained the field is readily obtained by
differentiation,

The potential due to a point charge, q, at a distance r
from the charge, 1s,

bre r (2.2.4)

where the potential at r=o has been set equal to sere,
The potential of &n assemblage of point charges is simply

the algebraic sum of the individual potential,
The electromotive force in en electric field is defined
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as the line integral of E, It is equal, therefore, to the work
done by E per unit charge, and s hence the negative of the
potential difference, The net e.m.f, around any closed path in
an electrostatic field is zero, equation (2.2.2), Where time
varying fields are present equatior. (2.2.2) does not hold as we

shall see later,
2.3 Poisson's Equation

If instead of considering the field due to point charges
we wish to evaluate the field or potential due to distributed
charges, 1t 1s convenient to restate Gauss' Law, equation (2.1.5),
in differential form,

Let us consider a small element of volume in space, dx dy dz,
tn which an electric charge density p exists, The charge density
f need not be a constant, but can vary from point to point; how-

ever, the total charge contained in any small volume dx dy dz is
justp multiplied by dx dy dz,

Dz (z +dz)

(x4dx, y+dy, z+az)

(%,y.z

1

o t

by ly+dy)wid

dy

4 Fig 2.1

Let us apply Gausas' Theorem to the small volume element tn
Fig, 2.1, Since a charge is contained inside the volume there
must be a non-zero integral of the normal component of D over the
bounding surface, Since the volume is very small, the surface in-
tegral of Q is evidently,[D, (y+dy) - D(y)] ax dz where dx dz is
the area normal to D and where we have used the sign convention
that an outward drawn normal leads to a positive surface integral.
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Similarly the surface integral over the dx dy surfaces ig
CD, (z + dz) = D,(z)) dx dy, and over the dy dz gurfaces is
(D(x + dx) - D (x)] dy dz. Combining and equating to the charge
enclosed, we have,

(D(x + dx) - D,(x) Jaydz + CD, (y + dy) =
Dy (y) adJaxaz + (D(z + dz)-

D (2) }axdy ax dy dz

dividing through by dx dy dz we have

+ +x xD (x + ax) D (x) D (y + dy) D (y) D(z + dz) D (2)
ax dy ag

Now the terms on the left hand gide of the above equation
aD ed

are by definition ox ; oy and respectively 1n the limit ag

ax, dy and dz approach zero. Hence,

x

aD,eD_ aD
+ +x

ox oy oz
Combining with Equation (2.1.4) this becomes

OE OE OE
ay

If now we use the three component equations of the set
(2.2.1), we have Poisson's equation,

* +ox oz

(2.3.2)ax oy az
For the special case where the charge density at the point

in question 1s zero, the reduced farm of (2.3.2) 18 called LePlace's
equation.

In many practical problems the geometry of the system has

cylindrical symmetry. For such caseg it 18 advantageous to make use
of oylindrical polar coordinates r, Q

and 2. We can express Poisson's
equation in terms of such coordinates by following much the same
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procedure as for cartesian coordinates, In Pig. 2.2 we have a set
of cylindrical polar coordinates shown in their relationship to x,
, 2 Coordinates and now our element of volume ig rd @ dr dz.

De (+ 49)

nda, P89,4 9)
e

Fig. 2.2x
Furthermore, the size of the volume elements, and the gize of four
of the surfaces which bound it, depend on the position of the volume

element, since one eide, rd@, is proportional to r. Since the volume
element depends on r alone of the coordinates, thig difference will
be important only for the surfaces perpendicular to r in the appli-~
Cation of Gauss' Theorem which then yields,

U(r + ar)D,(r + ar) ~ r (r)Jagaz + + ag) - Dp (#)) araz

+ CD, (2 + dz) - D,(z)] = prd@dr dz

from which it follows,
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O(rD.) . ab ap

and gince in cylindrical polar coordinates,

ov
Ey Oz

we have

r or 2 9@% Oz" Ey

r agor += az+11

av
or

= = f

(r ov) +or (2.3.3)3 2
+

211

2.4 The Motion of Charged Particles in Electrostatic Fieldg
(Millman and Seely: pp. 18-25, pp. 63-69, pp. 71-86]

2.4.1 Work and Energy
A charged particle of mass m and charge q suffere a force

of Eq in an electrostatic field. (We are tacitly assuming that the
charge q is not large enough to affect the distribution of charges
which give rise to the Field E.) By Newton's second law, we have,

(2.4.1)a(mv)at
If we wigh we can compute the work done on a particle in

moving through an electrostatic field of force. We take the scalar
product of each gide of equation 2.4.1 with ds, the element of

length along the path, and integrate from the initial point A to the
final point B.

+

(2.4.2)> >
at ds = f qE ° dea(mv) >

Aa A

The left hand side of the equation may be rewritten,
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providing the mass m is constant, as

av
at dg ds dv = mv dv

A A A

Upon tategration (2.4.2) benomea,

B2
2 qi ds1

2

which is, of course, an expression of the work-energy principle.
Rememoering the definition of potential, V, we obtain

B 2
+ q= Ev mv av, (2.4.3)212

2

which etateg the principle of congervation of electric and kinetic
energy. In almost all dynamic probiemg concerning forces which do
work on the particle, one of the first integrals of the differential
equations of motion is an expression of the conservation of energy.
This, cof course, excludes dissipative forces such ag friction.
Forces which do no work, euch as centripetal forces and magnetic
forces, can generally be handled independently by the correct choice
of coordinate systems, as we shall see.

2.4. The Electron Volt
Since all fundamental charged particles of physics, which

all particles to be dealt wth in thege notes, carry a

charge either numerically equal to or a gmall integral multiple of
the Gharge on the electron, 1t 16 convenient to define a new unit
of energy in terms of this charge. This energy unit ig called the
electron volt. and ig Gerined as the energy acquired by an electron
in falli through @ potential difference of one volt. We may write
equation (2.4.3)
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leu

+ mvg - O
h 2

mv, = e(V, - >

where we have set q = - e the electronic charge. This equation
states that the electron increages its kinetic energy by an amount

equal to its numerical charge times the increase in potential; an

electron tends to move to points of higher potential. For particles
of numerical charge + e the sign of the right hand gide ig reverged
since positive charges tend to move to pointe of lower potential.
In either case the particles are said to have gained 1 electron volt
(1 ev) of energy if the difference in potential ig 1 volt. To
change from joules to electron-volts we need only divide the number
of Joules by the electronic charge in coulombs in order to obtain
the number of electron volts, since,

change in kinetic energy = change in Potential knergy
or

change in kinetfe energyelectron charge change in potential itn volts

= energy change in e v.

If the particles are doubly or triply charged, that is if
they have charges equal numerically to two or three electronic charges,
then the energy change in ev ig numerically 2 or 3 times the potential
Charge in volts. It 1s customary, though not precise, to speak of
1400 volt electrons, or electrons of 1400 volts energy, meaning of
Sourse electrons of energy 1400 ev.

2.4.3 The Electrostatically Deflected Cathode Ray Tube

An intereeting apvlication of the motion of electrons
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(or charged particles) in electric fields ig met with in the

in Fig. 2.3. A cathode K emits electrons which are accelerated
Cathode Ray Tube. This tube in ite simplest form ig illustrated

along the axis of the tube by means of a potential vy applied to

K

UH
path

Fig. 2.3
an accelerating electrode A. We will assume that by means of a
suitable focussing system, not shown, that the electrons emerge from
A ln a well focussed, pencil-like bean. After leaving the anode
the electrons next enter a region of constant electric field whi ch

This congtantis at right angles to their direction of motion.
electric field can be approximated by applying a deflecting potential
Vp across two flat deflecting plates, shown here in section, whose

separation d is somewhat smaller than the length 4 of either plate.
The motion of the electrons in the region between the deflecting
plates is similar to the motion of a baseball thrown horizontally
in the earth's gravitational field. Since the electric field ig
uniform, the electrons will move in a parabola until they leave the



deflecting region, at which time they will be travelling at an angle
Q, to their original direction. After leaving the deflecting fiela
the electrons travel ina straight line, through field free space,
until they strike a fluorescent screen, and are thus observed at a
distance L from the center of the deflecting plates. We degire ta
calculate the deflection D on the screen.

Let us choose a coordinats system such that x ig meagured

vertically downwardz from the center of the deflecting region. The

16

electrcns aceuire a velocity v in vasaing from cathode to anode,
If they leave the cathode with negligibly low velocities, we have,
from ccnservation of energy,

mvxa " "A? or 2 Ve21
2

Qn entering the deflecting region at time t = a, the electrons are
subjected to a force in the y-direction equal to » Assuming that
the deflecting plates behave like a parallel plate condenser, large
in Tine'or dimensions compared to the plate separation, and neglecting
fringing of the field near the edges, we have,

and by Newton's second law

av
aat

or
e Vy

vy =. 4 t Yy =o when t

and

y = when t = 0D 2L e



\\4
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Since there ig no force in the x direction
= constant =x

x= xo when22

The time of flight t, through the deflecting region can be

found by setting x = hence te ox
The y deflection Yr during this time is then

Vv. 4

xo
The y Girected velocity at time te is

e Vp 2

2 t
2

9Yr
1 e
2 nm

yf xo
After leaving the deflecting region the electrons are traveling at
an angle 9 to the axis, given by,

2tan Oe
XO 3

The further deflection due to traveling a distance L - to the
sereen at this angle is just,

(L tan @.2
To this deflection we must add Vp to get the total deflection Du

y + (L tan2

2 m a+ (L )
21 e

22
Vg0 x xo

2D

from which,
e

xo
remembering Vy, = 2 Ys

L =D

2 8

(2.4.4)1 D

A2 a TD
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This result 1s somewhat startling in that the magnitude of
the deflection does not depend at all on the kind of charged parti-
cle. Of great practical importance is the fact that the deflection
is proportional to the deflecting voltage, and hence the electro-
static CRT ia a linear instrument. A little geometrical work

serves to show that all electrons seem to come from the central
point in the gpace between the deflecting plates, which is there-
fore referred to as the "virtual" cathode.

We have thus far neglected errorg due to the non-uniformity
of the field; in practice the plates are never large compared to

their separation; and to the fringing of the field at the edges
of the deflecting plates. The errors thug introduced can be cor-
rected for by modifying the geometrical factor Lé/d in equation
(2.4.4) a small amount; for small deflections the linearity of the

inetrument is preserved,
Cathode Ray Tubes have many and varied uses including

television screens, radar presentation screens, and a large
variety of uses as measuring instruments in the laboratory. The

most common use is ag the cathode ray oscilloscope.
In this tube a second pair of deflecting plates are introduced

along the axie, but rotated by 90° to the first pair in order tu

produce a deflection at right angles to that produced by the first
pair. If the separation of deflecting plate pairs is short com=

pared to the mean distance to the screen our formula (2.4.4) will
gtill hold approximately. We are now enabled to get a two-

dimensional picture of voltage or voltage and some of other suitable
variable.

A common use of such an instrument ig the measurement of
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A.C. voltage vs. time. Up tiil now we have agsumed that the
field is static. However, as far as the electron is

concerned we need only require that the voltage varies but little
during the time that one electron 1g in the deflecting field.
Thie means that the transit time of a particular electron must
be enort compared to the period of ogcillation of the electric
field or voltage. If we require that the transit time of the
electron be no greater than 1% of the period, then

=
t fxO & max

m A2

gay01
max

for = .Q02 meters, ve = 1,000 volts

fax = 9.4 me/seo.

Hence, the measurement of voltages varying at frequencies up to
cps puts no stringent conditions on the nt.
Such a measurement 1s carried out by .putting 'he voltage

to be observed on the vertically deflecting plates, a voltage
varying linearly with the time on the horizontally de lecting
plates. The horizontal deflection 1s proportional to the time
and the vertical deflection is proportional to the gi;;nal voltage.
The trace on the fluorescent screen then represents tiie signal vol-
tage as a function of time. We must, of course, repeit the linear
sweep at definite intervals and these intervals must be aynchro-
nized with the eignal voltage. This latter adjustmen is easily
made at the moderate frequencies we are considering hre.
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2.4.4 Motion of Charged Particles in Electric Fieldg Varying
Slowly with the Time.

If the electric field of force ie varying slowly with the
time we can handle dynamical problems by much the game methods
used for electrostatic fields. By slowly, we mean fields for
which the wavelength 4 ig long compared to the dimensions of the
space in which the field exists. Since A = this puts an upper
limit on the frequency of the electric field, where o ig the
velocity with which electromagnetic disturbances are propagated.
If this condition te not met the magnetic forces agsoctated with
the time varying electric field must be taken into consideration.

For example, consider a particle of charge q in the uni-
from (in space) field between two large condenger plates. We may
allow the field, E = , to vary with the time, but at a given in-
stance it is constant throughout the region in question. If

a

V= YG sin wt, Newton's second law requires

at (mv,) = q - gin wta
where x 1g the coordinate along the field direotion. If x = Q,

= 9 when t = 0, the first integral of this equation is,

x ma (1 = cost wt)1

and v
2 m (wt = gin wt) (2.4.5)ax

This result shows that no matter what the value of the
constants, wt will eventually predominate over sin wt, and the
particle will be cleared from the espace between the plates. It
ls easy to shew that there 18 one and only one value of the
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initial velocity which will enable the particle to oscillate

between the plates and not be swept out by the field.
2.5 The Magnetostatic Field

It 1s well known experimentally that there are forces

between moving electric eharges which are completely independent

of the electrostatic forces described in Section 2.1. Sinze

an electric current consists of an assemblage of moving charges,
it follows that there are similar forces between currents and

between currents and moving electric charges. These forces
are called magnetic and may be uniquely described if we intro-
duce a field vector, B. This vector B, the magnetic induction
vector, can be considered as arising from the currents, and we

ean describe the mutual forces between currents and moving

charges as interactions between the fieid B and these moving

charges or currents. This is simiiar to the electrostatic
case where the field E arises from charges (stationary) and the

electric force on another charge 1s considered as due to an

interaction between E and the charge in guestion.
The magnetic force on a moving charge scan then be

written as

(2.5.2)
where v is the velocity of the charge. The magnetic force on 2

XB

small circuit element ds is, by analogy,

{2.5.2)dF sida XB

When deaiing with material media it is necessary to
introduce another vector, the magnetic intensity H. This
vector 1s related to the magnetic induction by,



where x is the permeability of the medium. Por free space
which is our chief concern is designated by Bo and is
equal to uITx 10" nenries per meter.

Ampere's rule enables us to compute the magnetic
intensity due to a current element, and is

ids Xr
aH =

|r3| ;

where r is the vector drawn from the current element ids to the
point at which the field 1s to be evaluated. Another general
theorem applicable to the understanding of magnetic fields is
Ampere's circuitai law, which states,

$ H > ds =i (2.5.3)
or in words, the line integral of H around any closed path is
equal to the algebraic sum of the currents linked by the path.

If we compare eq. (2.5.3) with eq. (2.2.2) we see that
the condition for the establishment of a scaler magnetic potent-
ial is not fulfilled in general, and hence no magnetic potential
can be uniquely defined. That 1s to say the magnetic field is
not conservative. This does not imply that the general princi-
ple of conservation of energy 1s violated, but rather that mag -

netic forces do no work on moving charges. An inspection of
eq. (2.5.1) shows that the magnetic force is always at right
angles to the direction of motion, and hence no work is ever
done on moving charges by magnetic fields.

If, however, we restrict ourselves to paths of in-



which da mar Viak currents we can Ra" oj: ava ch

potential, 7 and this 1s often convenient for the seju-
tion of field problems. This potential is defined in a

manner to the electric potential, and strictly speaking, of
course it is the potential difference which is determined.

a

H= - grad Vy, (2.5.4)

It is also convenient in many problems to introduce
the concept of magnetic dipole or magnetic moment. A smali
circuit elememt for instance behaves like a dipole in a uniform

magnetic field, in that there is no net force, but there is a

net. torque tending to turn the circuit element. This torque is

TomxB (2.5.5)
where mis the dipoie moment and 1s equal to iA where A is the
area of the circuit element. This equation (2.5.5) assumes

that the fleia B dces not vary appreciably over the area of
the circuit element. The sense of the vector m is arbitrarily
taken. as the direction of advance of a right handed screw whose

perimeter is turned in the direstion of the positive current
flow.
2.6 Motion of Charged Particles in Magnetostatic Fields

[M. & S. pp. 31-40, 69-73]
Let us consider a particie of charge q moving in a

Magnetic field B. Eq. (2.5.1) telis us that a force will be

exerted on the particle whith is at once perpendicular to B and

to the velocity of the particie. If B is uniform and if the
particie is initially moving parallel to B there will be no

force whatsoever. If, however, the initial speed v of theparticie



at right angles to B then there will be a force numerically
equal to qVv>B which remains at right anglesto both B and the
velocity. This force is then centripetal in nature and does
not increase the speed of the particle. It can and does change
the direction of motion. Newton's second law for this case is
then

mv =4vB (2.5.6)2

or

(2.5.7)

The anguiar velocity for a given particie and mag-
netic field is thus constant. This fact is made use of in the
cyclotron, a Gevice for acceierating charged particles, as we

shali see later.
If the initial velocity has components both perpendicular

and parallel to the field B then the motion will be helical in
form. Let us assume that a charged particle is injected into a

region of uniform magnetic field with an initial velocity Vo
which makes an angie 9 with the magnetic induction vector B,
Then the initial velocity along the direction of the magnetic
field is V,cos and is unaffected by the field B. The velocity
at right angies to B ia initially Vosin 9 , and we may think of
this component of velocity interacting with the magnetic field
.80 that eq. (2.5.7) becomes

v sin 8
R

and the projection of the motton in a plane at right angles to
Bis circular; the net motion being helical.

This situation has an important practical application;



fase
a & Qeum

+ 4 fe we:
: :

:"hich emerge fram a cathode, or electron gun,
are not sharply focussed in a pencil-like beam, but are in a

slightly divergent beam of 4 angle @,- Let us assume that all
the electrons have the same speed Vo and that 0, 4s small, so
that, the component of velocity along the axis of the beam is,

cos 80 = Vo
and the component perpendicular to the axis is

v,sin 85

Here we are considering the extreme case of the
electron making the greatest angie, with the beam axis.
What follows will apply equally weil to the electrons which are
less divergent. These electrons will proceed down the tube
with equal drift velocities, Vo? regardless of the particular
value cf 6, but with different components of transverse velseity.
However, the angular velocity about the axis of the beam will
be the same for all electrons regardless of the value of QO,

i.e.,
6

r Bi
o

oO

eTr
Hence after a time (the period) equal to T= w ail

the electrons will be back on the axis of the beam, and this
point 1s a focal spot. The distance from the cathode to the
first focal spot 1s just the pitch of the helix, and is,

T = e/a B

If the electrons have acquired their veiocity by
falling through a potential cifferenze Va this expression be-
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Theoretically it is possible to have g@n infinite number

of such focai points, and indeed in some applications, the oeam

goes through many focal points before traversing the entire
length of the vacuum tube in question. The pitch of the helix,
which is the separation of the focal points, is inversely pro-
portional to B. If one wishes to limit the maximum sideways
deflection that any given electron can have, one would increase
B and hence decrease p, and for a given length of beam this pro-
cess will increase the number of focal points. One example of
the type of application is met with in the traveliing wave tube.
In this application it is necessary for a beam of electrons

@ 20 to 30 cm in length to be confined in a pencil] beam a few

miliimeters in diameter. Thus far only magnetic focussing
methods have been successfully used for this purpose. The

travelling wave tube is a very interesting example of the in-
teraction of electrons and high frequency waves, but its general
theory is beyond the scope of these notes.

Another application of the mction of electrons in
magnetic fields is the magnetically deflected cathode ray tube.
In Fig. 2.3, we can imagine that the electric defiecting plates
are removed, and that a uniform magnetic field B, perpendicular
to the plane of the paper, occupies the region of length& .

Then the electrons after entering the region occupied by the

magnetic field B will be deflected in the are of a circle.
Fig. 2.4 shows a simplified view of the situation.
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Fig. 2.4
By inspection,

- @sin @s

for small 0

sin 6 = 9 =tan 0

and for L p&
p= L tan 9

Vo
R* o7mp

LAB e
2 Va

The deflection is proportional to B which in turn is
proportional to the currents producing it, so this tube is a

linear instrument. It is not as widely used as the electrostatic
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Motion of Charged Particles in Combined and

Magnetic Fields. (M. Ss. Pe 40-8, 6, 37)
We are now in a position to discuss the motion of

particles when both electric and magnetic fields are present.
Por our immediate purposes we will assume that both E and B

are uniform in spate and constant in time. First, let us ex-
amine the case where the two fields are parallel. We can resolve
the velocity vector into two components, one parailel to the fieids
and one at right angies. The parallel component will be accelerate}
or decellerated by the electric field, but will not be influenced
by the magnetic field. The perpendicular component will remain-
constant in magnitude, sinse it will not react with E, but will
change continuously in direction under the influence of B. Hence,
the projection of the motion in a plane perpendicular to the
fields is a circie, and the entire path of the motion might be

described as a helix of variable pitch.
Let us next examine the case where E and B are at

right angles to one another as shown in Fig. 2.5

B





The equations of motion are

dv a

0

Let us adopt the abbreviations

we then have

dv.

w= 2B

ee = SE =Odv

if we differentiate the second of these equations and sub-
stitute from the first, we have

*Aran, =4
The solution of this equation is

Cy cos Wt + Cy sin Wt
y

where Cy and Co are arbitrary constants. Ip we now assume that
initially vy = v, > = 0, then C, 20, and

y Co Sin Wt

differentiating

= 24°08 wt

initially am -@ and hence C, = re and,

Wy = 2. Aon WE (2.7.2)

av

w ( -CuA wt)





if the particie is at the origin at

Ny
> (1- wt) (2.7.2)

a

G An wtwr,

The expression for x and y above are the parametric
equations of a cycloid. The path of the motion is sketchediin
Fig. 2.5 for a positive particle.

and vif are not zero is left to the problems.which Vy» vy

The solution of the case in



Now iet us examine tne case where F and B make an

arbitrary angle @ with each other as in Fig. 2.6.
2

>

+ > Esin®

The differential equations of motion are;

av 2 Ba.dt

(2.7.3)

ANG

The equations for the x and y coordinates are

prectsely the same as those at the top of page 29 with the

exception that E sin @ has been substituted for E. There-

fore if we make the same substitution in eqs. (2.7.1) and
sin®,

(2.7.2), remembering that a now equals q/m E, we have theA
solutions of the first two of eqs. (2.7.3) 1f the initial
x and y velocities are zero. The solution of the final
equation of (2.7.3) 1s just the usual expression for acceler-
ation in a uniform field. Hence, the projection of the motion

in the plane x and y 1s cycloidal, and the motion parallel
to the z-axis is that of uniform acceleration. This resuit
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4s evidently true for any finite value of 9, however small.

2.8 The Measurement of
In all of the equations concerning motion of charged

particles in electric and magnetic fields, which we have. so

far considered, the ratio of charge to mass has always occurred,
but never the charge or mass alone. The ratios q/m for various
fundamental particles make up one of the great sets of experi-
mental knowledge in physics. These data, combined with the
measurement of the electronic chargecand the further knowledge
that all other charges are equal to or are small integral
multiples of the electronic charge, have been the most exact
source of our knowledge of the mass of fundamental particles,
atoms, and molecules. Not only was the rirst discovery of
the existence of isotopes of the atomic elements made by such

means, but also the whole science of "mass spectroscopy" has
been built up through tne measurement of the ratio of charge
to mass.

The first measurements of q/m were made by J. J.
Thomson about 1900, and led to his discovery of the isotopic
constitution of the elements. In Thomson's apparatus paraliel
electric and magnetic fields were set up in the same region
in space, and electrons or positive ions which had previously
fallen through a potential difference were injected into this
region at right angles to the fields. This is just as though
a CRT were equipped with a set of electrostatic deflecting
plates and a set of magnetic deflecting coils. The deflection
produced by the electric field will be at right angles to the
deflection produced by the magnetic coils (since the fields
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ei and we may use ees

kinds of cathode ray tubes.

Calling the deflection on the screen prodguced by

the elestric field, y, and by the magnetic fleid, x, we

7

have

Le
]2LA

4
-

a

and

x L&B e Va

Now we can find the curve on the screen due to 2

particular kind of particle by eliminating Ve between the

two equations above. Squaring the second,

Va
x

2Bghn2

and dividing this into the first equation we have,

Vp
L aB q/mx4

Hence, all particles of the same q/m wiil lie on

a parabola on the screen; different points on the parabola
corresponding to different values of Va- The initial slope
of the parabola will be proportionai to the mass; hence the

parabolas of the heavler particles wiil lie closer to the y

axis, i.e., the direction of the fields. Fig. 2.7 shows the

case for positive and negative ions. The parabolas above and

to the right of the axes are due to positive particies; the
curves below and to the left are due to negative particles.



Fig. 2.7

due to electrons on this scale figure would practi-
caliy soincide with the negative x-axis.

The above method is historicaily important, and
while it separates out particles of the same q/m, but with
different initial veiocities, it lacks precision and sensi
vity. The first really precise method is due to Aston (abcut

a

) and uses a combination of electric and magnetic fields
to refocus ali ions of the same q/m regardless of their 1n7'13°

Perhaps the most precise method now in use is due
to and consists of a "velocity selector" to sort
out ail lons except those of the particular velocity desired,
and then a magnetic fleld is used to sort oot those fons of

_

particular g/m. Pig. 2.8 illustrates this process.
The velocity selector consista of two narrow siits

of width w and separation s between which there are perpendicuia-

tes.

electric and magnetic fields as shown. In the absence of the
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Pig. 2.8
fields ions of any veliocity sould pass through the slits

their direction 1s correct. With the fields present only
sons of welotvity can pass through the slits. {Refer
to the equations at the top of p. 29, setting the net y-force
equal to zero). These tons will then register on the photo-

plate at a distance, 2R from the exizt
We then have

gim 8,

G pe
™ "28,

~
VBE,vince tne, where nis an integer, we have

ZE
and the masa is proportional to the distance from the exist
elit.
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Just as we ilscovered in Section 2.2, we

: Peissor's equation in cylindritai coordinates: . we
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> Fig. 2 9 the position P of a point may be specified by

coordinates r,@, Z. In terms thes«

% and knowlnp F he determined ne for a singie : 0?:

:

:

: Wane

we



;

Ww

Pig. 2.9
"he position vector Ris given by

:

:

R {2.10 1

where {,, i and 1, are unit vectors in the direction
{

incseasing, @ increasing, and z increasing, respective'.
uy speeify these unit vectors in terms of the eartes
vectors 1, Jj, k. Obviously,tars}

1 k (2.10.2)

and from Fig. 2.9b

sing (2.10.3)
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Fig. 10

The second of these equations can ce

mye de}

integrating and remembering v p~
4:

T
:

This can be substituted into the first sur
4 a equations and an integral can be obtained
ing E: E(r > however, we can write down the

for by 1, conservation of energy and accomplish the same 3

a Yor.

where we have taken V(r,)
Jsing the expression for SO » we have,dt

a (4) I = aye

>
: :

Now in the passage of an electron from cathode, ve

anode, Yo, there wili be a competition between the

accelerating electric field and the magnetic fieid which
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