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DAT E 

FEB. 1966 GE-600 SERIES 

TECHNICAL IN FORMATION BULLETIN 
NO. 
600-B2 

... S,ECT: 

Co e E-600 Se e ORTRAN IV th L b a 1 

REF'. T1B600-66 
CPB-l0B) 

This Technical Information Bulletin replaces TIB 600-66 and provides changes that 
affect four of the FORTRAN tv Math Library programs . Corrections should be made by 
pen and ink insertions to the existing pages of the manual. These changes will be 
incorporated 1n any future revised editions of the subject manual . 

Instructions for making corrections: 

Program 

CD600D2.001 

CD600D2.002 

iv In the lrd line, 1st word, change XPI to read: 
FXPl 

v In the 7th, 8th, and 9th lines, 1st words, change 
XPl, XP2. and XP3 to read : FXPI. FXP2, and FXPJ. 
respectively. 

1 In the pro~ram title heading, 1st word, change XPI 
to read: FXPI 

paragraph III, item I , change .XP1. to read: .FXP1 . 
item 2, change XPl to read FXPl 

2 In the circle at the upper left-hand part of the 
page, change .XPI. to read: .FXPI. 

1 In the program title heading, 1st word, change 
XP2 to read: FXP2 

paragraph II, item I , change XPI to read: FXPI 
item 4, 1st line change .XP2. to 

read: • FXP2. 
item 4, 2nd line, change .DXPI. to 

read: • FDXP1. 

paragraph Ill, item 1, 1st line change .XP2. to 
read: • FXP2. 

item 1, 2nd line change .DXP1. to 
read: • FDXPl. 

item 2, change XP2 to read FXP2 / 
2 Find the two circles at the upper left-hand part of 

the page. 
In the circle with .XP2., change to read : .FXP2. 
In the circle with .DXP1., change to read: .FDXPI. 
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600-82 T.1.8. NO:_==~ __ 

Program 

CD600D2. 003 

CD600D2 . 004 

CD600D2.005 

CD600D4.001 

1 

SH_2_ of SH_2 __ 

In the program title heading, 1st word, change XP3 
to read : FXP3 

paragraph III, item 1, change .XP3 . to read : .FXP3. 
item 2, change XP3 to read: FXPZ 

2 In the circle at the upper left-hand part of the page, 
change .XP3. to read : • FXP3. 

1 

2 

1 

2 

1 

In paragraph III, i tem I , change . CXPI. to read: .FCXPI . 
IIJ ,r"" ,1 .:It' " j, C/" XP2 I I I XP. 
In the circle at the upper left-hand part of the page, 
change . CXPI. to read : • FCXPI. 

In paragraph III, item I , change . DXP2. to read : . FDXP2. 
I. y. ~.. • ~ I ,W ' I C/·/ ( 'f-.:., I ," r I .:.. 

In the circle at the upper left-hand part of the page, 
change .DXPl. to read : .FDXP2. 

In paragraph III item I, line 1, change .CFMP . 
to read : • FCFMP. 

item I, line 2, change .CFDP. to read: • FCFDP. 

3 In the circle at the upper left-hand part of the page. 
change .CFOP. to read: .FCFOP. 

In the circle at the upper right-hand part of the page, 
change .CFMP. to read: • FCFMP . 
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GENERAL. ELECTRIC 
DATE 

GE-!600 SERIES Jan. 1966 

ISUBJECTI 

r 

NO. 
COMPUTER DEPARTMENT TECHNICAL INFORMATION BULLETIN 600-66 

REF'. 

Corrections to GE-600 Series FORTRAN IV Math Library SS I CPB-1083 . 
/"ucd0~t 

This Technical Information Bulletin provides changes that 
affect four of the FORTRAN IV Math Library programs. Corrections 
should be made by pen and ink insertions to the existing pages of 
the manual. These changes wi ll be incorporated in any future 
revised editions of the subject manual. 

Instructions for making corrections: 

Program 

.- :""'~A,-"",q ;--..'1) • . 

CD60~OOl 

D;0 

CD600D2.002 

Page 

,... iii 

v 

1 

2 

1 

2 

In the 3rd line, 1st word , change XPI to read: 
FXPl 

In the 7th, 8th, and 9th lines, 1st words, change 
XPl, XP2, and XP3 to read: FXPl, FXP2, and FXP3, 
respective l y. 

In the program title heading, 1st word, change 
XPl to read: FXPl 
paragraph III, item 1, change .XP1. to read : .FXP1. 

item 2, change XPl to read FXPl 

In the circle at the upper left-hand part of the 
page, change .XP1. to read: .FXP1. 

In the program title heading, 1st word, change 
XP2 to read: FXP2 

paragraph II, item 1, change XPl to read: FXP1 
item 4, 1st line change .XP2. to 

read: . FXP2 . 
item 4, 2nd line, change .DXP1.to 

read: . FDXPl. 
paragraph III, item 1 , 1st line change .XP2. to 

read: . FXP2. 
item 1, 2nd line change .DXP1. to 
L read: • FDXPl. 

~a..-...:2. ) c /u: ..... ~c X P2 t.;- rxpz-
Find the two c rc es at the upper left-hand part 
of the page. 

In the circle with .XP2., change to read: 
. FXP2. 

In the circle with .DXP1., change to read: 
• FDXPl. 



T.1. B. NO: _-,,6~O~O:c-6'-'6'----_ 

Program 

CD600D2.003 1 

2 

CD600D2.004 ./{ 

2 

( 1 
CD600D2.00S) 1 

2 

CD600D4.001 1 

SH_2_ of SH~ 

In the program title heading, 1st word, change 
XP3 to read: FXP3 

paragraph III, item 1, change .XP3. to read: 
• FXP3. 

item 2, change XP3 to read: FXP2 

In the circle at the upper left-hand part of the 
page, change .XP3. to read: . FXPJ. 

",,-- --......-~r_ ,,'" ---,.-~,------
~{L/\-'- 'l,'~"' ..'--'- ,(,<..1',.- 1. , '-' ..... , 1- YP2 ~ .-;<, . 
In paragraph III, item 1, change .eXpl. to read: 
. FCXPl. 

In the circle at the upper left-hand part of the 
page, change .CXP1 . to read : . FCXP1. 
'"P~-}-,"""- e.l· u. , LU- ,., J, Ck i.-:; 'f.. p.'-, fc 17";<'P 3 
In paragraph III, item 1, change . DXP2 . to read: 
.FDXP2. 

In the circle at the upper left-hand part of the 
page, change .DXP2. to read: .FDXP2. 

In paragraph III item 1, line 1, change . CFMP. 
to read: . FCFMP. 

item 1 , line 2, change • CFDP. to read: • FCFDI' 

3 In the circle at the upper left-hand part of the 
page, change . CFDP. to read: . FCFDP. 

In the circle at the upper right-hand part of the 
page, change .CFMP. to read: . FCFMP. 
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PREFACE 

The FORTRAN IV Math Routines described in this manual are part of an integrated programming 
system available for the Compatibles/600. The numbers assigned to the wrUeups are the same 
as those assigned to the actual programs which they explain. The numbering system is des­
cribed on the following page . 

As is true of all programs for the GE - 600 Series, The FORTRAN IV Math Library Routines 
are upward compatible . Any program described in this manual can be executed by any central 
processor in the GE- 600 Series of computer systems. 

The FORTRAN IV Math Library Manual is distriooted in loose leaf form to facilitate the in­
corporation of additions and changes . As soon as new programs are completed, corresponding 
writeups will be made available to users . When changes become necessary, change pages will 
be distributed . Revised pages will be identified by the date at the top of the page, and revisions 
within pages will be identified by a bar in the margin beside the sentence or sentences Changed. 

iii 
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NUMBERING SYSTEM 

The FORTRAN IV Math Routines included in this publication are each assigned a number in 
accordance with a numbering system used for all 600-Series programming r outines. For example, 

1 -pr=- Exponential- -Integer Base and Exponent is assigned the number CD600D2.001, This 
number is described to illustrate the numbering system. 

CD600D2 001 The last three digits, which always follow a decimal point, make a sequential 
'T listing of the routines in the order they are made available to the Program 
'--- Library. The sequence is within the classification of the number and letter 

to the left of the deCimal point. 

The digit before the decimal point makes a grouping of routine types within 
'----- the alphabetic classification described in the following paragraph. The Math 

Routines are classified in eight categories: 

1. Programmed Arithmetic 
2. Elementary Functions 
3. Statistical Routines 
4. Operations on Matrices, Vectors and Simultaneous Equations 
5. Polynomial and Special Functions 
6. Curve Fitting and Other Approximations 
7. Operations Research 
8, Numerical Integration and Differentiation and Solutions of Differential 

Equations 

L.. ___ The alphabetic letter in the center of the number classifies the routines according 
to the following list: 

A, Diagnostic Routines 
B, Service Routines 
C. Internal Data Manipulation 
D, Math Routines 
E. Input/Output Routines 
F , Assembly Systems 
G, Generators 
H, Compilers/Translators 
I, Simulators 
J. Service Systems 
K. Special Systems 

L.. ______ The 600 means that the programs are programmed for use on the GE- 600 
Series Computer Systems, 

L.. _______ The CD means that the program was originated by the General Electric 
Computer Department. 

iv 
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FDMD--Double-Precision Modulus 

FDXP--Double -precision Exponential 

FDSQ--Double-precision Square Root 
r I 
FDSC--DoubJe-Precision Sine and Cosine 

FDAT--Double-Precision Arctangent 

" 

FDLG--Doubie-Precision Logarithm 
Frr.:v - -:: ' .1 5l ~ .] 

F XPI--Exponential- -Integer Base and Exponent 

1-

f XP2--Exponential- - Floating- Point Base , Integer Exponent 

t:::XP3- - Exponential--Real Base and Exponent 

FDXI--Exponential- - Complex Base , Integer Exponent 

At- I - F " 
\.< L( I ,w 7 ~~ - 'FDX2--Exponential- - Double-Precision Base and Exponent 

n;>/lJ ("'v"' __ IC,-?li---. 

) I , 

, 7( cl! . V , ~ 

" 

, 
TAtJC7 -o....../:cA:: /f I 
SI y 1 A. ",,1. ,)/ FXPF--Real Natural Exponential 07 6 V0 ~ 

J '1 /""'" ... . " p.'!.::a;, ! f l 

',.. It "" . J 
/1 ' ... 

' . 

FLOG--Real Logarithm 

FATN--Real Arctangent 
r _l rJ 
FSCN--Real Sine and CoSine 

FTNH--Real Hyperbolic Tangent 

SQR., - -Real Squal~tt. Root 
Lliz/!rJ ~_ \~.My~_~kA- [ I- · .......... ' t re­
FCAS--Complex Mulliplication and Division ,--
FCAB--Complex Absolute Value 

( 
FCXP--Complex Exponential 

FCLG-- Complex Logarithm 

FCSQ--Complex Square Root ," 
FCSC--Complex Sine and Cosine 

---~ m 1 tJ J \" ,,;Xv·..'{ .1.'J...(;·rJ -' 

,-

7 , 

-' 

'I • f . ( 

J"- v 

k 7MI 
6.3 , ()1J / 

C2 , Or;'i 
l ' r. ' I ::.'.~~ 

C0600 BREI) Program No. 

01. 001 

01. 002 

01. 003 ~ 

01. 004 

01. 005 v 

01.006 
DI , 

02,.001 

02.002 

02.003 

02.004 

~D fo 
02.00~/ Oi ·. ~o 7 

03000 II I . OOY .. , LVl. 00 1 
D3 . 002 

03.003 

03.004 

03.005 

D3.006 
j) ~ . ()1J f 
04.001 

04.002 , 

04.003 

04.004 ? , 

D4. . 005 iJ 

04.006 Jl , t) I 
pd'''7 

- ' 

:? z -
J?2 
, '1C-

' L " 
<:" .) 20 

Q.I~ 

I · '"' 
IJ 

I ~ 
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FDMD··DDUBlE·PRECISIDN MODULUS 

I. PURPOSE 

To compute A '" X (mod Y) for DMOD(X,y) in an expression . 

II. METHOD 

1 . U Y '" 0, then A = X. Otherwise, compute 

2. 

3. 

z '" the greatest integer ~ ~ and give 

Z the same s ign as that of 1:;;.. Then A = X - Y • z. 
y 

A, X. and Yare double- precision numbers, with values 

from _2127 to 2127 _2 64 inclusive. 

A is accur ate to 63 binar y positions . 

III. USAGE 

1 . Calling Sequence--CALL DMOD(X, Y) 

2. FDMD uses 16 v;,ords. 

3. No er ror conditions. 

IV. RESTRICTIONS 

None. 

CD600Dl. 001 
June 1964 

Page 1 

@l[E· ®®® ~~ IRl 0 ~ ~ ________ -'P""ROG"""'RAM=MI""NG"-'R""O"'-UTI"'N""ES 



CD600Dl. 001 
June 1964 
Page 2 

COMPUTE X (MOD y) FOR DOUBLE PRECISION X AND Y 

D,..,<,6o 

z.:o 

< 

r ;. s .... eo.+c'St 
\ "' 1" €:'3""- ::l -l 

Cl • -INT(~) ) 

M DO 

A.:... .. ........... = X 

'2. ,. 9..-eol-£s+ 
1"'-+"9 " "; ~ i!. 

@~ .®@@ ~~1Rl 0 ~~ ________ ~P!:!:R~OG~RAMM~!.!!:IN!l;<.G..!!!RO~UC!!Tl£!!O!NES 
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FOXP--OOUBLE-PRECISION EXPONENTIAL 

I. PURPOSE 

To compute eX for EXp(x} in an expression. 
I , _ 

L·: . ..t.'\..t ..... J • ..-T",,..tJ .... 
n. METHOD 

i)? .I' 
CD600Dl;-002 

June 1964 
Page 1 

1. Use the same method as in FXPF--Real Natural Exponential,CD600D3. 001, 

except that 2F = 1 + F loge2 + (F loge2 )2 + ... + (F loge2 )13 

~ I!! 

2. X and eX are double-precision numbers, with IXI < 88 . 028 

3. eX is accurate to 16 decimal positions. 

III . USAGE 

1. Calling Sequence--CALL DEXp(x) 

/---
-' 

2. FDXP uses 68 words. 
/ 

3. The error condition is: 

X FXEM Error RI9 if IXI :> 88.028. Then e = X. 

IV . RESTRICTIONS 

The subprogram FXEM must be in memory. 

@~o®®® ~~~O~~ ________________ ~P~ROO~RA~M~MI~NG~R~O~UTI~N~ES 



CD600Dl . 002 
June 1964 
Page 2 

COMFUTE eX FOR DOUBLE FRECISION X 

DEXP 

Ixl :PF .C1E 

I", gro:"+,,s"+ 
i,,+~~"r ~ Y 

F = Y - I 

_. I A' , 
.1.= T J(+ · .. + ~_x , " 

I 

RETURN 

TE':. T 
X;O 

( n i l ,FXH1. 
E '"" O'r +t 1'1 

An !;",!! r = X 

Answer _ 0 
< 

@~.®®® ~~~O~~ ________________ ~P~R~OG~MM~M~[N~G~R~OU~T[~N~ES 
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FDSQ··DDUBLf·PRECISION SQUARE ROOT 

I. PURPOSE 

To compute (X Cor DSQRT(X) in an expr ession. 

II. METHOD 

1. Use the same method as in FSQR--Real Square Root, CD600D3.006 

except that Pa "' .1 • (P2 + ,n and {X = 2
A

-
1 * (P3 + IJ· 

2 P2 F3 

2. X and JX are double-pr ecision numbers, with values of X from 

o Lo 2127 _ 264 inclusive. 

3, (X is accurate to 18 decimal positions. 

III. USAGE 

1. Calling Sequence - -CALL DSQRT(A') 

2. 

3. The err or condition is: 

FXEM Error 41 22 if X < O. Then'[x ::: JiXi . 

IV . RESTRICTIONS 

The subprogram FXEM must be in memory. 

P 2 . 011 
CD600Bl7003-

June 1964 
Page 1 

@~.®@@ ~~~O~~ ________________ ~P~RO~G~R~~~ING~R~O~UTI~N~ES 



CD600Dl. 003 
June 1964 
Page 2 

COMPUTE fX FOR OOUB LE PRECISION X 

A .... ,. ......... = 0 
= 

, 

B EGrN 

I",E..-p<>""".j. oC X 
F. MonHSJO of X 

'---r:,:-,,-/ 

H = I 1 ;: -

Co.!! .FlC l!. l1. 

E,..,..o'" #l~ 

F = F 
t4 Q ~ 

F + , 

" 

x = - X 

@[H~®® ~nU[E~ ________ ---,P~R~OG~R~AM~M!!![N~G~R~OU!lTI~N.!2ES 
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FDSC··DDUBlE·PRECISIDN SINE AND CDSINE 

I. PURPOSE 

To compute sin X or cos X for DSIN(X) or DCOS(X) in an expression, 
wher e X is in radians. 

II. MET HOD 

1. Use the same method as in FSCN--Real Sine and Cosine. CD600D3.004, 
with the following exceptions: 

a. Do not make X < 1 a special case. Use ll.. instead of O. 3 as the 

b. 

256 2 
breakpoint. 

Use a Taylor Series approximation instead of a Continued Fraction: 

.35 24 
Sin X = X - X + X - ... or cos X = 1 - X + X - ... 

@. I'- ~ 11-

Include enough terms in the series until xn < first term. 

l!!. 1018 

(When first term = 0, include only the first term in the series.) 

10
18 

2. X, sin X, and cos X are double-precision numbers with IXI < 254. 

3. The answer is accurate to 18 decimal positions. 

III. USAGE 

1. Calling Sequence - -CALL DSIN(X) for sin X 
CALL DCOS(X) for cos X 

2. 
1)'-,. 

DSCN uses-9t1 words. , 

3. The error condition is: 

FXEM Error *23 if !Xl ;;:; 254 . Then the answer is O. 

IV. RESTRICTIONS 

The subprogram FXEM must be in memory. 

pz ·CD/?'" 
CD600Dl-;-004-

June 19&4 
Page 1 

@~.®@@ ®~OO~~® ________________ ~P~RO~G~RA~M~M~IN~G ~RO~U~TI~NES 



CDGOODl.OO4 
June 1964 
Page 2 

COMPUTE SIN X OR COS X FOR DOUBLE PRECISION X 

y" 

DSItJ 

M = Ix l 

I = 9re.o."hs" 
in"e.~e .. ,i ~ 

I , I ev ..... ? 

No 

X = -X 

M,:: M - I " '" 

M" n 

"' 

M:1! 
4 

> = 

< 

Dc¢S 

ERR 

Co.Il • F)(t; M. 
E:.-roY" '*' 23 

RETVR» 

Iv! = IT- M 

SINE 

-5, ::: 1, 1 S~" b 
S3~ M; T :: M 

5 1 ",2;: "::0 , ... ;2 

~~ ;I ~ T=I 

SE T UP 

d = T 
"iQ"iil 

'Y = -M~ 

L00P 

T=~ 
S. 

ITI:ldl 

> • 

S, = S, +T 

""'s 
X : 0 

< 

< 
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FDAT··DOUBlE·PRECISION ARCTANGENT 

L PURPOSE 

CD600Dl. 005 
June 1964 

Page 1 

To compute the principal value of arctan X or arctan Y On radians ) for DATAN(X) 
or DATAN2 (Y, Z) in an expression. Z 

II. METHOD 

1. Use the same method as in FATN--Real Arctangent, CD600D3. 003 
with the following exceptions: 

a. TheintervalsareOg- 7.50, 7.50_ 22.50, 22.50_37.50, 
37.50 -52.50 ,52.50_ 67.50, and 67 . 50_ 82.50. For 82.50_ 900, 
compute" - arctan 1 , where arctan 1 is in the first interval. 

"2 X X 

b. For 00 - 7.50, T ". ALe· X. 

o. arctan X '" NI + 

Otherwise, T '" AI; - BETAI" 

G1 + X 
2 

+ T , 

2. X, Y, and Z are double-precision numbers, with values from 

- (2127) to ( 2127 _ 264) inclusive. The answer is a double-precision number. 

3. The answer is accurate to 16 decimal positions. 

01. USAGE 

1. 

2. 

3. 

Calling Sequence--CALL DATAN(X) 
CALL DATAN2(Y,Z) 

.,'J./c 
FDTN uses.204 words. -", 2£, 
The error condition is: 

for arctan X 
for arctan Y 

Z 

FXEM Error 1f24 if Y '" 0 and Z '" O. Then ar ctan.Y '" O. 
Z 

IV . RESTRICTIONS 

The subprogra m FXEM must be in memory. 

, 
- I 

@~D®@@ ~~OOO~~ ________________ -2P~ROC~RA~M~M~IN~G ~RO~U~TI~NES 



CD600D1. 005 
June 1964 
Page 2 

COMPUTE ARCTAN X ORARCTAN.Y,.FOR OOUBLE PRECISION X, Y, AND Z 
Z y 

K3 An s ..,,, ... ::::. 0 

0.=0 

> "'. T 
Te~T 

/COIi . FXH1. y: 0 y-- e ... .. o .- ~2+ 

• 
SPEC 

A",~ c .rr -e C\- rr ~' O V = -f 
• x. y 

> 

x~ 8 S:rGNX 
X =2:. v=-v 

" 
~ ~ 

<'\.0 

ST"RT A .... ~"" w .... • y r.'8 M- IXI 

'" ~ Se+ I r._ ........... M: 
o( oJ· _ l.~\ 1(1 . .. ·.21.\ M , + .... 8"'.~· , . 0 
dn.So_J1Sl,3G"l.w;o. n . ..: < i: 
" (~l .~':. n.s,. s(bl.~·ll, 

xu 

& 
v. v-q 

I; 0 Z: "'A~~M :. • M 

* o.::l 1 
i!=All:-~ I v. !_v_J .'M ~ "M, + .. n 8 2.0;-. 

'" 
' 1"\ '" a ... ~:,c,. it ... l' f---o C, '" ( :t. ... Ci - Ai r. ~s • " ... c, f--> C' l=C,o -A2", ,":, HV::: "l:+ ,- .. , ,! I 
C 1 ~ B.""" •• 8 . ... 1.' c , • • C"''::, ! ':;lH., . - .:..~l 

@~.®®® ~~ffilU[E~ ________ ---!P""ROG""""RAM= M""IN",-G-",RO",U",TI""NE"-2S 
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FDLG·-OOUBlf-PRECISIDN LOGARITHM 

I. PURPOSE 1)[ 

, -.... 
To compute log X for DLOG{X) or DLOGlO(X) in an expression. 

II. METHOD 

1. 

2. 

log2x '" log2 (Zl*Fj '" I + log2F, wher e X '" 2
I
.F. 

(Iog,X) 
logeX ::: loge2 = (log2X) ... (loge2) 

"" I ... loge2 + (Iog2F) • (loge2l 

(log2 F) 
= I • loge2 + loge2 

= I· loge2 + logeF 

3. Let A "" most significant 5 bits of F and let Z :: F - A 
F+A 

Then log F ", log A + 2* fz + Z3 + ... + Zll ) 
e e \ - 3 ~ 

4. logi OX = (logeX) • (loglOe) 

5. X and log X are double-pr ecision numbers; values of X range from 

2-129 to 2127 _2 64 in~lusive. 

6. log X is accurate to 16 places. 

III. USAGE 

IV . 

1. 

2. 

3. 

Calling Sequence--CALL DLOG(X) for log X 

I 
CALL DLOGIO(X) for 16s:lOX 

I
LV 

FDLG useY·20 words. c::.J (, 
The error conditions are: 

a. FXEM Error fl 20 if X = O. Then log X : O. 

b. FXEM Error 121 if X < 0, Then log X = log Ixl 

RESTRICTIONS 

The subprogram FXEM must be in memory. 

P2 , /) fY 
CD600ru.....ooo­

June 1964 
Page 1 

f y 
" 

Ln x 



CD600Dl. 006 
June 1964 
Page 2 

COMPUTE logeX OR logl OX FOR DOUBLE PRECISION X 

ERR I 

Ca ll .F)(~>1. 

E .... ... Qr #2.0 

UN::tT'( 

DL S 

N 0'- """'! i u X 

x; 0 

, 

8EG ::C H 

= 
X; I 

• 
:r .. e~pO f\~ "t Q+ X 
F "' .... ""+;~'~ of )( 

,."''''O~ .. ;,n;fi._ 
r, '~. bj.j.,. of F 

r.=~ 
F •• 

10'3 ., F $ IO:,cA+ 

,,(::. ... ~+ ... +~I) , " 

ERR2. 

x = -X 

."",RN 
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f-XP1--EXPONENTlAL--INTEGER BASE AND EXPONENT 

1. PURPOSE 

To compute JJ for JUJ in an expression. 

II. METHOD 

CD600D2.001 
June 1964 

Page 1 

1. For positive values of J, let km ... ~kl kO be the binary representation of J, where 
O~m;g;;34. 

Then IJ '" J(ko + 2*k1 + 4*k2 + ... + 2
m

*km) 

;: (Jl)kO.02)kl.04)k2* ... *(1(2I1)km 

'" the product of those powers of I above for which kn ;: 1, where 0 ~ n ~ m. 

2. For negative values of J, IJ = 0 ifl I I.J. 1. Use the method above with J (mod 2) 
iIIII= l. 

3. 1, J, and IJ are integers with values from _2 35 to 235 -1 inclusive. 

4. The a lgor ithm uses integer multiplication (MPy) exclusively. 

5. I J is accurate to 35 binary positions. 

Ill. USAGE 

• F~?l _ 
" 1. Calling Sequence--CALL . .JCPl. (1,J) 

/ "10,0 / 
., 2. f XPluses52words. /Ov, 

3. The error conditions are; 

a. FXEM Error *1 if I '" 0 and J '" O. Then 1 '" o. 

b. FXEM Er ror 112 if I '" 0 and J < O. Then IJ = O. 

IV. R.!:STRICTIONS 

The subpr ogram FXEM must be in memory. 
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COMPUTE r1 FOR INTEGERS I AND J 

I: 0 
= 

, 
'J": 0 A .... s we... =-

= 

Ix I : I ::r : o 

, 
< 

ERR I 

CQH • FJle"l. 
E ... .-o ... "* L 

= 
TEST 

::r : 0 

< 

, 
CaU . ;F"E"'_ 
E .... _ ..... 1* 1 

IJWXT 

j = ~'n"· .. <k1f-------;:L-------------~>I 
of :r /-:.{ 

EVE~ 

:r ; 0 

'. 
F:t,.15 !'" 

F '" FftI 

• 

F= I 
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,/ F XP2··EXPONEHTIAL··FlOATING·POINT BASE, INTEGER EXPONENT 

1. PURPOSE 

To compute AK for A**K in an expression. 

II. METHOD 

1. For positive values of K, use the same method as infxPI--Exponential--Integer Base 
and Exponent, CD600D2. 001. 

2. For negative values of K, proceed with IKI as above, and then take the r eciprocal 
of the r esult. 

3. K is an integer with values from _2 35 to 235 - 1 inclusive; A and AKare floating- point 

numbers with values from _2127 to 2127 _2 64 inclusive. 

4. A K is accurate to 8 decimal pOSitions for . FXP2. 
or 16 decimal positions for ... ~XP1. ~ t j.., \. 

III. USAGE 

/' 

1. Calling Sequence--CALL.f XP2. (A,K) for Real A 
CALL.mxp1. (A,K) for Double-Precision A 
.,. 

2. FXP2 uses 60 words. /:2 .J 

3. The error conditions are: 

•• 
b. 

FXEM Error 13 if A '" 0 and K "" O. Then AK '" O . 

FXEM Error 14 if A '" 0 and K < O. Then AK '" O. 

IV. RESTRICTIONS 

The subprogram FXEM must be in memory. 

@~D®@@ ~~~O~~ ________________ -2P~RO~G~RA~M~M~IN~G~RO~UTI~N~ES 
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COMPUTE AK FOR FLOATING POINT A AND INTEGER K 

A:o 

F = 

1< ;0 

• 
M = 1. 1 

F 

E R.R I 

Call . F)t'EM. 
E ....... o ... #3 

• 
K, O 

, 

'all • F":EH . 
f: ...... 0... "' ... 

> 

K: 0 A"'swe ... = F 

I RI!:TI. RN 
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/ f XPJ--EXPONENTlAL--REAL BASE ANO EXPONENT 

L PURPOSE 

To compute AB for A.'*B in an expression. 

II . METHOD 

1. 
B log A. B (B*logeA) 

A '" (e e) '" e 

CD600D2.003 
June 1964 

Page 1 

2. B . 127 127 100 . A, B, and A are real numbers With values from -2 to 2 -2 inclUSive. 

Ill. 

/' 

3. A B is accurate to 7 decimal positions. 

USAGE 

1. Calling Sequence- - CALL.rxP3. 

\SO " 

(A,B) 

2. FXP3 uses .50 words. 

3. The error conditions are: 

a. 

b. 

c. 

FXEM Er ror i/5 i! A < 0 and B oJ O. Then AB '" IAIB. 

FXEM Error ' 6 i! A '" 0 and B z: O. Then AB '" O. 

FXEM Error if7 i! A", 0 and B < O. Then AB '" O. 

IV. RESTRICTIONS 

The subprograms FLOG, FXPF, and FXEM must be in memory. 

@lHl®® ~~ fRl 0 ~~ ________ -----"P-"'ROG""""RAM=M"'IN"'-G ",RO,-"-UTI""N"",,ES 
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COMPUTE A 
8 

FOR REAL A AND B 

A:O 

• 
8:0 

• 

< 
ERR I 

Cod ' _ F)(E~. 

Er ... o .... 4t 5 

A = - A 

Call AL¢G 

= 

S PEC 

'A,,~we.: = 
= 

ER.R2 

6 :0 A ..... s"'.,.Y" ~ 0 
> 

< 

Co. l 1 .FXEM. RETURfrrt 
e ........ or ,., 
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-/ FOXHXPONENTIAL--COMPLEX BASE. INTEGER EXPONENT 

I. PURPOSE 

II. 

To compute AK for AHK in an expr ession. 

METHOD 

1 . Use the same method as infxP2--Exponential--Floating Point Base, 
Integer Exponent, CD600D2. 002. 

2. A is a complex number (X, y), with values of X and Y from 

_2 127 to 2127 _2 100 inclusive. K is an integer, with values from 

_2 35 to 235 - 1 inclusive. 

3, AK is accurate to 8 decimal positions. 

III. USAGE 

/ 1. Calling Sequence--CALL.FCXPI. (A,K) 

6,,' 
2. FDXl us~68 words. 

3. The error conditions are : 

a, FXEM Error f 14 if A c (0,0) and K = O. 

Then A K ::: (0,0). 

b. FXEM Error il15 if A '" (0,0) and K < O. 

Then AK = (0,0). 

IV. RESTRICTIONS 

The subprograms FCAS and FXEM must be in memory. 

COO0002.004 
June 1964 

Page 1 
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COMPUTE AK FOR COMPLEX A AND INTEGER K 

"TesT ..... 

= 

"t 
UIJl:T 

F", (1 , 0) 

1\::0 
= 

" 
M = I k l 

L ¢dlP 

A"'Sh V·" {I , o· 

"""" 

eVEN 

ERR I 

Co 1I • F)(ef'l. 
e ........ o .... "* I~ 

I • 
= 

TESTk. 
K: 0 

< 

CO I I • F-)('EM. 
En·or,.., IS 

"> 

I s M eve.., ?) ~ J jJ'l= M/2 (i~"" .. ;~ 
'I'~ .. ", o ... 'j ~.""o;nd .... ) 

M: 0 

No 

0DD 

F:.AIIF; .... 
CC .... pIO; 1'1 .. .1. 

= 

< 
REC P 

An" ........ a 10 (,.., 
C ....... ''>. Mod ... 

> • 

" 

An s ,~e ... _(0,0: 

A:= A*A .... 
' 0"' .. 10"1( Mcdc. 

A .......... e ...- '" F '" 
C .. ",,\c,\ M<'ole 
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I ' 
J OX2--EXPONENTlAL--OOUBLE-PRECISION BASE AND EXPONENT 

L PURPOSE 

II. 

To compute AB for A ... ·S in an expression . 

MET HOD .{-5 ,,? 

" Use the same method as infX P3--Exponential--Real Base and 
Exponent, CD600D2. 003~ 

1. 

2. A, B, and AS are double-precision numbers, with values from 

_2127 to 2127 _2 64 inclusive. 

3. AB is accurate to 16 decimal digits. 

III. USAGE 

/ 1. Calling Sequence--CALL ,FDXP2. (A, B) 

82---. 
2. FOX2 uses/ 52 words . J Z- 2---{ 

3. The er ror conditions are: 

a. FXEM Error f 16 if A <: 0 and B .;. O. Then AB = IAI B 

b. FXEM Error *17 if A = 0 and B = O. Then A B = O. 

o. F'XEM Error #18 if A = 0 and B < O. Then AB = O. 

IV. RESTRICTIONS 

The subprograms FOLG, FDXP, and FXEM must be in memory. 

CD600D2.oo5 
June 1964 

Page 1 
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COMPUTE A B FOR DOUBLE PRECISION A AND B 

'/ 

, 0 
< 

,. 
5P<C 
~ 

"/>= 
, 

""I A ..... s we ... = • I 

" 
> 

C,d • • FK.EM. 

A = -It 

(All6 

Ced i ot4G 

c= 8 .... lo<;leA 

Co." Oe)(p 

A ... s w e ... e. C 

ERR2 

8: 0 A .......... e .- :. 0 
> 

< 

Ca.ll .F)(E~1. 

E,.. ... o .. ""'. 
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GENERAL. ELECTRIC 
COMPUTER EQU IPMENT OEPARTMENT 

REAL AND DOUBLE-PRECISION LOGARITHM, BASE 2 (ALGT) 

PURPOSE 

CD600D2. 006 
October 1966 

Page 1 

Real and Double-Precision Logarithm (ALGT) computes A :: log~ X in a FORTRAN 
expression. 

METHOD 

The double-precision log X is divided by log 2 and the result returned. Because of the 
hardwar e r epresentation, "this r esult is valid for both double and single prec ision. 

USAGE 

ALGT is designed to be used as a FORTRAN N function,;. 

A = a.k0Q?(X) for single precision; 

A :: DLOG2(X) for double precision. 

RESTRICTIONS 

The argument for ALGT must be l: 0, 

If X:: 0, FXEM Error *20 is returned and log2X ;; O. 

If X < 0, FXEM Error *21 is returned and log'lX = log 'I lxl . 



GENERAL. ELECTRIC 
COMPUTE.R EQUIPMENT DEPARTMENT 

ARCSINE AND ARCCOSINE (ASIN) 

PURPOSE 

CD600D2 . 007 
October 1966 

Page 1 

Arcsine and Arccosine routine (ASIN) computes sin - I X or COS-IX in a FORTRAN N 
expression. 

METHOD 

The arcsine or arccosine is calculated by computing the complementary function (sine or 
cosine), and calling ATAN2 (sin,cos) to get the resulting angle in radians. The computation 
is done entirely in double precision. 

USAGE 

ASIN is used as a FE.RTRAN N function in the following ways: 

• A :0 ASIN(X) for real arcsine; 

• A '" ACOS(X) for real arccosine; 

• A '" DASm(X) for double-precision a r csine; 

• A '" DACOS(X) for double- precision arccosine. 
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GENERAL. ELECTRIC 
COMPUTER EQUIPMENT DEPARTMENT 

TANGENT & COTANGENT (TANG) 

PURPOSE 

CD600D2. 008 
October 1966 

Page 1 

The Tangent and Cotangent routine (TANG) computes tan X or cot X in a FORTRAN IV 
expression. 

METHOD 

Using double-precision arithmetic, tan X and cot X are computed from the trigonometric 
identities: 

• Tan X = sin X/cos X 

• Cot X = cos X / sin X 

If the divisor is zero, the largest possible floating-point number is returned. 

USAGE 

TANG is used as a FORTRAN IV function in the following ways: 

• A '" TAN(X) for real tangent; 

• A '" COT(X) for real cotangent; 

• A = DTAN(X) for double- precision tangent; 

• A = DCOT(X) fo r double-precision cotangent. 

RESTRICTIONS 

TANG produces FXEM Error *23 if Ix I > 2 64. 
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GENERAL ELECTRIC 

COMPUTER EQUIPMENT DEPARTMENT 

HYPERBOLIC SINE AND COSINE (SINH) 

PURPOSE 

CD600D2 . 009 
October 1966 

Page 1 

The Hyperbolic Sine and Cosine routine (SINH) computes sinh X or cosh X in a FORTRAN IV 
expression. 

METHOD 

Sinh X and cosh X are computed, using double-precision arithmetic, from the definitions: 

• Sinh X = 0.5(e" _ e-x) 

• CoshX=O.5(e~ +e-") 

USAGE 

SINH is used as a FORTRAN IV function in the following ways: 

• A = SINH(X) for real hyperbolic sine; 

• A '" COSH(X) for real hyperbolic cos ine; 

• A : DSmH(X) for double-precision hyperbolic sine; 

• A = DCOSH(X) for double-precision hyperbolic cosine. 

RESTRICTIONS 

SINH produces FXEM Error lH9 if Ixl > 88.028. 



r 

r 

GENERAL ELECTRIC 
COMPUTER EQUIPMENT OEPARTMENT 

MATRIX ADDITION ROUTINE (M ADD) 

PURPOSE 

The Matrix Addition routine (MADD) performs addition of two real matric es. 

USAGE 

CD600D4.010 
October 1966 

Page 1 

The matrices A and B and the result C are assumed to be stored as i by j matrices in m by 
n arrays . Associated with each matrix is a dimension vector of four integers (1, j , m, n). 

The calling sequence to MADD is: 

CALL MADD (A,IA,B,m,C,IC,IND) to calculate [ C ] '" ( A ] + ( B ) 

with lA, m, and Ie being the dimension vectors of A, B, and C, respectively. 

IND is an error indicator set as follows: 

• IND ;; 0 for correct results; 

• INO '" 1 if results would have been larger than m e by n c ; 

• wn ;; 2 if the dimensions are not consistent. 

Consistent dimensions are i. = I . = i c and j. = j I = j C • 
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GENERAL #I ELECTRIC 
COMPUTER EQUIPMENT DEPART MENT 

MATRIX SUBTRA CTION ROUTINE (M SUB) 

PURPOSE 

CD600D4.011 
October 1966 

Page 1 

The Matrix Subtraction routine (MSUB) performs subtraction of two real matrices. 

USAGE 

The matrices A and B and the result C are assumed to be stored as i by j matrices in m by 
n arrays. Associated with each matrix is a dimension vector of four integers (i, j, m, n). 

The calling sequence to MSUB is: 

CALL MSUB (A,IA,B,m,C,IC,nm) to calculate (cJ = [A] - [S] 

with lA, m, and Ie being the dimension vectors of A, S, and C, respectively . 

n.l'O is an error indicator set as follows: 

• [NO = 0 for correct results; 

• IND = 1 if results would have been larger than m t by n e ; 

• IND = 2 if the dimensions are not consistent. 

Consistent dimensions are i. = i s = it and i. = i s = i c ' 
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GENERAL ELECTRIC 
COMPUTER EQUIPMENT O EPAR T MENT 

MATRIX MULTIPLY ROUTINE (MMPY) 

PURPOSE 

CD600D4.012 
October 1966 

Page 1 

The Matrix Multiply routine (MMPy) calculates the product of two real matrices . 

USAGE 

The matrices A and B and the result C are assumed to be stor ed as i by j matrices in m by 
n arrays. Associated with each matrix is a dimension vector of four integers (it jt m, n). 

The calling sequence to MMPY is: 

CALL MMPY (A,IA,B,IB,C,IC,IND) to calculate [C] "" [AJ x [B] 

with lA, IB, and Ie being the dimension vectors of At B t and C, respectively. 

rnn 1s an error indicator set as follows: 

• IND '" 0 for correct r esults; 

• IND = 1 if results would have been larger than me by n c ; 

• IND '" 2 if the dimensions are not consistent. 

Consistent dimensions are j ~ "" i, . i c '" i. , and j c ::: j •• 
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GENERAL ELECTRIC 
COMPUTER EQUIPMENT D EPARTMENT 

MATRIX TRANSPOSE ROUTINE (MTRN) 

PURPOSE 

The Matrix Transpose routine (MTRN) transposes a matrix. 

USAGE 

CD600D4,013 
October 1966 

Page 1 

The matrix A and its transpose C are stored as i by j matrices in m by n arrays. Associated 
with each matrix is a dimension vector of four integers ( i, j, m, n) . 

The calling sequence to MTRN is 

CALL MTRANS (A, IA,C, Ie, IND) to form (C J ::: [A J T 

with IA and Ie being the dimens ion vectors of A and C, respective ly, 

INO is an error indicator set as follows: 

• !ND '" 0 for correct results; 

• !NO '" 1 if results would not have fit within an m ~ by n e a rray. 

• !NO ", 2 if the dimensions are not consistent. 

Consistent dimensions are i 4 = j c and j e '" i,. 
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GENERAL. ELECTRIC 
COMPUTER EQ U IPMENT DEPARTMENT 

MATRIX MOVE ROUTINE IMMOV) 

PURPOSE 

The Matrix Move routine (MMOV) moves a submatrix to another matrix. 

USAGE 

CD600D4.014 
October 1966 

Page 1 

The sending matrix A and the r eceiving matrix Care s lored as i by j matrices in m by n 
arrays. Associated with each matrix is a dimension vector of four integers (;, j, m, 11). 

The calling sequence to MMOV is: 

CALL MMOV (A, IA, C, Ie, IS,JS, m , JR,I, J, IND) to move an I by J 5ubmalrix whose 
upper left element is A l ! , Js into an area whose upper left element is C I ~, J • • 

IND is an error indicator whose value is 0 for normal execution and 1 if this call would 
have stored any elements beyond C ., • . 



r 

GENERAL. ELECTRIC 
COMPUTER EQUIPMENT DEPARTMENT 

BESSEL FUNCTIONS SUBROUTINE (BESSL)t 

PURPOSE 

CDS00D5 . 002 
October 1966 

Page 1 

The Bessel FW'lctions subroutine (BESSL) calculates the two Bessel Functions of the first 
kind quickly and accurately. This method is particularly adapted to the problem of 
calculating mor e than one order for a given X. For p = NMIN, NMlN+l, .•• ,NMAX. where 
NMlli and NMAX are zero or positive integers, and for X > 0, either Jp(X) or Jp(X) is 
calculated depending on a parameter ITYFE. 

METHOD 

The method used by BESSL is discussed in an article by Irene Stegun and Milton Abramowitz. ­
It consists of three steps for Jp which are: 

A. 

B. 

k is c hosen the larger of 1. 5X and NMAX, 
then k '" k+l0 for sufficient accuracy. 

then :Tk+2 = 0 

Jk+l :: 0, an arbitrarily small constant which is 0, 1000E-I0 
in this program. 

The r ecur sion formula 

Jp '" 2(1)(1) Jp+1 - J'p+2 

is used to generate Jp for p '" k down to P = O. 

C . The r esults can be normalized, since 

J2m '" I. Jo + 2 ~"'I 
k/2 

therefore a constant c = J'o + 2 J;,"'l 

1s determined and then 

12m 

Jp = Jp/c for p = NMIN, NMlli+I •. . .• NMAX 

The procedure for Ip is essentially the same except that in step B the recursion formula is: 

l"p = 2(",1) lP+I + Tp+2 

tPortions of this routine have been reprinted from C. B. Chandler'S "BESSL - Bessel 
Functions Subroutine, " TIS No . 64TIP 5, issued by the Telecommunications & Information 
Processing Department of the General Electric Company at Schenectady. New York. 

·Stegun, Irene A. , and Abramowitz, Milton, "Gene~tion of Bessel Functions on High Speed 
Computers, "Mathematics and Other Aids to Computation, 1957, 11:255-257. 
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and in step C the normalization is due to: 
• 

10 + 2 ~:::1 1m::: e-

k 
and therefore the constant c :c (Io+2 ~=1 Tm)/e x • 

USAGE 

The calling sequence for this r outine is: 

CALL aESSL (ITYPE,X,NMIN, NMAX,BESJI) 

where ITYPE . :: 1 for Bessel Function Jp(X); 
ITYPE = 2 for ModUied Bessel Function Ip(X)j 

X = independent variable> OJ 

NN~~)= 0, I, 2, . • . giving range of orders of Jp(X) or Ip(X) desired; 

BESJI() '" a vector where answers are stored in increasing order. The 
maximum size of this vector is determined by the user. 

RESTRICTIONS 

The generated J'p (or lP) must fall within the limits 10- 3 5 and 10+ 31 • If either :t 10 +3 • 

then ITYPE 1s set equal to zero and controlls transferred to RETURN. If J'p (or"IP) " 10 - 38 

then that term is set equal to zero and the program continues. The user can check on 
overflow by branching on ITYPE although normally overflow will not occur . 

@HE·®@@ ~!EIRlO!E~ -------~ 
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GENERAL. ELECTRIC 
COMPUTEFI EQUIPMENT DEPARTMENT 

INTERPOLATION ROUTINE (INTP) 

PURPOSE 

CD600DEi . 002 
October 1966 

Page 1 

Using a vector of X values in ascending order and a corresponding vector of Y values, the 
Interpolation routine (INTP) finds, by three-point interpolation, the value of Y for a given 
value of X. 

METHOD 

The routine first finds the first X equal to or greater than the given value (X~). If there 
is no X meeting this requirement, exit is made with a dummy Y value of plus bits, If X~ 
is one of the end pOints of the X vector, the next value is choosen as XI' The p r eceding X 
i s chosen as X 1 and the follOwing as X) ' Assuming a curve of the form 

Y=a+bx+cx~ 

to pass through these three pOints, the unknown constants a, b, and c can be expressed in 
lermsofX 1 • Yl'X" . YI'X", Y." . 

Substituting these known values and the given value of X ylelds a value of Y. 

USAGE 

INTP is called by a sequence of the form: 

CALL INTPL (X,Y,N,XVAL, YVAL) 

where X and Yare the vectors r equired, each of dimension N. 

XVAL is the given X value, and the interpolated value of Y will be stored by INTP into YVAL. 

RESTRICTIONS 

The vector of X values must be stored in ascending order. 
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CREDITS 

The source material used in this manual is taken f rom a document published by the General Elec­
tric Telecommunications and Processing Department, titled EIGENJ - A FORTRAN Subroutine to 
Calculate EIGEN Systems of SYmmetric Matrices by H. W. Moore. Permission to use the origi ­
nal document was given by D. L. Shell, Manager, Computer Applications and Processing of the 
Telecommunications and Information Processing Department, General E lectric Company. 

Comment!) on this publication may be addressed to Technical Publications, Computer Department, 
Ge ne ral Electric Company, P . O. Box 2961, Phoenix, Arizona, 85002. 
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C£ 133 (8/86) 

GENERAL. ELECTRIC 
DATE 

GE-600 SERIES Nov. 1966 
INFORMATION SYSTEMS DIVISION NO. 

COMPUTER EQUIPMENT DEPARTMENT TECHN ICAL INFORMATION BULLETIN 600_11 7 

SUBJECT: Ca lling Sequence for the EIGENJ Math Routine , REF'. 

GE - 625/635 Math Routines EIGENJ CPB _11 66 CPB-1166 

INSTRUCTIONS 

Replace page 11 in the subject manual with the at t ached r evised page 11 . 

EXPLANATION OF CHANGES 

One of the arguments for the CALL EIGENJ statement was omitted. 

rIB DISPOSITION 

The revised page will appear in the ne xt edition of GE _625/635 Hath 
Rout ines EIGENJ, CPB-1166 . 

.. . 

.. 
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3. USAGE 

CALL AND DIMENSION STATEMENTS 

Normally, the subroutine is called by CALL EIGENJ (A, M, N, V, IV, E) where 

A is a one- dimensional array containing the elements of the symmetric matrix to be placed 
in columns. 

N i s the order of the matrix A (that is, N '" the number of rows) 

M is the maximum orde r of matrix to be solved 

V is the NxN matrix of eigenvectors 

IV is an indicator; if IV "" 0, the vectors will not be included. U IV equals I, the routine 
will calcu late all of the vectors . 

Only the upper triangle of elements is to be stored. The elements are to be stored in the natural 
order- - each row 1 begins with element X a' For example, the matrix 

Xu X" Xl) X l4 

X" X~ X~3 X 1l4 

X" X~ X :J3 X31 

X" X~ Xu X .... 

is set up as follows 
A, A, A, A. A, A, A, A, A, A" 

Xu X" X 13 Xl" X~ X .. 3 X"" X~ X~ X~ 

Therefore, the length of the array must be N(N + 1)/ 2. 

The vectors are stored in columns in the same order as the values are stored. 

The subroutine stores the eigenvalues in the E array. To conserve space, the programmer is 
free to overlay the matrix A with the eigenvalues (that is, use A instead of E). 

The foregoing discussion shows that the dimension statement should be 

DIMENSION A(K), V(M, M), E(M) 
where K :: M(M + 1)/2 and M is the maximum order to be solved. 

@lIE .®®® ~1E[Rl ~ IE~ _________ ~EIG'!!!L.NI 
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As explained in Chapter 2, the s tatement MAX = 6 (which is two statements above statement 31 
in the listing) controls the accuracy of the calculation. For double precision compilation, this 

. mus t be changed to MAX ::: 7. For less accuracy with a moderate increase in speed, MAX can 
be set equal to 5. If the value of M = 5 is used, the vectors may not be very good, although 
this does not affect the eigenvalues as much. 

EXTENSIONS ANO MOOIFICATIONS 

The discussion of the J acobi method for Symmetric Matrices in Chapter 3 included a proof that 
the matrix T in equation (17 ), T=010; ..... O R' was the matrix of eigenvectors . The Program­
ming Considerations discussion noted that the program c omputed T Simultaneously with the de­
velopment of eigenvalues, starting with the identity matrix and successively multiplying on the 
right by the orthogonal matrix 0" as shown in equation (48 ). 

Obviously, 
(49) 

yields exactly the same results. However, equation (49) implies that T is calculated by start­
ing with the Identity matrix and multiplying by the °1 '5 on the left using them in the reverse or ­
der; that is, multiplying by the last OK, then by the next to last, and so for th, until 01 is used . 
This latter approach has two signilicant advantages: 

1. This approach develops the matrix T by columns, and the Ith column is the eigenvec­
tor corresponding to the Ith eigenvalue. Ther efor e, if only selected vectors are wanted 
(like those corresponding to the five largest eigenvalues), they can be developed inde­
pendently, since there is no need to calculate any of the remaining columns. The work 
thus saved can be cons ider able . To do this, the program must save the O,'s and use 
them in rever se order; it only uses the columns of the Identity matrix corresponding 
to the desired eigenvalues. For each ° I' only four numbers need to be saved (name­
ly, I I, J I . CosO I. and SinO ,). These can be stored on tape or DSU or punched on 
cards. 

2. This approach can allow the solution of a much larger matrix, even though a ll of the 
vectors are needed. Since only ha l! of the vector s must be in memory at a give n 
time, they can overlay the area originally occupied by the matrix A. 

EIGENP PROGRAM 

EIGENJ is also available as a free- standing program package called EIGENP. Input to EIGENP 
is as follows: 

One card containIng identification alphanumerics 

A second card containing fur the r identification 

$SIZE/N= , IV $ 

wher e N and IV are as above 

$DATA/I= ,LL/BUF; , , , $ (basiC input card. ) 

@[E'(ID@@ l§)[E[Rl ~ [El§) _________ ''''''''e'''''-'J 
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1. GENERAL DESCRIPTION 

EIGENJ is a FORTRAN subroutine which calculates the eigenvalues and eigenvectors of a real 
symmetric matrix. It uses a modified Threshold Jacobi Method that does not require a square 
root and stores only the upper triangle of coefficients. An option to omit the calculation of the 
vectors is provided. 

Chapter 3 on Usage , and the Programming Considerations discussed in Chapter 2 provide infor­
mation on the modifications of the subroutine to provide more efficient calculation when only se­
lected vectors are needed (such as those corresponding to the 10 largest or 10 smallest eigen­
values). 

@[E.(ID@@ ~[Effil~[E~ _________ ..... EIG ...... 'NI 
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2. MATHEMATICAL METHOD 

GENERAL INFORMATION ON EIGEN SYSTEMS 

The latent roots or eigenvalues of a square matrix A are defined as the values of A for which the 
set of homogeneous equations __ 

AX = 'X (1) 

has a nonzero solution X. Equation (1) may be written 

(A-;I)X = O (2) 

and in this form it is clear that for a nonzer o X the determinant must be zero; that is, 

A-AI = O (3 ) 

Explicit expansion gives the algebraic equation 

(4) 

which c lear ly shows that any square matrix A with real or complex coefficients has n eigenvalues. 
Equation (4) is called the characteristic equation of the matrix A and is always of degree n for a 
matrix of nth order. 

If all the roots of the characteristic equation are distinct, then the following results can be 
proved: 

(a) If the rools are denoted by At A;l ' .. A n then for each equation i 

has only one independent solution, determined apart from an arbitrary multiplier. 

(5) 

(b) The vector s X I form an indepe.!ldent set, so that an arbitrary vector may be e::pressf!d 
a s a linear combinatio n of the XI' 

(c) A matrix T exists such that 

(6) 

o '" 
The ca lculation of the ei genvectors for a charac teristic equation with repeated roots is more 
complicated and is not discussed here. However, these properties can be shown to ho ld for 
symmetric matrices. Symmetric matrices recur frequently and their ei gen systems hav e impor­
tant special properties. The most fundamental property of symmetriC matrice s is that all their 

-3-



elementary divisors are linear. This means that although the matrix may have coincident roots 
there is neve r any deficiency in the number of independent eigenvectors. There is always a ma­
trix T so that (6) applies even when some of the roots are multiple roots . In particular, the ma­
trix T can be chosen so that 

T-1 ::: T' (the transpose of T ) (7) 

which implies TT' ::: I ::: T 'T. 
Such a matrix is called an orthogonal matrix . The eigenvectors corresponding to different va lues 
of X ar e orthogonal. 

JACOBI'S METHOD FOR SYMMETRIC MATRICES 

Ii T is any nonsingular matrix, then the matrix 

has the same eigenvalues as A. For if 

giving 

or 
T- 1 A (TT - 1 ) X '" X T -1j{ 

(T-1AT) T-1X '" X (T-1 X) 

(8) 

(9) 

(10) 

(11) 

(\2) 

A is, therefore, an eigenval ue of T - 1 AT, and the corresponding eigenvector is T-1 X:. If the ma­
trix T is orthogonal, 

TT' .: I 
fher efore , 

T' '" T- 1 

fhe product of two orthogonal matrices 0 1 and 0"2 i s itself orthogonal. 
For 

(\3) 

(\4) 

(\5) 

Jacobi's method depends on the choice of a sequence of simple orthogonal matrices Or such that 

At :: O~ ... O~ O{ A 0 1 O.z ••• Or = diagonal matrix (16) 

The roots of each of the A r are the same as the roots of A, so that, when the p rocess has been 
continued until A t is effectively diagonal (thatis. :lIltil all of the off diagonal e lements are zer o to 
machine accuracy), the diagonal elements are the eigenvalues of A. 

(\ 7) 

(\ 8) 

A 
" 
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giving 
TT'AT = T 

lX'x' ·.x. ] 

0' AT = T X, X, 

X. 
Hence, the columns of T are the eigenvectors of A 
Each of the orthogonal matrices O 's is chosen to be a simple rotation in the (I, 
They take the form 

0 , 

where C = Cos €I and 
S = Sin €I 

1 
1 

1 

C 

1 
1 

1 

8 

This gives As = O ~ A,_lO , . 

j 

-8 

c 
1 

1 

(19) 

(20) 

j) plane and i 1= j. 

(21) 

As may be constructed from A' _l in two stages: (1) multiplying on the right by 0 , and (2) mul­
tiplying on the left by ° ~ . In the first stage, only the ith and jth row can be a ltered. The (i, i) 
(i , j) (j, i) and (j , j) e lements are altered by both transformations. 

Denoting the (p, q) element of the matrix A , by a~~ J gives the relations 

a! ~ l = a ! ~-l ~OS €I + av~-ltin e p 1= i, j 

a~~ l =_ ap{;-l§in €I + a~-l.lcos e p F i, j 

a~; ) = at~-lhos €I + a,t- 1)sin €I p F i,j 

-5-
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(23) 

(24 ) 



at.) 

" 
~ 

_4.-1) 

" 
sin e + a (.-1) cos • , p I i, j (25) 

a (. ) 
" 

Jo-l} :1 
I I cos e + 2 a(·-t)cos 

" 
e sin e + a ~-t) sin ~ 

" 
, (26) 

(.) a(~1 )= _aCo- 1) sin e cos e _a(·-I) sin'" e + al(~- t)cos'" e + a (,-I) sin e cos 9 (27) a" " " " ( . ) (.-,) 2H a(o-l) cos'" e (28) 
'" 

, a sin'" e - a" sin e cos e + " " 
From (26) and (28) 

a" ) + .(0) _ a~-Y+ ~-1) 
1\ lJ - \I all (29) 

This relation is to be expected since the transformation leaves the roots, and, therefore, the 
spur (trace), unchanged. The matrix also r emains symmetric since 

Equation (2 7) gives 

a( : ~ = at-l) (cos~ e - sin'" e) + sin e cos e (at~ _ a('~l» 

If e is chosen so that 

tan 2 e = 2alC:-~ 
-;-('-"-');-'(' --;;'):--

a II -all 
t· ) then a IJ =- O. Squaring (22) and (23) and adding gives 

[a!'/J'" + [ap( ~~ '" = [a !:-l)l~ + [a p~ - I)] '" P I i, j 

Squaring (24) and (25) and adding gives 

[a~:~ ll + [al~~ '" = [alt-l~ '" + [alt-l~2 p I i,j 

(30) 

(31) 

(32) 

(33) 

(34) 

The sum of squares of nondiagonal terms excluding the (i, j) term has, therefore, remained con­
stant while the (i, j) term will have become zer o if eis chosen to satisfy (32) . Jacobi's method 
is based on the choice of a sequence of rotations, each of which is chosen to make an off-diagon­
a l element equal to zero. The e lement of the current matrix which has the largest absolute val­
ue should be chosen as the (i, j) term. 

SEQUENTIAL AND THRESHOLD MODIFICATIONS 

Since a computer takes considerable time to search lor the largest current all' EIGENJ uses 
the Sequential Jacobi Method. This method utilizes off diagonal elements in the natural sequence 
to make all equal to zero. The order is (1,2) (1,3) ... (1, nl (2,3 ) (2,4) ... (2n) ... (n-l, n); 
a return to (1,2); and another sweep. The subroutine also uses a further improvement because 
of the following condition: Suppose that at an early stage of the iteration an all to be made zero 
is already smalL Making this zero has little value , since the sum of the squares of the off dia­
gonal terms will not be decreased appreciably. Therefore, assuming that at least 6 sweeps will 
be necessary, rotation may be omitted as follow s: During the r th sweep. a rotation is omitted 
if la II I ~ E r. The set of E r will be a decreasing set such that E r = 0 (to 9 significant figures) for 
r >6, so that after the 6th sweep no "nonzero" locations are skipped. 

EIGENJ 
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An appropriate choice is 

E, = 2-' • 

E, = 2-' • 

E, 2-' • (35) 
E. = 2- ' • 

E, = 2- 17 
• 

E, = 2-~ • 
where a is the largest off diagonal e lement of the original matrix. This i s known as the Threshold 
Jacobi Method. 

Equation (32 ) give s 

Tan 29 :; ~ ,. r6i 
where a' :; :. a according to the sign of b. The following is written for convenience: 

a' :; p and I b I = q so that q is positive. 

Then 

q ' 

Cos 29 :; 

" 
Cos , + J.1 (1 +...!l.- ) 

2 VP a + q a 

and using 
Si na 

Sin 

Si n e :; p 1 

2 Cos e + q' 

-7-
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(37) 

(38) 

(39) 

(40) 

(41 ) 

(42 ) 

(43) 

(44) 



MODIFICATION TO ELIMINATE SQUARE ROOTS 

Any plane rotations may he applied without altering the eigenvalues. There is no need to bring 
an off diagonal term exactly to zero at each stage. H the sin 6 and the cos eo! the rolation are 
correctly related and the derived matrix is produced accurately, the derived matrix remains 
equivalent to the original matrix. In order to avoid computation as complex as that in (41) and 
(44), the angle used is computed from the formula 

tan e/2 or (45) 

whichever has the smallest absolute value . H the second case is chosen, e '" + '(1/4, which is 
clearly the la.rgest useful rotation, is used. 

This scheme has the advantage that the functions 

Sin a '" 

and 
Cos e '" 

2 tan e/2 
1 + tan~ 9/2 

1 tan; e 2 
1 + tan '" e 2 

may be computed without extracting square l'ools. 

REFERENCES FOR CONVERGENCE ERROR ANALYSIS 

(46) 

(47) 

1. Convergence is proved for this method by D. Pope and C. Tompkins, Maximizing 
Function of Rotation. J. Assoc . Comput. March 4 (1957) pp 459-466 

2. An error analysis is given by J. H. Wilkinson, Error Analysis of Eigenvalue Techniques. 
J. S. r. A. M. March 1962, pp 162-195 
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PRO GRA MMIN G CO N S IDERATION S 

Characteristics 

Successive der ived matrices in the EIGENJ program are symmetric . This feature provides for 
an economical storage procedure in which only the upper triangles of the original matrix are 
stored and all subsequent matrices are overwritten in the same storage location. Bent lines such 
as those shown in the fo llowing diagram are considered instead of the rows and columns of the 
original matrix and its derivatives. Therefor e, n (n + 1) / 2 storage locations are sufficient for 
the eigenvalue calculations . 

0 0 0 X 0 X 0 0 

0 0 X 0 X 0 0 

0 X 0 X 0 0 

X X X X X 

0 X 0 0 

X X X 

0 0 

0 

The e igenvector s al'e the columns of the matrix 0 1 0 " . . . O\(= T where 0 It is the last rota­
tiOIi pc:riormed (see Equation (20)) . If A r is the rth diagonal e le ment of AI( (the ultimate matrix 
r esulting from the rolation) then the eigenvector corresponding to Aris the rth column or T. The 
vectors, when desired, are calcu lated by starti ng with the unit matrix I of or der n and performin~ 
the rotation on the right; that is, 

(48) 

rherefore, the fu ll n x n matrix for the eigenvector must be he ld in storage and is developed at 
the same time as the eige nvalue. The elements of the rotation matrices are discarded when 
used. (See Extensions and Modifications Chapter 3 for an alternate procedureJ 

Calculation 

rhe calculation procedure is as follows: 

1. Initialize subroutine and set vector matrix equal to Identity . K is the index for the 
A(I, J) t~rm. 

2. Search for the largest off diagonal element and set threshold. Threshold = E 1 from 
the equation (35). 

3. Compute for each successive off diagonal e lement greater than E\ 

Sin 6 from equation (46) 
Cos e from equation (47) 
a!1 from equation (26) 
a Jl from equation (28) 
all from equation (31), A(K) "" all 

-9-



4. Reset threshold to E 1-1 and repeat step 3 until threshold becomes equal to minimum 
(E. ). 

5. Repeat step 3 until every off diagonal is less than E,. 

6. Copy eigenvalues into eigenvalue array. 

7. Return 

rhe logic (or finrling the largest off diagonal element in step 2 and the logic for finding succes­
sive elements greater than E! in step 3 1s the same. Therefore, the search is programmed only 
once and a switch (GO TO (7,8), INO) on IND is used to proceed to the resetting of AMAX or to 
the calcu lation. 

The option of bypassi ng the vector calculation is provided by the indicator IV. The setting of the 
vector matrix to the ldentity in steps 1 and 3 is bypassed if IV '" O. 

If the input matr ix is already diagonal (if off diagonals all equal ze r o) statement 29 in the li sting 
provides a quick return with the correct answer. 

In the subroutine the variable MAX is set equal to 6. This value controls the size of the mi.ni­
mum threshold, so that it is equal to 2-33 (1.16 x 10-11 ) times the largest off diagonal e lement 
of the original matrix. If less accuracy 1s needed (say only 4 significant figures in the eigen­
values) and some 3peedup is wanted, the programmer can set MAX '" 5. This will make the 
minimum threshold equal to 2- 17 (or 7. 6 x 10- ' ) times the lar gest off diagonal e lements . 
CAUTION: The eigenvectors will be considerably less accurate than the eigenvalues since they 
are much more sensitive. If this routine is to be compiled in the Double Precision Mode the 
programmer should set MAX '" 7 which will make the minimum' threshold equal to 2-6 ~ (or 2. 7 
x 10-:i3) times the largest off diagonal element. 

-10-
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3 . USAGE 

CALL AN D DIMENSION STATEMENTS 

Normally, the subroutine is called by CALL EIGENJ (A, N, V, IV, E) where 

A is a one-dimensional array containing the elements of the symmetric matrix to be placed 
in co lumns. 

N is the order of the matrix A (that is, N :: the number of rows) 

V is the N xN matrix of eige nvector s 

IV is an indicator ; if IV :: 0, the vectors will not be included. If IV equals 1, the routine 
will calculate all of the vectors. 

Only the upper triangle of e lements is to be s tored. The elements are to be slored in the natur al 
order--each r ow I begins with element X l" For example, the matrix 

Xu X12 ~3 Xl" 

X" X~ X u X :a4 

X" X~ X 3.3 X~ 

X" X" X~ X ... 

is set up as follows 
A, A, A, A. A, A, A, A, 

Xu X" X 13 Xl'" X alj X" X,. X~ 

Therefor e, the l ength of the array must be N(N + 1)/2. 

T he vectors are stor ed in columns in the same order as the values are stor ed. 

'The subroutine stores the eigenvalues in the E array. To conserve space, the programmer is 
free to overlay the matr ix A with the e igenvalues (that is, use A instead of E) . 

The foregoing discussion s hows that the dimension statement should be 

DIMENSION A (K), V(M, M), E(M) 
where K = M(M + 1)/2 and M is the maximum order to be solved. 

-11 -



As explained in Chapter 2, the statement MAX :;z 6 (which is two statements above s~atement 31 
in the listing) controls the accuracy of the calculation. For double precision compilation, this 
must be changed to MAX '" 7. For less accuracy with a moderate increase in speed, MAX can 
be set equal to 5. If the value of M = 5 is used, the vectors may not be very good, although 
this does not affect the eigenvalues as much. 

EXTENSIONS AND MODIFICATIONS 

The discussion of the Jacobi method for Symmetric Matrices in Chapter 3 included a proof that 
the matrix T in equation (17), T=Ol O~ . .. . . OR' was the matrix of eigenvectors. The Program­
ming Considerations discussion noted that the program computed T Simultaneously with the de­
velopment of eigenvalues, starting with the identity matrix and successively multiplying on the 
right by the orthogonal matrix 0 1 , as shown in equation (48). 

Obviously, 
(49) 

yields exactly the same results. However, equation (49) implies that T is calculated by start­
ing with the Identity matrix and multiplying by the Ot'S on the left using them in the rever se or­
der; that is, multiplying by the last OK' then by the next to last, and so forth, until 0 1 is used. 
This latter approach has two significant advantages: 

1. This approach deve lops the matrix T by columns, and the Ith column is the eigenvec­
tor corresponding to the Jth eigenvalue . Therefore, if only selected vectors are wanted 
(like those corresponding to the five largest eigenvalues), they can be developed inde­
pendently, since there is no need to calculate any of the r emai ning columns. The work 
thus saved can be considerable. To do this, the program must save the 0 I 's and use 
them in reverse order ; it only uses the columns of the Identity matrix corresponding 
to the desired eigenvalues. For each 0 t , only four numbers need to be saved (name­
ly. I I. J I. CosO I. and SinO I) . These can be stored on tape or DSU or punched on 
cards. 

2. This approach can allow the solution of a much larger matrix, even though all of the 
vectors are needed. Since only half of the vectors must be in memory at a given 
time, they can overlay the area originally occupied by the matrix A. 

EIGENP PROGRAM 

EIGENJ is also available as a Cree-standing program package called EIGENP. Input to EIGENP 
is as follows: 

One card containing identification alphanumerics 

A second card containing further identification 

$SIZE/N= ,N $ 

where N and IV are as above 

$DATA/I= J = , , LL/ BUF; , , , $ (basic input card. ) 

@[go®®® ~[gffil~[g~ _________ E!ll!i!'GE~NJ 
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1 and J are row and column numbers, and the remaining blanks are elements of the input matrix. 
Elements not read in are set to zero by the program. The packing into the triangular form men­
tioned above is done by the program. (Note that J is never read in less than I; that is, only the 
upper elements are entered. ) 

The end of a case is signaled by a $DATA card with 1=0. 

Further cases may be read in, starting with the two cards of identification. The end of run 1s 
signaled by a $SIZE card with N=O. 

Several test matrices of various orders through 25 have been run. These have been checked with 
the results of the other subroutines and with analytical solutions. Those with analytical solutions 
checked to 8 significant figures. 

Input for one case is illustrated on the following pages. Additional input sheets are furnished at 
the back of this manual. A listing of input cards and an output listing are also included in this 
section. 

-13-



1nput Coding Form (With Sample D ata) 

EIGENP INPUT 

Col 
2 

ID CARD I 

ID CARD 2 

$SIZE/N- .1., IV-L $ 
,OATA/[ o1-, soL, LL/'UFo .SU 7to~~ .0.111"< ~r/ 

----, 
-- $DATA-/l-:;, ,1 " ~, ~/BuF_ .?H~37 .. H , -. //0'-17'14 , _-"0,,,.,,0 __ • -.05'1141047, 

-.~7' 3 [{52J'1, ____ , 

$DATAlI.2, J-...3...., LL/BUF .. I.I-9~s"1 9.i? 0.0 

----, 
$DATAlI . :L , J-~ , LL/BuF. SII?lCJ.tl -, ()UI4~kY/. -. I)t.9~3S~·{ ____ _ 

, 
$DATA/I-..) , J o S - , LL/auF_. 42 .9.23Z.,2? , -.l"ta~4 , , 
$DATA/I - .L, J o 6 -, LL/'UFo /./41f541J(, , 
$DATA/I - oj , J o _ . LL/BUF- , 
$DATA/1-_ • Jo _ . LL/aUF- , 
$DATA/I- _ • J o _ . LL/aUF- , 
$DATA/I- _ . Jo_ . LL/aUF" , 
$DATAlI- _ . J o_ . LL/aUF- , 
Note to Keypunch: Discontinue after .... ritten $ 

First twO cards must be included, even if blank. 

@[Eo@@@ ~[E [ffi~[E~ _________ ~EIC~ENJ 
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r EICENP INPUT 

Col 
2 

10 CARD 1 

10 CARD 2 

$SlZE/N .. :d, IV- _ $ 

$OATA/l" _ , J"_ , LL!BUr .. ____ _ 

----$ 

$OATA/I- _ , J"_ . LL/BUr-____ _ 

--_.$ 
$OATA/1- _ , J"_ n/Bur-_ ___ _ 

---_.$ 

$OATA/l- _ , J " _ LL/Bur -____ _ 

----$ 

$OATA!I "_ , J"_ , LL/Bur .. ' ____ _ 

----$ 

$OATA/I"'_ , J"_ , LI./BUF-, ____ _ 

---$ 

$OAT,\/1- _ , J"_ , LL/Bur .. ' ____ _ 

____ $ 

$OATA/l "'_ , J_. LL/BUF .. ' ____ _ 

---$ 

$OATA/I - _ , J " _ . LL/BUF " ____ _ 

--_$ 

$OA1A/l - _ , J"_ , LL/BUF- ____ _ 

---_$ 

$DATA!t ... _ , J" _ , LL/aUF'" ____ _ 

--_$ 

Note to Keypunch: Discontinue after written $ 
First two cards must be included, even if blank. 
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@IV 
Ii'iiil 
§§ 
= Ii'iiil 
@IV 

TEST CASE FOR EIGEN 
SEE MA NUAL 

SSIZE/N=6.IV=TS 

Listing of Input Cards 

SDATA/I=1.J=1.LL/BUF=.51179022 •• 061142881 •• 15690355S 
SDATA/I=2.J=2 . LL/BUF=.43923729.-.11061734.0.0.-.051441047.-.0723857225 
SDATA/I=3.J=3.LL/BUF=1.1485492.0.0.-.072385722.-.1018582S 
SDATA/I=4.J=4.LL/BUF=.51179022.-.061142881 . - . 15690355S 
SDATA/I=5.J=5.LL/BUF=.43923729.-.11061734$ 
SDATA/I=6.J=6.LL/BUF=1.1485492S 
SDATA/I=OS 
SSIZE/N=OS 

S ENDJOB 
S EXECUTE 
S I NC ODE IBMF 

Output Listing 

~lti~NVAlUE$ ANU V~C I 'lW 5 

It::"il L: "'~1::: ~o~ Ellil:::N 
!:d:c ""Ah ', ~L 

< 

" • 
? 

n 

LA"1t:w4( I 
":) . :.>,-:> -,,.,0 '':" - U1 

c ~.Y ~ lo~~ l~- - Ul 

~ J .~c.) . o/ l;:'" ti l l 

4 " .~~Y ? ~ 'i~ - -~l 

::.. ... lIUJ/O.,. - :Jl 

t. ! . l £?.)..)-J ,,,: U'.' 

J ~ I I . ,J , 

'+ • , ) \. 11 'I I tJ b t: ... . / 

?. : cy .. ~tI.:.f:- ·, l 

I: ( I • J"l ) 
- .j. J "'I.;}/~ U 4t::- Ul 

~.""ll .~J "b.)r- ·.1 

t. . ,k,JU/ u /lt't. - ,J1 

t" C J ...... .:: J 

1 . .)9i. 4 ':'~b::ll::-u_ 

- r.. . co')'':::':: 1"', 1'-- ')/ 
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APPENDI X A 

PROGRAM LISTING 

J/ le nT Aft V. (,f. , FOH ' HM'I ' E I GEt~p 

OP T1 0~ J FOR rkfllJ , c,o 

F oR Th fill LS T OI Jr D[ Cl<: . ~ T AlI 

I lle OOE 1 1\ ~:F 

EI ('H. PI<CG I \ Ar~ 

C!Jf> UO()4. 01J9 [l AT E 1) ~/ 05 /6 ~ 

O l t·'EI':~ I l) r~ VI 1 211 I 1 20 ) . fI (721;0 ) ' t (1 2lJ ) ' I~A Ml ( 12). In! l ~) . b UFlbl 

L O":,I C.~L I V 

/olAf·IE Ll S r I ~ I ZEit 1.1 V/ UA l A/I • J ' l.J UF . LL 

1 't, 'H n .(6 . 2 ) 

2 F OI' ''"l!. l ( 2bH l [ J GEIIIIALU[ ~ fIf.jO VEC TOKS I 

RrAO 3 . IJfI~lr 

PE.\D 3 , 10 

J FOIlt·1t\ Tl1 2AhJ 

wR ITf.(6 · 3 ) f JAME 

~R ITF(Q . 31 TO 

~ E J\Il ( ~ . S ll r ) 

N? 3=r:+Nt3 

tF(N. l Q. Q1CALL ExIT 

11=~ J · (~J+ l )/ 2 

00 1J J= l' Il 

U ,,(1) ;:11 , 0 

~ R[AO l t .. r) IIT /I ) 

I F tI . [Q . o I GQ TO 9 

K=t l- IrJZ3-I ) ) /2 +,) - 11 - 1 

0011 L =l , LL 

A (I'.l = tlUF (Ll 

tI K= K+l 

GO TO 5 

-17 -

EIGP QOOO 

EI GPQOIO 

EIGP 00 2 0 

EIGPOOJ O 

[161-'0040 

£ 161-10050 

EIGP0 06U 

E I GP0070 

EJGPOOeO 

EIGPOOq O 

Ei GP Qi OO 

EIGPOI10 

EIGPOll O 

ElGP0130 

EIGP 0 1 ... 0 

£IG1-' 0150 

EIGP0 160 

EIGP0170 

EI GP0 180 

EI GPOIQO 

[IGP0200 

[IGP021 0 

EIGP022U 

ElGP0230 

EIGP0240 

EIGP0250 

EIGP0260 

EIGP 0270 

EI GP02SO 



9 CALL EIGEN .. J(Aol20.r~.VolV.E) 

wRITE(6 .1 0) 

10 FORMAH23HO I LAM BDA( I)) 

WR IT E(6.11)(! . Efl).I=I . N) 

II FORMA TII7 . 1PE20.SJ 

IF(. NO T.I V)GO TO 1 

wRITEI6' 12) 

12 FORMAT(98HO I 

[1 1'')+3) 

E( I. J) 

EI I ,J+4) 

CALL PMA T(V.120, 120.N.N ) 

GO TO 1 

ENt) 

EII • ..) +I) 

[ II • ..J+5)) 

EI1 ' J+2) 

S FOR TRAN LSTOU.OECK.STAB 

S INC OOE IBMF 

.~l GEN.) EIGENVALUE AND EIGENVECTOR ~UOHOUTI NE 

• 

• 
• 
• 
• 
• 

C0600D4.009 

SUI:\ROU T 1NE EIGENJI I • • MS I ZE ' NN. V, I v. E) 

DI MENS I ON A(20 1 00) . V I MS IZE. MSIZE ).~I~S JlE) 

LOGICAL IV 

DA TE 0~/05/6::' 

EIGEN..J FINDS TilE EIC,ENVALUES AND EIGEtlVEC TORS OF 

A SYMME TRIC MATRIX IA) US I NG A MODI FIED THRESHOLD .)ACOUI ME THOD 

ONLY THE UPPER TRI ANGLE I S STORE[I 

DII4ENS I ON AIK=M IM+!J/2) . VIM.M).Elr4) WHERE M=M AXIMUM OR[)E~ 

DIMENS I ON AIK=M IM+IJ/2).VIM . M).EIMJ WHERE M=MAXIMUM ORDlH 

N=NN 

IND=1 

NM2 =N- 2 

AMAX =O.O 

NM=N- l 

EIGP0290 

EIGP030u 

EIGP031 U 

EIGP032U 

EIGP0330 

EIGP03~ 0 

EIGP03S0 

EIGP036 0 

EIGP0370 

EIGP0380 

EIGP 0390 

EIGP0400 

E1G..J0000 

EIG..J00I0 

EIG..J0020 

EIGJ0030 

EIGJOO~O 

EIG.)0050 

EIG')0060 

E1G')007 0 

EIG.)0080 

E1G.)0090 

E1G')0100 

EIG..J0 11 0 

EIG.)012 0 

EIG..J0130 

EIG..J0140 

E1G.)01 50 

EI G..JUI60 

@~o®®® ~~IRl~~~ _________ ~EIG~ENJ 
- 18-



r IFt. NOT.I V)GO TO 5 EI G.JO I70 

• SE T uP VEC TOR MA TRIX EI GJOleO 

1 00 J I=l. N EI GJ0 190 

00 2 .J= l. N EI GJ02 00 

2 \111 ·.,) 1=0.0 EIGJ0210 

J v (I· Il= 1 .0 EI GJ0 220 

5 K=2 EI GJ02;'O 

00 26 I=l " -IM EIGJ0240 

I P=I +l EIGJ02S0 

DO 27 J=lP.N EIGJ0260 

Y=AIKI EIGJ0270 

X=ABStYi EIGJ0280 

IF iX - AMAXI27.27.6 EI GJ02 90 

6 GO TO n.8h INC EIGJOJQ O 

7 AMAX=X EIG.J0310 

GO TO 27 EIG.J0320 

r • TRANSFORMATION SETUP FOLLOWS EIGJ03,30 

8 II::;K +l - .J EI GJ0340 

.JJ= (J. ( tJ+N- J+3 J ) 12- N EIGJ03S0 

IT EST:::1 EI G')036O 

X=At Il'-ALJJ) EI G,JQ 37 0 

yF( XIIO . 1l .1 0 E! GJ03SO 

10 x =y/X EI G.J0 390 

Y=.S.x EIGJ04QO 

IF(A6$I YI- .4142 13562) 14.11,11 EIG.J0410 

11 C= .707106781 EIGJ0420 

tFtYI12·12.13 EI GJ0 4,30 

12 S=-c EIGJ0440 

GO TO 15 EI GJ0 4S0 

-19-



13 s::c EIGJOlfbO 

GO TO 15 EIGJO!f10 

14 X;;:y*y EIGJ0480 

C=I.+X EIGJ0490 

S=2 •• Y/C EIGJQ5QO 

C=ll.-XI/C EIGJ0510 

15 X=S·S E1G..)0520 

Y=C*C EiGJ0530 

XY=S*c EJGJ054 0 

AXY=Z.UIKI*XV EIGJ0550 

Z=AIIII.Y+AXY+AIJJ)*X EIGJ056 0 

w=AiIII·X-AXY+AI,J.J).Y EIGJ0570 

A(KI=AIK)*CY-X)+XY*'AIJJJ-A(II) EIGJ05eO 

A(IIJ=Z EIGJU59Q 

A(JJJ=W EIGJObQO 

IFINMl)Z4·24.16 EIG...I0610 

1. Il::! ElG.J0620 

.. .tT=J EiGJ06;50 

• TRA NSFORM A EIG.J0640 

DO 23 M=l.NMZ [IGJ0650 

NP::N-M EIGJ0660 

IFIJT-K)ZO.17.1 8 EIG.J0670 

17 IT=lT+l El~.J068 0 

JT=JT+NP EIGJ06g0 

I T[ST=2 EIGJ07QO 

1. IFIIT- KIZO.19.19 EIGJ0710 

19 Il=IT+l EIGJ07Z0 

,JT::.JT+ 1 EIGJ0730 

ITEST=3 EIGJ0740 

-20-



( 

~u X=A( l ll+C+~ ( JT ) + S 

A( JT)= A(JT )+C -A !lT l ~ S 

Al iT J=X 

GO TO ( 21. 22 . 23 ) .ITES T 

21 IT=IT4 NP 

JT =..JT+NP 

GO TO 23 

22 JT =1T41 

..J T=J T+NP-l 

23 CONTI NUE 

"'Ii IF! . NO ToIVIGO TO 27 

.. TRANSFORM V 

2~ DO 26 M=l. tl 

x=yIM · Yl +C+V{M . JI+S 

V(M. J I= ytM . J I.C- V{M.ll·S 

26 VIM 'I I=X 

27 K=K+ l 

20 K=K +l 

• SEQlJEtlCE TO ADJUST THRESHOLD FOR EACH SWEEP 

GO TO (Z9 . 31l.I ND 

29 t F1AMAX 130 . 35 .30 

~O AT=AMAX 

I ND=2 

F=. 25 

AI>lAX =F+" T 

MAX =6 

GO TO 5 

.~1 MAX=MAX-l 

IF ( MAX131i · 33 .32 

-21-

EI GJ 0750 

EI GJ0 760 

EI GJ0 770 

EIGJ 0780 

EIGJ07 90 

EIGJOS OO 

EIG J OSI O 

EIGJOS20 

EI G..J OS30 

EIGJ OSli O 

EIG..J0 650 

EI G..J086O 

EI GJO S70 

EI G..J0880 

EI GJ0890 

EI G..J0900 

(I GJ09 10 

EIG..J0920 

EI G..J09 30 

[I G..J09" 0 

(I G..J0950 

EI GJ0960 

EIG..J 0970 

EI GJ0980 

EI GJ0990 

EI G..J I 000 

EI G..J I 010 

[I GJ I 0Z0 

EI G..J I 030 

ElGENJ 



• 

$ 

$ 

• 

:'>2 

3> 

" 
35 

F=2.0>t-F*F 

A~1AX=fI T *F 

c=o. a 

GO TO 5 

IFtCI33.35.33 

COpy E I GEIJVALUES 

M~';; 1 

NM=N+l 

DO 36 M=l'N 

ECt~I:;:A(MM) 

I I~TO E 

3b MM=MM+NM-M 

RETURN 

END 

FORTRAN LSTOU.DECK 

I NCOOE I RMF 

SU~ROU T INE TO PR I NT MA TRIX 

C060004.009 

SUijRQUTINE PMAT(A' MM .NN.NR,NC) 

D IMEN SION A(M~loNN) .1-'(6) 

NROW=NR 

NCOL; NC 

I:; 1 

..1=1 

lIP:;: 1 

JP=J 

00 2 K:::l.6 

KK=K 

ptKI:;:AtI"J) 

J =J+l 

DATE OS/OI+/f:>b 

EIGJI01.l0 

EIGJI050 

EIGJI060 

E16J I 010 

EIGJI080 

EIG.;1090 

E16J1100 

EIGJ1l10 

EIGJ1l2D 

EIGJ I lJO 

EIGJ1140 

EIGJ1150 

EIG..Jllf;,O 

PMAIOOOO 

PMATOOIO 

PMA,TQ020 

PMAT0030 

PMATOOI.ID 

PMATOD50 

PMAT006D 

pr-1A, T0070 

PMATOOeO 

PMATQD9U 

PMATO I OO 

PMATO ll O 

PMATQ 120 

PMA T0130 

PMAT0140 

PMAT0150 

@lIE o@@@f0IEIRlDIEf0---------..!.!!EIG<!Ji!.ENJ 
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IFtJ. GT.NCOLlGO TO , PMAT0160 

, COl4T I1.UE PMATQ170 

WRITE(6.~) JP',JP. (Pt K) . K::1'KI() PIoIAT018° 

• FOaMAT ( 2 1~.b( IPE1 6 . tP ) PMAT0190 

GO TO 1 PMAT0200 

j wRITEt6.~IIP.,JP.I P (K).K::1'KKI PMAT 021 0 

1::1+1 PMAT0220 

..I:: 1 PMAT0230 

IFII.LE. NRowIGO TO 1 PMATOZ~O 

RETURN PMAT02S0 

END PMAT0260 

r 

-23-
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1 

APPENDIX B 
FLOW CHARTS 

EIGENP Start 

2 

Print Heading 

J. 
Read N.1me, ID 

Bod Print 
Them 

.. 
Read N, IV 

J. 
2·N+3~ N23 

.. 
:\ Yes 

N Equal Zero? 

~ flo 

CleaT Hatrlx 

-.. 
Read I,J , LL 

Values 

~ 
"' Yes 

I Equal Zero? ) 

1 N. 

Store Values 
in Hatril< 

( 
~ End 

'---" 

, 
2 

EIGENP 

@l~.®@@ ~~ffil~~~ _________ ...t!!ElG;E!LENJ 
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, 
1 

ElGENJ 

Print 
EleEN Values 

Vectors Wanted? 
No 

'MAT 
Print Vectors}-----' 

- 26-
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EIGENP 

CD 



( 

, 
6 

A 

6 

r 
S , 

NN~N 
N-2_NM2 
O_ AMAX 
N-l_NH 

Vectors Want ed? 

" 

2 _ K 
I _I 

I+l ----.I P 
I P_ J 

AI( -.y 

Ivl --x 

X:AMAX 

> 

lNO 
2 

-27-

Yo. St ore '" Order Unit 
Matrix to V 

, 
>---0( 27 , 

EIGENJ 



K+I-J _ ll 
J* (2N-J+)}';' 2-N 
-+JJ 

,,-_-..:!L_-..,. No 

x-o 

y" 

, 

"b-1L_X_-+_AMAJ( __ ~5 

y/x __ x 
. 5*X --+ Y 

< 
>--'---.( 14 

, 
I+-----=---<~,~: .4142135 

3 

y: o 1-~ 15 
3 

> 

c--+s 

-28-

EIGENJ 

CD 



r 

r 

, 
.f_ x 
1.+X-+ C 
2Y,;C_ S 
(l. - X)+C -+ C 

(0f-,--------iol 

C , 

SOl--+X 
cf!---+ y 
s*c _ xy 
2AK*)(Y--+ AXY 
AI \*V+AXY+AJJ*X 
--+, 

Al l *X-AXY+AJJ*Y 
- W 

AK*(Y - X)+XV*(A j J -A, L) 

--+A" 
Z --+ AL I 
W_ AlJ 

, 
NM2:0 

> 

I __ IT 

J -+ JT 1 _ _ 

N- H _ NP 

" , 

'0 
4 

< 

JT:K 17 
4 

> 

18 
4 

EIGENJ 

0) 

@[E .®®® ~[EIRl~[E~ ________ -----',=W,""-" 
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3 

IT+l -+ 1T 
JT+NP -+ JT 

18 \-----.1 
3 

20 
3 

IT:K 

I T+l -+ IT 
JT+l -+ JT 

< 

A1.*C+AJ.*S -+ X 

AJ , *C · Aj • *S~AJ t 

X-+ Aj I 

, 

-30-

EIGENJ 



r 

IT+NP _ lT 
JT+NP _ JT 

3 

~!:NH I 

, 

> 24 }-__________ + 
3 

Vectors Wanted? 

v .. 

V. ,I *C+V. 'J *5 
~X 

V •• J *C·V •• 1 *5 
- V.'J 

X_ V. ,I ) fo r 

, , 

IT+l _ lT 
JT+Np·I _ JT 

, 
c 

No 

2, r-----------~4_----------~ 
1, 2 

> 
28 * -----< 

6 

K+l_ K 
J+l _ J 

J:N 

-31-
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i!:IGENJ 

CD 



Y., 
35 AMAX 

7 

,25 -+ F 
F*AT-+ AMAX 
'~ MAX 

5 

1 

5 

K+1 __ K 
1+1 __ 1 

I :Nl1 

34 

7 

- 32-

A 

MAX~l_ MAX 

< 
MAX:O 

> 

2?-+ F 
AT*F -+ AHA)( 

7 

O.O _ C 

EIGEN,J 

EIGENJ 



r 

r 

, 

C Equal Zero? 

" l------+1 , 
Copy 

Eigen Values 
fromAtoE 

Eigenj 
au< 

NO 

~IGENJ 

CD 

@[HID@@ ~~[Rl~ ~~ _________ ....:.:!EIG=.ENJ 
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EIGENP INPUT 

r Col 
2 

ID CARD 1 

ID CARD 2 

$SIZE/N=_, I V:_ $ 

$DATA/I:_, J---, LL/BUF: 

$ 

$DATA/I:_, J : --, LL/BUF: 

$ 

$DATA /I=_, J: --, LL /BUF: 

$ 

$DATA/I:_, J---, LL/BUF: 

$ 

r $DATA/I:_, J: --' LL/BUF: 

$ 

$DATA/I:_, J: --, LL/BUF: 

$ 

$DATA/I:_, J---' LL/BUF: 

$ 

'$DATA/I-_ , J---' LL/BUF: 

$ 

$DATA/I=_, J: --, LL/BUF: 

$ 

$DATA/I:_, J---' LL/BUF: 

$ 

$DATA/I-_ , J---' LL/BUF= 

r $ 

Note to Keypunch : Discontinue after written $ 
First two cards must be included , even if blank . 



EIGENP INPlIT 

Col 
2 

ID CARD 1 

10 CARD 2 

$SI ZE/N=_ . IV: _ $ 

$ DATA/I: • J: --' LL/BUF: 

$ 

$DATA/I:_. J: -_. LL/BUF: 

$ 

$DATA / I:_. J: -_. LL / BUF: 

$ 

$DATA / I:_ . J: --' LL / BUF: 

$ 

r $OATA / I:_ . J: --' LL / BUF: 

$ 

$OATA/I:_. J: --' LL/BUF: 

$ 

$DATA / I:_. J: --' LL / BUF: 

$ 

$DATA / I:_. J : --' LL / BUF: 

$ 

$DATA / I:_. J: --' LL / BUF: 

$ 

$DATA/ I =_. J: --' LL / BUF: 

$ 

$DATA/I:_. J: --' LL/BUF: 

( $ 

Note to Keypunch : Discontinue after written $ 
First two cards must b. included, even if blank. 



ElGENP INPUT 

r Col 
2 

10 CARD 1 

10 CARD 2 

$SIZE/N·_, IV·_$ 

$DATA/I"_, J. --' LL /BUF· 

$ 

$DATA/I·_, J. --, LL/BUF· 

$ 

$DATA/I-_, J. --' LL/B_ 

$ 

$DATA/l""_' J. --' LL/BUF· 

$ 

$DATA!I-_ , J. --' LL /BUF· 

$ 

$DATA/ I·_, J. --, LL / BUF· 

$ 

$DATA/I-_, J. --' LL/BUF· 

$ 

~ DATA /I-_, J. --' LL/BUF· 

$ 

$DATA/I-_, J. --, LL/BUF· 

$ 

$DATA/I- _ , J. - -' LL / BUF· 

$ 

$DATA/I._, J. --, LL/BUF-

$ 

Note to Keypunch: Dis cont inue after written $ 
First two cards must be included , even if blank. 



r 

, 

, 

Col 
2 

In CARD 1 

ID CARD 2 

EIGENP I NFUI 

$SIZE!N;_, rV;_$ 

$ DATA ! l ; _, J;_ , LL! BUF;-____ _ 

---_$ 

$DATA/r-_, J;_, LL! BUF;-____ _ 

---_$ 

$DATA!r;_, J;_ , LL!BUF;-___ _ _ 

---_$ 

$DATA/r;_, J;_, LL!BUF; ____ _ 

-----'$ 

$DATA!l-_, J;_, LL!BU"" ____ _ 

---_$ 

$DATA/r;_, J;_, LL!BUF; ____ _ 

---_$ 

$DATA!r;_, J;_, LL!BUF; ____ _ 

---_$ 

-$DATA!l;_ , J; LL!BUF; - , -----

---_$ 

$DATA! l - _, J;_, LL!BUF; ____ _ 

---_$ 

$DATA!r;_, J;_, LL! BUF; ____ _ 

--_$ 

$DATA!I;_, J;_, LL!BUF; ____ _ 

( $ 

No t e to Keypunch: Discont inue after written $ 
First two cards must be include"d , even if bl ank. 

--_. 



( 

r 

• 

Col 
2 

In CARD 1 

ID CARD 2 

EIGENP ;I.NPlIT 

$SIZE/N·_. IV'_ $ 

$MTA!I- • J._. LL / BUF·· ____ _ 

---_$ 

$DATA /I-_. J._. LL /BUF·· ___ _ _ 

---_$ 

$DATA / I·_. J._. LL / BUF· ____ _ 

---_$ 

$ MTA/I' _. J._. LL/BUF· _ _ _ _ _ 

---_$ 

$DATA / I·_. J._. LL / BUF· ____ _ 

---_$ 

$DATA / I-_ . J._. LL / BUF· _ ___ _ 

---_$ 

$DATA/I·_ . J. LL/BUF' _. ------
-----'$ 

·$DATA / I·_ . J._. LL / BUF· ____ _ 

-----'$ 

$DATA/I·_ . J._. LL/BUF· ____ _ 

---_$ 

$DATA / I·_. J._. LL / BUF· ____ _ 

- --_$ 

$DATA/I'_ . J._. LL / BUF· ____ _ 

( $ 

Note to Keypunch : Di s c ontinue after written $ 
First two cards must be included, even i f blank. 

-----_. 
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CREDITS 

The source material used in this manual is taken from a document published by the General Elec­
tric Teleconununications and Information Processing Department, titled SIMEQ: A Set of FOR­
TRAN Subroutines for Solvin Linear ste ms by H. W. Moore and R. F. Jordan. Permiss10n to 
use the or igin acument was given y . L . Shell, Manager, Computer Applications and Proces-
sing of the Telecommunications and Information Processing Department, General Electric Com­
pany. 
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Ge neral Electri c Company, P. O. Box 2961, Phoenix, Arizona, ~5002. 
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CE In (8/66) 

.. 
DATI: 

GENERAL. ELECTRIC GE-600 SERIES June 1967 
INFORMATION SYSTEMS DIVISION N O. 

COMPUTER EQUI PMENT DEPARTMENT T ECHNICAL INFORMA TI ON BUL L ETIN 600-158 
SUBJ ECT, REF'. 

Correction to CPB - 1167 CPB-1l67 

Update the GE-625/635 Math Routines S IMEQ, CPB-11 67 , by 
removing pages 11/12 and r e place wi th the attached revised 
pages of the s a me numbers. 

I t is suggested that this cover s heet b e placed in the fron t 
of the manual at the time the attached pages a r e inser ted 
in the manual so it may serve as a quick check to indicate 
the changes made by thi s TIB have b een incor por ated in the 
manual . 
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3 . PROGRAM USAGE 

METHOD 

A user employi ng the SIMEQ routines for the calculation of the (Icterminant or the Inverse of a 
matrix A must head his program with the statement 

DIMENSION A(n, n), INTR (n) 

where n is an integer not less than the order of the matrix. If the user employs SIMEQ to solve 
a system of linear equations having the column vector B as a constant term, he mu st head his 
program with the statement 

DIMENSION A(n, 0), INTR (0) , B (n, m) 

where m is an integer equal to or greater than 1. B is tl"eated as a matrix with double subscripts 
rather than as a vector or a single-subscripted array, to permit the soluti on of the system [or 
M sets of constant terms with only olle call for the SOLV subroutine. Of course, III must always 
be equal to or greater than M. 

Prior to calling any other SINiEQ subroutines , the use r must call DECOM to prepare his matrix 
for further calculation. This may be done with the statement 

CALL DECOM (A , INTR, MSIZE, N) 

where A is the name of the matrix, INTR is the name of the auxi lial'Y vector, MSIZE is the di­
mension of A ri iven in the DIMENSION statement, and N is the order of the matrix. DECOM 
del:itroys the Original matrix in the process of calculatill;::- the decomposed matrix. Therefore, 
the user must provide additional stol'age (01' his matrix if he needs the matrix fol' later calcu la ·­
tiou. IT the user's matrix has been determined to be si nw.xlar, a return will be made to the main 
program with the Nth c lement of the INTI1 array set equal to O. Therefore, the user should test 
I1',rrR (1'1') for (, before proceeding further. since the other SfMEQ subroutines return directly to 
the calling program without performing: any calculation if INTR (N) is 0_ II INTR (N) is 0 upon 
r eturn (rom DECOM, the user may de termine the row in which the matrix was found singular by 
ex'lmining: the lNTR vector for an element satisfying the relation INTR (K) '" K, indicating 
that the s ingularity was discovered in the Kth row of the matrix. 

Once the user's matrix has been decomposed by DECOM, any of three subl'Qutincs may be I 
called, subject only to the l-estriction that no SUbl'O\lline can be called after INVRS, which 
destroys the decomposed matrix in the process of calcu lating the inverse matrix. (DTMN and 
INVRS are included in the MlNV routine CD600D4.007.) 
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In order to find the determinant oC his matri x, the user calls the OT MN subroutine wilh the 
s tltemClll 

CALL OTMN (A, INTR, MSIZE, N, DE f) 

whe re :>ET is the storage location reserved for the answer. The sulJl·ouUne r eturn s to the main 
prlJ,~';lI 11 with lhe scaled value of Ihl! de terminant s lor ed ill DE T and LllO intcg-r;l l power of ten by 
which DET i s to be multiplied stored in INT" (N). This form is choscn to avoid ovcrCIow or 
lInderflow in the calculation of extremely large determinants. 

In order to calculate the inverse of this matrix, the user calls the INVRS subrouli ue wilh the 
s ta tement 

CALL INVIl:S (A, INTl1:, MSIZE, N) 

Thl! subr outine returns with the inverse f; tored in the locations origina lly occupied by the ori b'; nal 
m:ltrix . For this r eason no olhe r ~u brouli ne of SlMEQ , except possibly DECOM, can be c alled 
afte r !NV~l:S has been called. 

SIMEQ will probably be used most oHe n to oblain the solutions of sys tems of s imultaneous linear 
cfjualio,ms . Fl·equ enlIy, several such systems must be solved ill one program, a ll hav ing the 
same matrix of coeCC ic ients a nd d iffer ing only in the constants on lheir right-hand side s . The 
SOLV s ubrouline has bee n arrang ed to handle thi s situation efficiently by allowing lhe various 
ri ght-hand sides to be entered as:t sing-Ie matrix each of whose columns represent s a right- hand 
s ide of the system of equations to be so lved. All of the systems are su lved s imu ltaneously with 
a single call of the subroutine . 

The user calls SOLV with the statement 

CALL SOLV (A, B, INTfl , MS IZE, ISIZE, N, M) 

whe re B is the name a! the matrix of constant vec tors , lSlZE is the maximum number of vectors 
allowed by the DIMENSION s tatement, and M is the number o[ right-hand sides to be solved . 

The user stores the right-hand sides in the manner indicate d above in the B matrix referred to 
in the opening DIMENSION state ments. 

U ther e is only one r ight-hand s ide to be solved fo r , M is, of course, set equal to 1. Before 
returning to the main program, the SOLV subroutine stores the solutions of the unknowns in the 
corr esponding pos itions of the B matrix, destroying in the pr ocess the original right-hand sides. 

Note that both the right-hand side constants and the unknowns finally obtained must be stored in 
a double subscripted arr ay even when there is only one righl-hand side and one vector of unknown 
quantities. 

CAUTION: Do not solve a system of linear equations by first using DECOM and INVRS to get the 
inver se of a matr ix of coefficients and then mu ltip lying the r ight- hand side by the inverse to find 
the solution of the system. This procedure is far mor e inefficient and time-consuming than the 
more di r ect method outlined above , using DECOM and SOLV. 
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,1, GENERAL DESCRIPTION 

SIMEQ consists of an input/output program and four FORTRAN subroutines called DECOM, SOLV, 
INvRS. and DTMN. The S[MEQ program uses DECOM a nd SOLV to solve sets of simultaneous 
linear equations. The routines may be incorporated in a user's program for equation solutions, 
matrix inversion, or determinant evaluation. 

Storage r equirements for the entire system, exclusive of the program instructions, consist of n 2 

locations for the user's matr.pc. plus n locations for an auxiliary vector used by all the subroutines. 
In addition, the SOLV subroutine requires n x m locations for the storage of m vectors, each 
representing a set of constant terms (a right-hand side) for the system of simultaneous equations 
to be solved. The required dimensions are passed to the subroutines via the calling sequences, 
eliminating the necessity of recompi li ng them for use with different programs. 

The basic subroutine of the system is DECOM, and it must, in general, be ca.lled before any of the 
other subroutines may be used. DECOM decomposes the user's matrix into the upper and lower 
triangular matrices which 'are used by the other subroutines for further calculation. The user's 
original matrix is destroyed in the process. This subroutine uses the single library function ABS. 

The SOLV subroutine uses the decomposed matrix given by OECOM to solve up to m sets of rigbt­
hand sides for the given matrix. The constant terms (right-hand side) of each of the m sets is 
destroyed in the process. 

The DTMN subroutine calculates the determinant of the user's matrix merely by multiplying to­
gether the diagonal ele ment s of the decomposed matrix. In order to ensure that this product does 
not underflow or overflow the arithmetic capabilities of the machine, the determinant is calculated 
as a fraction and an integral power of ten. 

The INVRS subroutine calculates the exp licit inverse of the user ' s matrix from the decomposed 
matrix, assuming that the original matrix is not singular . The decomposed matrix is destroyed 
in the process. 
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2. M ATHEM ATICAL METHOD 

SAMPLE PROBLEM 

Although the basic method used by SIMEQ is known as "left-right decomposition," or the decom­
position of a matrix into the product of an upper triangular and a lower triangular matrix, it will 
be advantageous to explain the method initially in terms of an equivalent method created by C. F. 
Gauss, known as Gaussian elimination. 

The following discussion covers the solution of the linear algebraic system 

au Xl • aux';l • a 13 xa • alol, x~ = b, 

a 21 x t • a~x:l • a:a3x 3 • a:;&x. = b , 

a 3t X 1 • a~x:a • a3:jx 3 • as.x. = b, 

a 41 x 1 • aQx:a • a4.llx 3 • a .... x .. = b. 

The Gaussian eli mination me thod uses the fi r st equation, which is known as the pivot equation, to 
eliminate Xl fr om each of the other three equations in turn. This is done by dividing the pivot 
equation by its leading e lement, known as the pivot e lement, multiplying it by the leading element 
of the equation [rom which Xl is to be eliminated, and then subtracting it from that equation. In 
the example below, the first X l is to be eliminated fr om the second equation. The pr ocedure gives 

a" 

That is, 

where 

) ( a" ) ( a" . au x a + a:l3 - . a1s X S + a;4 -

a" 
a" 

b, . 
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Applied to each of the remaining equations in turn, this procedure results finally in the complete 
elimination of Xl from all but the first equation: 

The second equation may be used as a new pivot equation to eliminate Xa from equations three and 
four. The procedure used before (that is, dividing the new second equation by its leading e lement, 
multiplying it by the leading element of the equation from which xa is to be eliminated, and sub­
tracting) gives the new reduced system 

aUxl + aJ.ll:x a + a 13x 3 + aHx~ • b, 

0 + a~ x ; + aJa X 3 + aJ~ x~ • b' , 
0 + 0 " + a3,:i x 3 + a.;4 x ~ • b'~ 

0 + 0 + a~x3 + a~ x~ • b'4 

F inally, the new third equation may be used as the pivot equation and the same procedure may be 
applied to equation four, giving 

all Xl + al~ xa + a 13 x 3 + al"x~ • b, 

0 + a~xa + a:bx3 + a~4x4 • bl 

0 + C + a.;3x3 + a3~x4 • b:{ 

0 + 0 + 0 + a~x4 • b'" • 
At this point, the system of equations is virtually so lved. The only unknown in the last equation 
is x", which can, therefore, be determined. When x4 is known, the only unknown in the third 
equation is x 3 , which can similarly be determined and used to find xa from the second equation. 
Finally, Xl can be determined from the first equation. The above example shows that Gaussian 
elimination consists of two basic processes: 

(1) A forward course in which the matrix of coefficients is reduced to an upper triangular 
matrix. 

(2) A return course, or "back subs titution," in which the unknowns are found recursively, 
starting with the last equation, which contains only a single unknown quantity. 

The pivot element, or leading coefficient of the pivot equation might be 0 or a very small number 
and, consequently, unsuitable for use in dividing the pivot equation. Thus, one slight modifica­
tion of the procedure is desirable . As shown above, the first step of the procedure is to eliminate 
x t from all equations after the ith. When the pivot e lement is 0, it is only necessary to choose an 
equation alter the ith with a nonzero coefficient for x! as a subs titute pivot equation and proceed 
as before. It can be shown that li at the ith step all the coefficients of X I are 0. the original ma­
trix of coefficients is singular, and. consequently, the system of equations does not have a unique 

srM:f;Q 
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solution. Hence, assuming the system has a unique solution, a nonzero pivot element can always 
be found. In practice, partly to avoid numerical problems, the steps listed below are used in 
choosing the ith pivot equation: 

(1) Examine the ith column for the largest coefficient of x t _ 

(2) Move the equation containing this coefficient to the ith row as the new pivot equation. 

(3) Move the old ith equation down to the row originally occupied by the new pivot 
equation. 

This procedure is known as "pivoting on the largest element. " 

With this modification, Gaussian elimination becomes a highly efficient method of solving linear 
algebraic systems and is extremely well adapted to digital computers. In fact, it is vastly superi­
or to the more familiar "Cramer's Rule," even for hand calculation, since the number of opera­
tions required by Cramer's Rule to evaluate n + 1 determinants is far greater than the number of 
operations required by Gaussian elimination. 

In addition, Gaussian elimination enables any number of sets of equations having the same matrix 
of coefficients to be so lved simultaneously; this problem arises frequently in practice. Suppose, 
for example that the system of equations given as the original example was to be solved not only 
with the right-hand side, 

b , 

b, 

b, 

b, 

but a lso for the right-hand sides 

c, d, e, 

c, d, e, 
and and 

c, d, e, 

c, d, e, 

It would only be necessary to write the system of equations as 

anx1 + a 12 x 2 + a U x 3 + a1",x", • b" C " d" e, 

a:llx 1 + a~x~ + all' x, + a ll",x 4 • b" c" d" e, 

a 31 Xl + a 32 x", + a 33 x, + a:w,x 4 = b" Co. d, , e, 

a "'IX 1 + a4,a Xli + a~x, + a~X4 : b" co, d" e, 
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and then perform the ith pivot operation, previously performed on b I, simultaneously on b l , c I, 
d I and e I' The back substitution process would consist of simultaneously obtaining the values of 
each of the four unknowns corresponding to each distinct right-hand side. A comparison of this 
simple procedure with the steps which would be required by Cramer's Rule to handle this pro­
blem demonstrates the power of Gauss' method. 

A discussion of one further extension of Gaussian e limination leads almost directly to the pro­
cess known as left-right decomposition. The elimination process can be performed on the ma­
trix of coefficients before the right-hand sides for the equations are known, and, if certain nec­
essary information is retained, the back substitution process can later be performed when the 
right- hand sides have been speCified. To see what information must be retained from the for­
ward course, consider again the problem of eliminating Xl from the ith equation, assuming that 
the first equation is being used as a pivot: 

Dividing the first equation by all' multiplying it by all' and performing subtraction gives for 
the Hh equation 

0+ (al:ll - all'a1:a/an)x; + (a 13 - a ll .a 13/au)X3 + (a 14 - all .a14 la U )x 4 = b l -

.b,/a ll 

Nowifm n = auian is defined, then the ilh equation may be written 

au 

and, in this case, it is only necessary to know the mu ltiplier mil to be able to perform the nec­
essary reduction on the right-hand side of the ith equation. In general, assuming that no inter­
changes have been made, the new right-hand side can be calculated from the multipliers m q 
saved from the jth pivot operation, as j goes from 1 to N-l. That is, when j = 1, the followmg 
is calculated 

b , for i ::: 2, N 

and then 

etc . 

Except for the necessity of storing all the multipliers m lJ' this delayed calculation of the new 
right-hand side is just as efficient as the concurrent calculation of the right-hand side and the 
upper triangular matrix, since it requires no additional operations. Note a lso that only one set 
of stor ed multipliers is required no matter how many different right-hand sides are to be solved 
for, since the transformation is completely determined by the matrix of coefficients. 

Finally, if the rows of the matrix are to be interchanged at any point in the reduction to an upper 
triangular matrix, it is only necessary to interchange right-hand side e lements at the corres­
ponding point in the calculation. For example, suppose that on the Hh pivot operation on the ma­
trix of coeffiCients, the (i + j)th row was chosen as the new pivot row, causing the ith and 
(i + nth rows to be interchanged. H a record of this fact is preserved when the corresponding 
point in the calculation of the right-hand side is reached, b I and b I + j are merely interchanged 
and the calculation proceeds as before. Establishing an interchange vector consisting of N ele­
ments, one for each row, facilitates preserving the record of the interchanges. If an interchange 
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of the tth and (i + j)th rows takes place, the ith element of the interchange vector is set equal 
to i + j; otherwise , it is O. In calculating the right-hand side, before performing the Ith pivot 
operation, the ith element of the interchange vector is examined, and, if it is not 0, the indicated 
interchange is made before proceeding. 

The multipliers milmay also be stored conveniently by using the positions in the matrix of coef­
ficients where O's have been introduced. For example, when the first pivot operation is per­
formed on the second row, the leading coeff\r.tent of that row becomes 0 and will not be used 
again. This permits the multiplier ffi 21 '" - %n to be stored in the leading coefficient' s posi­
tion; similar action may be taken for remaining rows. Hence, after the first pivot operation is 
concluded, the matrix of coefficients for the fourth degree system used above as an example 
takes the form 

au a" a" a" 

m" ak a~s a~ 

m" ak a., aj. 

m" a' ~ a .. a;' 

This may be repeated for the second pivot operation until finally, at the conclusion of the third 
pivot operation, when the matrix has been completely r educed to upper triangular form, the 
multipliers are a ll stored in the lower half as follows: 

an a" a" au 

m" a' ~ ak, a~ 

m" m", a~ a~ 

m" m~ m" a'U 

H an interchange vector has also been made, the above matrix. may be used to solve the system 
of equations represented for any right-hand side or group of right-hand sides. 

The DECOM and SOLV subroutines of the SIMEQ system use the above method for solving sys­
tems of linear equations as follows: 

(1) DECOM initially reduces the matrix of coefficients to the above form recording row 
interchanges in an interchange vector. 

(2) SOLV applies the multipliers rnq and the interchange vector in the manner indicated 
above to perform the corresponding operations on the right-hand side, and solves the 
system completely by recursively calculati ng x~, X~_l' ----- Xl by the above men­
tioned process of "back substitution. " 

The process known as left-right decomposition must be examined before the methods that 
SIMEQ uses in securing the determinant and the inverse of a matrix can be clarified. 
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The Gaussian e limination process which has been discussed above can also be represented by a 
series of matrix multiplications according to the following steps: 

(1) Starting with the fourth order matrix of coefficients used as an example above, "define 
a multip lying matrix Ml as 

(2) 

1 a a a 

mn 1 a a 
M, -

m" a 1 a 

m., a a 1 

where the e lements mil are as previously defined . 
If the or iginal matrix is represented as 

au au a" a,. 

an a .. a~ au 
A • 

a" a" aM a~ 

a., a .. a~ a~ 

It is easily verlfied fuat the matrix product M 1 A is given by 

au au au a" 

a a ' .. ak a~ 
M,A - = A ~ 

a aJ, aJ, aj. 

a a:., a<. al. 

where the elements al l are exactly the same as those secured from Gaussian elimina­
tion. 

Define a new multiplying matrix M a 

1 a a a 

a 1 a a 
M, - a m" 1 a 

a m .. a 1 

where m ." 
_ _ a' ,;' 

l~ a~ 
as before, and form the product 

au au a" a,. 

a ak ak a~~ 

M a A " - = Aa 
a a a~ aM 

a a a~ a" 
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Again the e lements a;j are exactly the same as those secured at this step by Gaussian 
elimination. 

(3) Proceed in the same fashion for the final step, This gives 

au a" a" a" 

0 a ' ~ a' " a~ 
MsAs • • A, 

0 0 a" a'~ " 
0 0 0 a~ 

where A • • M3 MliIM1A 

Now, the following equation may be set up to secure the r epresentation of A as a product of an 
upper triangular and a lower triangular matrix 

Since each matrix Ml is lower triangular, with l' s on the diagonal, it is easy to show that the 
product matrix M is also lower triangular with l' s on the diagonal. Therefore, 

A .. ::: M . A 
and 

where the inverse matrix M- 1 is also lower triangular with 1 I S on the diagonal. Thus, A is 
represented as the product of an upper and a lower triangular matrix. Further, although the ma­
trix M and its inverse are not calc ulated explicitly in the Gaussian process, it is obviously sim­
ple to do so from the multipliers mil used to reduce the matrix A to upper triangular form. 

Having r epresented the matrix A as the product of an uppe r and a lower triangular matrix, the 
solution of a set of linear equations is simple , for, U the equations are represented as 

A' X ::: S, 
substituting M - 1 A. for A gives 

so that 
A • . X ::: M . B. 

Having calculated A. and M, the matrix product M . B fo rms the right hand side and A .. lhe left 
hand side ready for the same process of back substitution used in the Gaussia n elimination. 

Finding the inverse of the matrix A once the decomposition has taken place is also quite Simple, 
for since 

A . A -I • I , 
making the substitution 

A ::: M- 1 • A. 
gives 

M-1 . A.' A- 1 • I 
so that 

A •. A-I ::: M. 

@[Eo®@@ ~[Effiln[E~ 
SIMEQ 

- 9-



Since A .. and M are known and triangular, the e le ments of A -1 could easily be solved for recur­
sively, s tarting with the last row and working up just as in back substitution. However, it is 
also possible to proceed by operating further on A .. and M in the above equation until A .. becomes 
the ide ntity matrix ; at this point, M must equal A- 1 . As a first s tep in accompli sh ing this, the 
elements of A .. above the diagonal must be replaced by O's; this may be done by the method of 
e limination used to introduce O's below the diagonal in obtaini ng A 4, ' After these steps have bee n 
performed on A4, and M , division of A .. and M by the corresponding diagonal e lement completes 
the r eduction of A .. to the identity matrix anclleaves the inverse matrix stored in M. 

The INVRS subroutine of the SIMEQ system uses this method to calculate the inver se of a matrix, 
once the DECOM subroutine has r educed the matrix to triangular form. DECOM does not, how­
ever, calculate expliCitly the matrix M shown in the equation on the preceding page, but rather 
merely stores the multiplier m! J in columns below the diagonal of the reduced matrix. Hence, 
before further reductions can take place, the INVRS subroutine must first mu ltiply these columns 
together in the manner r equired to produce the matrix M which is the product of the multiplier 
matrices M1 , M:II and M3 • The complete r eduction of A .. then proceeds in a manner which 
allows the newly calculated e lements to be stol'ed over the original matrix, making provision of 
additional storage locations for the inverse unnecessar y. IT any row interchanges were recor ded 
in the interChange vector in the process of reducing A to tr iangulal' form, the corresponding: 
column interchange must be made in the inverse matrix. 

Finally, the determinant of the matrix A may be found almost immediately from the deco mposed 
matrix, for 

det (A .. ) '" det (M· A) 
= det (M) . det (A) 

But 
det (M) = 1 

since M is lower triangular , and its determinant is consequently the product of its diagonal e le­
ments , which are all l' s. Hence 

det(A) = det(A .. ). 
But A .. is upper triangular, so that its determinant also is given by the product of its diagonal 
elements; therefore 

det (A) : all' aJa . a~ . a~ 

If row interchanges took place in the r eduction of A beca use of pivot operations, the sign of the 
calculated determinant must be changed only once for eac h suc h interchange, as is well known 
from the theory of determi nants. The DTMN subroutine of the SIMEQ system uses this method 
to calculate the determinant of a given matrix once DECOM has r educed it to triangular form. 

REFERENCES 

Further descriptions of Gaussian e limination and left-right decomposition can be found in almost 
any standard book on numerlcal analysis . An excellent discussion 1s contained in "Computation".l 
Methods of Linear Algebra" by V. N. Faddeeva, Dover Publications , 1959. 
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3 . PROGRAM USAGE 

METHOD 

A user employing the SIMEQ routines for the calcu lation of the determinant or the inverse of a 
matrix A must head his program with the statement 

DIMENSION A(n, ol, INTR (0) 

where n is an integer not less than the order of the matrix. If the user e mploys SIMEQ to solve 
a system of linear equations having the column vector B as a constant term, he must head his 
program with the statement 

DIMENSION A(n. 0), INTR (n), B (n, m) 

where m is an integer equal to or greater than 1. B is treated as a matrix with double subscripts 
rather than as a vector or a single-subscripted array, to permit the solution of the system for 
M sets of constant terms with only one callior the SOLV subroutine. Of cour se ,m must always 
be equal to or greater than M. 

Prior to calling any other SIMEQ subroutines, the user must call DECOM to prepare his matrix 
for further calculation. This may be done with the s tatement 

CALL DECOM (A, INTR , MSIZE, N) 

where A is the name of the matrix, INTR is the name of the auxiliary vector, MSIZE is the di­
mension of A given in the DIMENSION statement, and N is the order of the matrix. DECOM 
destroys the original matrix in the process of calculating the decomposed matrix. Therefore, 
the user must provide additional storage for his matrix if he needs the matrix for later calcula­
tion. If the user!s matrix has been determined to be Singular, a retur n will be made to the main 
program with the Nth element of the INTR anay set equal to O. Therefore, the user should test 
INTR (N) for 0 before proceeding further. since the other SlMEQ subroutines r eturn directly to 
the calling program without performing any calculation if INTR (N) is O. If INTR (N) is 0 upon 
return from DECOM, the user may determine the row in which the matrix was found singular by 
examining the INTR vec tor for an element satisfying the relation INTH (K) '" K, indicating 
that the singularity was discovered in the Kth row of the matrix. 

Once the user!s matrix has been decomposed by DECOM, any or all of the other three SIMEQ 
subroutines may be called, subject only to the restriction that no subroutine can be called after 
INVRS, which destroys the decomposed matrix in the process of calculating the inverse matrix. 
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In order to find the determinant of his matrix, tlle user calls the DTM;-.J subrouline with the 
sta tement 

CALL DTMN (A, INTTI , MSIZE, N, DET ) 

where DET is thL' s tora;!e location re served {or the answer. The subroutine returns to the main 
pro,.,'1.':lm with the scaled value of the determinant stored in DET a nd the Integ-r al power of ten by 
which DET is to be multiplied stored in tNTi1 (N). This form is chosen to avoid overflow or 
unde l'(\Ow in the calculation of extremely lar ~e determinants, 

In order to calculate the inver se of th is matrix, the user Clllls the INVnS subroutine with the 
statement 

CALL INVnS (A, INTR, MSIZE, N) 

The subroutine returns with the inverse stor ed in the locations o rih>iJ1.1.11y occupied by the oribr1nal 
matri.>:, For thi s reason no other subroutine of SIMEQ , except pOSSibly DECOM, Ciln be called 
nIter INV]:S has been cnllcd. 

SIMEQ will probably be used most oHen to obtain the solutions of systems of s imultaneous linea r 
equations, Frequently, seve r al such systems must be solved in one program, all having the 
same matrix of coefficients and diHerin~ only in the constants on their right-hand s ides . The 
SOLV subroutine has bcen arranged to handle this situation efficiently by allowing the various 
righl-hand sides to be entered as a single matrix each of whose columns represents a ri ght-hand 
side of the system of equations to be so lved. All of the systems are so lved simultaneously with 
as ingle call of the subroutine. 

The user calls SOLV with the statement 

CALL SOLV (A, B, INTR, MSIZE, ISIZE, N, M) 

where B is the name of the matr ix of constant vectors, ISIZE is the maximum number of vectors 
allowed by the DIMENSION statement, and M is the number of right-hand sides to be solved. 

The user stores the right-hand sides in the manner indicated above in the B matrix referred to 
in the opening DIMENSION statements. 

IT there is only one right~hand side to be solved for, M is, of course, set equal to 1. Before 
returning to the main program, the SOLV subroutine stores the solutions of the unknowns in the 
corresponding positions of the B matrix, de s troying in the process the original right- hand sides. 

Note that both the right- hand side constants and the unknowns finally obtained must be stored in 
a double subscripted array even when there is only one right-hand side and one vector of unknown 
quantities. 

CAUTION: Do not solve a system of linear equations by first using DECOM and INVRS to get the 
inverse of a matrix of coefficients and then multiplying the right-hand side by the inverse to find 
the solution of the system. This procedure is far more inefficient and time-consuming than the 
more direct method outlined above, using DECOM and SOLV. 
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INPUT/OUTPUT 

S[MEQ is also available as a free-standing" package pro~ram, with input as follows : 

where 

$P/ NAl'I-lE "'GCH 

CASE :::GOH 

TITLE "'GOH 

Alpllanumeric identification 
(Note comma on separate card) 

Second card of identification 
(Note comma all separate card) 

Third card of identification 
(Note comma on separate card) 

, NEVI ::: 

N is the number of equations 
M is the number of constant vectors (up to 6) 
If this is a new case, NEVI is T 
If this is only a new set of constant vectors, NEW is F 

$x/ L Ie ", , $ (basic input card) 

The blank after L is filled with A for as many cards as needed to read in the coefficients, then 
with B for the constant vectors, and, finally, with E to mark the end of the case. The first two 
blanks after the '" sign a re for row number and column number. Succeeding blanks are filled with 
elements , by rows . Any elements not entered are set lo zero by the program. 

Further cases may be read in by r epeating the above, starting with the $P card. 

Input for a sample case is illustrated on the following page. Additional input sheets are furnished 
at the back of this manual for the user ' s convenience. A listing of input cards and an output list­
ing are also included in this section. 
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Input Coding Form 

Col 
2 

SIMEQ 
INPUT CODING FORM 

$P/NAME-60H A18TBtr So LurtON 

CAS~6OH ______________________________________________________ _ 

TITL~60H ____________________________________________________ __ 

N_ --'2...... M- -L, NEW". L-$ 

$X/ L..JL./Cs....L, -L-. - .... Z2:. ,,<} • 2.1 . liSi ,7". <,I f3 1&.7SS= 

. Ht1.l - -_$ 

$X/L.JL/C.~. _'_. e,2:l:22 dl'z·i7 _ It.. f"U' tR '?? 

.,!,, 2,2$ · --_$ 

SX/Ld..Ic-.....L. ~, /I: , J :3 ., /i ,J - #I·s93 t alL 
.Z. Fl L. - -_$ 

$X/L.d....../C-.!L, ~, lL' d:.c.t. - S; fJ4 (; ,at? 

- l. ,' ~ £. • - -_$ 

$X/ L..lL/C-...:L. _'_. .1..J"",-1 .1·.3 1" -s-. oot - !If", r 

-z:: l"Z2.,i. $ 

$x/LL/C-....II:.... • -L, ' '::: ' 'S:~ -.3· .;1 

'i."'i. '~/~ .!. • ---$ 

$X/L.2./C.~, L, :!t., :rt;:£/f:, 

- --$ 

---$ 

$ 

$X/Ld../C-~. L, . 'l,H,;nl, ---,",---
--_$ 

---$ 

---$ 

$X/ LL/C-.:L , _ . 

---$ 

$x/L __ /c- __ • _. 

---$ 

SX/ L __ /C-_. ~ 

--_$ 
$X/L __ /C-_. ___ • 

--_$ 

Notes: 1 . Values not ente red a re set t o ~ero 
2. Punch all data starting in column 2 
3. Discontinue punching afte r handwritten $ 

-14-



r Col , 
SIM£Q 

IN PUT CODING FORM 

$P/NAME-60H. AilArRo S o l ({ ciON 

~S~600 ________________________________________________ ___ 

Notes 1. Value6 not e ntered are set to zero 
2. Punch all data starting in col uOUl 2 
3. Discontinue punching after handwritten $ 
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Listing o f Input Cards 

Sp/NAME~60HMATRIX SOLuTION 

CASE=60H 

TITLE=6QH 

N=b,M=l , NEW=T S 
SX/LA/C =1 , 1.-~75 . 6g. -22.B54,20.4gJ'-lB .4 04'16.755. - 15.Js 
SX/LA/C~2.1 .1 1.4 27.~87.~7'12.222 .-11.62B .I0.gg.-I0.J2S 
SX / L A/C =3 .1. 6 . B3 .-B.148 .-49 1.593 '- 8 . 292. B. 055 .-7.b8S 
SX/LA/C=4.1 . 4.6 0 1.- 5 .81~. 6 . 2 1 9 ·493. 6B . 6.26,-b.06S 
SX / LA/C=5 .1.3. 351 .-4.3B.4.83J.-S.008 ·-494 . 9 ,-4. B72s 
S X/LA/C=6.1.2. 55 .- J .~4.3. B4'-4. 04.4.075 '49g .96S 
SX/LB/C=1'1.39.30BS 
SX/LB/C=2.1.12· 55Ss 
SX / LB/C=3,l.6 .3006S 
SX / L8/C=4.1.3. 8327S 
SX/LB/C=5,l.2, 5966s 
SX/LB/C =6'"1. 1. 6844S 
SX/LE/CS 
SP/NAME=6QHMAT R!X SOLuTI ON 

CASE =60H 
• 
T 1 TLE=6 0H 

N=b,M=l.NEW=TS 
SX /LA/C=1.1. -275 . 69 .-22.854.20 . 49J.-IB.40~'lb .755 .-1 5. 3s 
SX/LA/C= 2 .1.1 1.427.287.~7'12.222.-11.b28 'l O . 99 .-1 0.J2S 
SX/ LA/C= 3,1. 6 . 83 ,-8 .148 .-29 1.59J.-8.2g2.8.055. - 7.6BS 
S X/LA/C=4.1.~.6 0 1.-5.8 1 4 . 6.2 1 g · 29J . 68 . 6 . 26 ,-6 . 06s 
sx/LA/C=S .1. J . 351 .-4.38.~.833 .- S . 008 '-2g4 . g .-4. B72s 
sx/LA/C=6 .1. 2 . 55 ·- 3.44.3. B 4' -4.0~ · 4.70 5 '29g.g6s 
SX / LB/C= 1.1. 3g . 308s 
SX / LB/C=2 . 1.1 2 · 555s 
SX /LB/C =3.1. 6 . 3006s 
SX/L B/C=4 . 1 . 3.8327$ 
sX /LB/C=5~ 1,2. S966s 
SX/LB/C~6.1 .1 . 884 4 S 
SX/ LE/CS 

@][HID@@ ~~[Rl~~~ __________ 'IO---'-'Q 
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, 
:::; , 

MATRIX SOLUTIO N 

-'--p.I?ur - r'U TRllC 
1 1 -4 . 75~89999E 02 
2 1 l . 1427QU OtJE 01 
3 1 6 . b299999BE 00 

--- 4 1 4 . 60100001E 00 
5 1 3 . 351QODOIE 00 

--- -6 -- 1 2. 55000 001E ~ O"O 

---CONSTANT 
1 , 

VECTORS 
3.930BO OO IE 01 

- - ----------------

-- ------------ ------ - ---- -
-2 . 2854QOOIE 01 2 . 04930UOOE 01 - i . 840 4 0000 E 01 1 . 67 55 QOO IE 01 -1.53 0 QO OD OE 01 

4 . 87470001 E- O-2- 1--;-222200DOE- (i:l;---t-.16 2S-QOQO E--O l- 1 . Q99 00000E 01 · l, 03 20D OOIE 01 
- R. 148UDOOO E 00 ~ 4 . 91 5 92999E 02 - 8. 2 92000D 6E 00 8 , Q549999S e 00 -7.68 0 000 01E 00 
- 5 , 6 1"OOOOl E -00 ~ 6.2 t-e 9 999 8 E' -·OO---4.9·368 0 0 0 0E--02~ 6 . 2 5999999E 00 .. 6.06DO OOOOE 00 
-<l. 38n Doooo E au 4. 8 33 00UOOE 00 - 5 . 00 800 002£ 00 .. 4. 9 '19·00 00 2E 0 2 . 4 . 87199998E 00 
· 3.441t(TQOOtlE--O"tI' " . 8 4 DDDO DOi! DO -4 . D ",,~D D ZE DO .. ··.-o·H9CW 99 e:· "O D-·--04 ;9995-9999E-.-02-

.. _--_._- ._- , 

---, -, 
3 1 
, - 1 
, 1 
6 1 

1 . 25 5 49999E ··0 1- .. _-
6.J0 059999E DO 
J.83 270 001E 00 '" 
2 . 5966 000UE 00 
1.8 8 440000E 00 

~~---

S-OlLl T f ON 
1 1 - 8.53752~12E ~ 02 
2 1 2.P 5896577E-02 
3 1 -1 . 48D9Q 016E-02 
4- -"1 -- 9:220Q9815E - 03 
, 1 - 6 . 36143453E~03 

6 1 4 . 64135903E - 03 

-------------~------

--------------------_.--- ---- -------

----- --- ------ -- -

o 
c -" c -



MATRIX SOLUTIO N 

iNPUIM'l"nrn -"------- ---- --- ----
1 1 - 2.7~6f!9999E 02 -2.2d5~OOO1E 01 2 . 0493 0000E 01 -l ,B4(!~OOOOF. 01 1.6755 01101E 

--2- 1 1 ".1427 0000E 01 ? . B74700'01E 02 - - r;t?"2 2"2'rHI 0 0 E '0"1 '"";;1. 16280000E 01 1.09900000E 
3 1 6 . 829 999981: 00 -B.14B OOOOoE 00 - 2 .9 1592Y99E 02 - 8.2<;200006E DO B.05 49 9995E 

-- 4- - 1 4.60100 00l E 00 -S.81"l OOOD"lE 00 6.2189999"8E "OO "---Z.9""36"800 00E 02 6.25999999E 
5 1 J . 3510vOU1E 00 - 4.380 (jOOOO E 00 4 , A330Q{JOOE 00 -5, OO800002E 00 - 2 . 94900u02 E 

--6------y--Z:""S"50"0 O-OOTE -011 .;"3" ;"'nrolllTU"o E 00 .) . e:.nrmrml 0 E on - ~ • 0 ~ 0 OOlrO"ZF""U-U---T: 7049999 B F. 

- --C-ON"STANT VECTORS 
1 1 3 . 930BOOOIE 01 

--"2--"1- "1" . 255499·99"E 01 
3 1 6.30059Y99E 00 

"---4 1 3 . 83270001E 00 
5 1 2.S9660000E 00 
6 1 1.88440000E 00 

---- ------ -----
- ----------

--- -----------------------------

- "1;"oCuTI ON 
1 1 - 1.51385216E - Ol 

......... - i - 1 5.2:S641114E - 02 
__ ~3l--_ 1 - 2. 7bnoB(l69E - 02 

4 C ·i -.749 U0490E - 02 
5 1 -1.22 D16157E - 02 

- 6-' 1 8.951 02 869E-03 

(11 - 1.5JOOOO ilO F- 01 
01 .1. 032000n1E 01 
00 -7 . 6800nO O1E 00 
00 -6.0600 0000E OU 
02 .4 .8]1999981: 00 
00 2 . 99959999E 02 
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APPENDIX A 

PROGRAM LISTING 

I lJEN l fI."V, G[ . FOHTHt\t;.5Ir,iF. O 

OP TI ON FOIHR",U , GO 

FuRrr.. fI :'1 L~, T OI/ . OECK.5 TAH 

I r;COOE I HMF 

SOLUTIO,,, OF S IMULTI\NLOU~ I:.OUATIONS 

(DoU UD "'.1I08 

LOu I CAL f.!Ew . Lfl S T 

CO;~ Mcr'J .'I. ( l !>O . 150) ' 1.1t l !)O. oj • Itll III 1 ~U) 

DL.IE IJSIOI~ (fJj) 

DJ /.:EtlSION 1!1\\I[ f 101 ,CAS!::{ 10 ) .TIlL!:.{ 10) 

NMiEL I S T / P /t 'I\\'C, (flS[ . r I TLE. f! . ~" tI l:. Y; 

t jA I~EL 1ST IXI A. h . C . LOI ' Lll . LE 

CALL FLGEOF(S.LAST) 

1 READ(~ . Pl 

IFILA S T1CAlL [ XIT 

wR 1 TE 10 ' " It.A "' f. , CAC) E , TITLE 

C FOIlM ATII H lo.,X , 10Ab/(lItn5X , loAbl) 

IFI'~lu T ' I,[wIGO TO " 

CL I:. AR MAT h lX 

00 3 ..);;1 , ~j 

00 3 1;;1. 11 

j AII·..));;O. U 

CL LAn VEe T(1I<5 

4005");;1 , /" 

DO 5 l=l. r~ 

~ tlll · ..))=O.1l 

REIIO (OA TA 

t.> LA=O 

REAO(~ , X) 

IF(LA . E0 . U>GO TO A 

I = C ( 1 ) 

- 19-

DATE O~/04/b~ 

SIMEQOOO 

5IMEOOIO 

$1"'[(")020 

S l ~EQOJO 

5 1",[0040 

SIME0050 

S I M[!.i06U 

51",[0070 

SI MErJOBU 

SIMEQOQU 

S IMEQIOO 

SlMEG 11 0 

5 1M[0 120 

S l M[0130 

5 1M[0140 

Slt<\EQ150 

SIM[0160 

51"'[017 0 

51",[0180 

SIMEOIQO 

51",[(,1200 

51M[Q2 10 

51M[Q220 

SlMEa2JO 

5 1"'[0242 

5 1",[Q250 

SIMEQ260 

51M[Q270 

SIMEa2eO 

51M[0290 

5 11-'[0300 



• 

• 

J=C(2) 

00 7 K=3 . LA 

A{I'Jt =C{K) 

7 J=J"'1 

GO TO 6 

ONE CARD FROM B READ WH ILE READING A 

8 I=C{lI 

J=C(2) 

00 17 K=3'LB 

B{ I 'J)=C{K) 

17 J=J"'l 

LB=O 

REAO{5.X) 

IF{Le.NE .O ) GO TO 8 

IF{.NOT.NEW) GO TO 10 

pR INT MATRIX AND CALL DEC OM 

wRITE{6 . 9) 

9 FORMAl{/// 13Ii INPUT MATRIX) 

CALL PMATCA.150.150.N.N} 

CALL DECOM{A.INTR.150 .N) 

• PRINT VEC TORS AND CALL SOLV 

10 WRITEC6011) 

11 FOHMAT(///17H CONSTAN T VECTORS) 

CALL PMAT(B.1S0 . b'N.M} 

CALL SOLV(A .8,I NTR. 150. 6.N,M) 

IF! HHR(N}) 11.i. 12. ll.i 

12 wRITE!6r13) 

13 FORMAT(//9H SWGULAH) 

GO TO 1 

ll.i WR ITE(6.1S1 

15 FOR MATC///9H SOLUTION) 

CALL PHATCB,lS0.b.N.M} 

GO TO 1 

SIMEG3 10 

SIMEQ320 

5IMEG330 

51MEG3l.iO 

5 1ME0350 

5 I MEOMO 

5IMEG370 

SIMEQ380 

SIMEQ390 

SIMEQ400 

SIMEQ410 

SIMEQ420 

SlMEQl.i30 

SIMEQI.iI.iO 

SIMEGI.iSO 

SIMEQl.i60 

S!MEQI.i70 

SIMEQI.iSO 

SIMEQl.i90 

SIMEG500 

SIMEGS10 

SIME GS2 0 

51MEQ530 

SIMEQSI.iO 

SIMEQ5S0 

SIMEQS60 

SIMEQS70 

SIMEQSaO 

SIMEQ590 

SIMEQ600 

51MEQ610 

SIMEQb20 

51MEOb30 

@l~o®®® ~~[Rl~~~ _________ .....:'='MEQ 
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END 

FOR TRAN LSTOU,D ECK , STAB 

I NCODE 16MF 

_CECOM SUBROU TINE TO DECOMPOSE MATRIX FOR SIMULTANEOUS EQUA TI ONS 

• 

• 
• 
• 

C0600D~.006 

SUBROUTINE DECOM IA.I NTR.MS IZ E.NNI 

OHIENS I ON AIMS I ZE,MS IZEJ, I NTR(MSI ZE I 

DA TE 05/04/65 

MATRIX DECOMPOS IT ION USED wITH SOL V SUBROUTI NE FOR SOLUTION 

OF LI NEAR SYSTEMS 

IF MATRIX A IS S INGULAR IN TR(NJ WI LL BE SE T TO ZERO 

N=NN 

NTR=l 

NM: N-l 

00 10 J=l. NM 

AMAX=ABSIAI J .JJ) 

JP=J+l 

IN= O 

00 2 I=JP' N 

AT = ABS (A(I,.;I) 

IF{AMAX - ATIl.2.2 

1 AMAX =AT 

I N:::! 

2 CON TI NUE 

IFIII.MAX)q.;5. !l. 

, I NTRtJI=J 

GO TO 11 

4 IFI!N'5.7."S 

5 NTH=-NTR 

DO 6 I=J.N 

AT=A IJoIl 

A(. .. /oIJ=AI! N.ll 

6 A!IN ol J=AT 

7 INTRIJ):::I N 

-21-

SlMEQ640 

OECDMOOO 

DECDMOIO 

DEC OM020 

OECOM030 

OEC OM040 

DECDHOSO 

OECOM060 

OECDM070 

DECDMOeO 

OECOMOQO 

OECOMIQO 

DECOH llO 

QECOM120 

DECOM130 

DECOMll+O 

DECOM1S0 

DECOM1&O 

DECOM170 

OECOMla:a 

DECOM190 

DEC OM20 0 

DECOM210 

OECOM220 

DECOM230 

OECOM21+0 

OECOM2S0 

DECOM26 0 

DE COM270 

OECOM280 

DEC OM290 

DECOM30 0 

OECOM310 

SIMEQ 



, 
$ 

AM AX : -l.O/A(J·JJ 

DO 10 l=JP,N 

IF(A( I .J) l e .lO .8 

8 AT=A(l , J' *AMAX 

A(I.J)::AT 

DO 9 K=JP'N 

9 A(I,KJ=A(J.KI*A T+A(l.KJ 

10 CONTINUE 

IFIA I N. NI J12. 11.12 

11 NTR=O 

12 INTR I NJ=NTR 

RETURN 

END 

FORTRAN LSTOU.DECK.STAO 

INCODE IOMF 

*SOLV SUBROUTI NE TO SOL VE LINEAR SYS TE MS, CAL L DECQM FIRST 

* 

* 
* 

C060004.008 DATE 05/04/65 

SU8ROU T INE SOL V (A'I3. INTR. MsIZE' I SIlE .I~N ' Mr.\) 

DIMENSION A (MS IZE' ~,s I ZE) • B (MS IZE. I S IZE) , INTR ( MS I ZE) 

OECOM SUBROUTINE MUST BE CA LLED BEFORE SOLV TO GET SOLUT I ONS 

OF M SE TS OF N EQUATIONS I N N UNKNOWNS 

N = I~N 

M=MM 

I F(INTR(Nll l.l S ol 

1 NM=N- l 

DO 8 K=l ,NM 

L= IN TRCKI 

IFCLl2,4,2 

2 DO , 1=1 ,,'11 

X=UCK ·II 

eCK, I I =B CL. I) 

, B (L 'Il =X 

" KP=K+ ! 

- 22-

DECOM320 

DECOM330 

OECOM3~O 

DECOM350 

OECOM360 

DECOM370 

OECOM380 

DECOM390 

DECCM400 

DECOM1410 

DECDM420 

DECOM430 

OECDM440 

SOlVaDQD 

SOLVOOIO 

SOLVOOZO 

SOLva030 

SOLV0040 

SOLV0050 

SO LV0060 

SOLV0070 

SOL VQOeo 

SOLVQ090 

SOLVO IQ O 

SOLVOll O 

SOl V0 120 

SOL V0130 

SOLVOl 4 0 

SOLVQ lSO 

SOLVOI 60 

SOLVQ 170 

SOLVOlaO 

SOLVQ l90 



r 

r 

• 

DO 7 I=KP'N 

X:= AII ' K) 

I FIX1S.7.5 

5 DO 6 J =I. M 

6 BII ' JI;BIK . J)*X+SII.JI 

7 CONTI NUE 

8 CONTINUE 

BACK SUBSTITUTI ON 

00 1 ~ K=l' N 

L::: N- K 

KP :=L +I 

X=l. O/A IKP,KP) 

00 9 J=l rM 

9 eIKP.JI : eCKP.Jl*X 

I F (LlIO'l~. l O 

10 00 13 I=KP,N 

X=Af L'I l 

IFIXlll,13.11 

11 00 12 J=l'M 

12 BIL 'JI : SC L.J) -BII'JI.X 

13 CONTI NUE 

14 CONTINUE 

15 RETURN 

END 

S FOR TRAN LSTOU.OECK 

S I NCODE I8NF 

*p/>1,n SUBROUTI NE TO PR I NT MATRIX 

• C060004.0U6 

SUBROU TINE PMATIA .MM. NN,NR,NC) 

DIMENSION A(MM,NN).PI6 ) 

NROW=NR 

NCOL=NC 

1=1 

-23-

DATE 05/04/65 

50LV0200 

SOLV0210 

SOLV02Z0 

SOLV02;50 

SOLV0240 

SOLV02S0 

50LV0260 

SOLV027D 

SOLV02BO 

SOLV0290 

SOLV0:500 

SOLVQ310 

SOLVQ320 

SOLV0330 

SOLV03qQ 

SOLV03S0 

$OLV0360 

50LV0370 

SOLV0380 

SOLV0390 

SOLVQ4 00 

SOLV041 0 

SOLV0420 

SOLVQ430 

PMATOOOO 

PMATQO I O 

PMATOOZO 

PMAT0030 

PMAT0040 

PMA TOOSO 

Pt-IAT0060 

PMAT0070 

PMATOOSO 



J:l 

I I P:l 

Jr =J 

00 2 K=l ' lJ 

KK=K 

P ( ~ 1 = 1'. I I • ..J 1 

J = ..J t l 

I F( J , GT. NCOLl r,O TO J 

<: c Or, T I MJE 

.. 'I~ lT E l o ' 4) IP . Jr . 11"(,,1 . K=l'KK) 

" FOI(MI\ I(214 . u (lPE l b ol:~ J ) 

GO TO 1 

j wRITEI 6 · 41 1P • ..Jr .( P I"I,K=1.KK) 

1=1+ 1 

..1= 1 

IF ( 1. L E . M~ (" .... 160 TO 1 

HfTUIH. 

E N (l 
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PMA TO OqO 

PMA TOIO O 

PMA TOll 0 

PMA T0120 

Pt-lA T013U 

PMATOI40 

P~I"T0 1 50 

PMA TOl bO 

PMA T0 170 

PMA TOl &O 

PMAT019 0 

PMAT02QO 

PMA T0 210 

PMA T0220 

PMAT 0230 

PMAT0240 

PMA T0250 

PMA T026U 
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SI MEQ 

APPENDIX B 

FLOW CHARTS 

Read and Print 
Problem 

Identificat i on 

New Matrix 

No 

Clear Vectors 

O~ L 

Any C' s Read 

1 

Yo, 
St'01:ce in A 

New Matrix? 

'---r=;-..-/ " 

O£C0M 8 Decompose >-___ ~_. , 
Matrix ~ ____ ~ 1 
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SIMEQ 

CD 



S0LV 
Solve 

Equa t ions 

... " Case 

Yo, 

B 
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? 
No 

1 

SIMEQ 



• 

r 

2 

r 

DECOM 
10 

NN _ N 
I _ NTR 
N-I_ NM 
I _ J 

A )-----+ 

2 

I A"j l~AHAX 
.Tot' I _ JP 

O_IN JP __ I 

AMAX: AT 

< 

I :N 

AMAX:O 

- 27-

J _ INTRj 

DEC0M 

CD 



IN:O 

-NTR_NTR 
Exchange 

[Aj'1 and Ain,t] for 

i ,. j to N 

A :0 
t.J 

A .. 'tAMAX _ AT '.J 
AT __ Ai,j 

,". k *AT +A· k~ L J, l, 

Ai,k for K-JPtoN 

I:N 

8'~ 
J 

J: Nl-! >-,-' - 8 
1 

DEC¢M 

CD 

@l~o®@@ ~~Iffi~~~ _________ ~S='M'Q 
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r 

, 
, 
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K-+I __ KP 
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Col 
2 

SlMEQ 
INPUT CODING FOIU't 

$I'/NA~IE.601[ ___________________________ _ 

• CASE- 60H ____________________________ • __ _ 

TlTLE-60H __________________________ _ 

N- ___ , ~F ____ • NEW- ___ ' 

$x/L _ /c- _ . __ • 

$X/L _ IC __ • __ • 

$XIL _ /c-_ . __ • 

$X/I. _ IC _ _ • _ . 

$x/L _ I," _ . __ • 

$x/L_ /c- _ • __ • 

$x/I._ /c __ • __ 

$x/L _ ICr _ . __ • 

$X/I. _ I"_ . _ . 

SX/L _ /e- _ . __ • 

SX/L_ /c- _ ._ . 

$X/I._ /C- _ . __ • 

$X/L _ /C- _ . _ . 

$x/l. _ I," _ • __ • 

Notes: I. 
2. 
3 . 

Values not entered IIfC se t to zero 
Punch all data starting in column 2 
Discontinue punching after handwritten $ 

---- $ 

----$ 

----$ 

---- $ 

---$ 

----$ 

----$ 

----, 
----$ 

----$ 

, 
----$ 

----$ 

-~-$ 

---$ 

---$ 
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Col 

2 

S UlI:."Q 
HIPlIT CODIKG fORI'I 

SI'/NMltc::601l _ ________ _ ___________ _ _ _ _____ _ _ 

, CASE_60H ______ _ ____ ________________ ____ _ _ ___ _ 

TITL~60H _______________________________________________________ __ 

N" ___ , , ,. ____ , NEW" ___ ' 

$x/L __ lc" __ , ___ , 

SX/L __ /D-_ , ___ • 

$x/1. __ lc" __ • ___ • 

$X/L __ /C" __ . _ . 

$X/L __ I," __ • __ • 

$x/L __ I," __ • ___ • 

$XlL __ I'" __ • ___ • 

$X/L-/C- __ • ___ • 

$X/L_ /C~ _ , ___ • 

$x/l. __ I," __ • __ • 

$X/L __ IC- __ • ___ • 

$x/L __ /o- _ • ___ • 

$x/1. __ I," __ . _ . 

$X/L _ /C. _ ,- -- . 

$X/L __ /C" __ • ___ • 

Notes; I. 
2 . 
3. 

VaLues not ('!ltered are set t o 2.cro 
Punch all data starting i.n column 2 
Discontinue punching a ftel· handwri t ten $ 

---- , 
---, 
----, 
---, 
---- , 
--- , 
--- , 
----, 
----, 
----, 
---- , 
--- , 
- - --, 
~---, 

- ---, 
----, 



Col 
1 

SINEQ 
INPUT CODING FORN 

$P/NMIF. .. 6011 ______________________________ _ 

CASE~60H _ ______________________________ ___ 

T1TLE
a

60H _______________________________ _ 

N'"' __ • ~I-__ , NE\~· __ ' 

$X/L _ /c" _ , __ , 

$X/L _ ( C", ___ , _ _ , 

$xlL_ Jc", _ , __ , 

SX/L _ /C- _ . __ , 

$X/L _ /C=- _ , ___ , 

$x/L _ /C- _ , __ , 

SX/L _ /c- _ , __ , 

$x /L ___ /c- _ , _ _ , 

$x /L _ /c", _ . __ , 

$x/L _ /C= ___ , __ , 

$X/L _ /C· _ ,_ , 

$x/L _ /c" _ ,_ , 

$x/L_ Ie=. _ , __ , 

$x /L _ /C. _ , __ , 

,-- , 

$XfL_ /C. _ , _ _ , 

Notes; l. 
2. 
3. 

V .. lues not entered 81·e set to ZCl"O 
Punch <Ill data st:Jl"ting in column 2 
Discontinue punching aft.n handwritten .$ 

---, 
-----, 
---, 
---, 
--- , 
---, 
---, 
---, 
---, 
---, 
--- , 
---, 
---$ 

-~-, 

---, 
---, 



( 

r 

r 

Col 
2 

SlNEQ 
INPUT CODING fORt! 

$P!NMIE=6011 ______ ________________________ _ 

C,\SE~ 60H _______________________________ _ 

TlTLE-60H _ _____ _________________________ _ 

N'" ~1- __ , NEI~" __ ' 

$x/L _ /c- _ . __ . 

$X/L _ /C- _ . _ _ • 

$x/L _ /c= _ . __ • 

$X/L _ I"' _ . __ • 

$X/L _ /c,, _ . _ . 

$x/L _ /c _ _ • __ • 

$x /L _ /C- _ . __ • 

$x/L __ /c _ _ • _ _ • 

$X/L _ /c- _ , __ • 

$x/L _ /C- _ . _ . 

Sx/L _ Ie- _ . __ • 

$X/L _ /c= _ . _ • 

Sx/L_ /e- _ , __ • 

SX/L_ /C" _ . _ . 

$x/L_ /C= _ . _ _ • 

Notes : I. 
2. 
3. 

Values not entered arc set to zero 
Punch all data starting in column 2 
Discontinue punching ;l(ter handwdtten $ 

--- $ 

---, 
---$ 

- - - $ 

--- $ 

---$ 

--- $ 

---$ 

---, 
---$ 

$ 

---$ 

- - - $ 

-~-$ 

---$ 

---$ 
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Col 
2 

SHlEQ 
INPUT CaDINe FORI'! 

$P/NMtE=60H _________________________________ _ 

CASE-60H __________________________________________________________ _ 

TITLE- bOH ________________________________________________________ _ 

$X/L _ /C" _ . _ . 

$x/L _ /c", _ . ___ • 

$xlL _ _ / c" __ • __ • 

$X/L_/C= _ , _ . 

$x/L _ /C= __ . _ 

$X/L _ /<> _ . __ • 

$x/L _ /c-= _ . __ • 

$XiL_ /C=- _ . ___ • 

$X/L __ fC- _ , _ . 

$X/L _ /C" _ . _ . 

$X/L _ /O= _ . _ . 

$X/L _ /c- _ . ___ • 

$x/L_ /c= _ • ___ • 

$X/L_ /I> _ . _ . 

$x/L _ /C= _ , _ . 

$X/L_ /C=- _ • ___ • 

Notes; l. 
2. 
) . 

Values not enlf':red are S<1t to zero 
Punch all da ta starting in column 2 
Discontinue punching ",fter handwritten $ 

--- $ 

---$ 

---$ 

---$ 

- --$ 

---$ 

---, 
---$ 

--- $ 

---$ 

$ 

---$ 

---$ 

~--$ 

---$ 

---$ 
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1. INTRODUCTION 

DIFFE is a program for the solution of a system of N first- order or dinary (linear or nonlinear) 
differential equations . Equations to be solved are written in the FORTRAN language, observing 
certain minor rules. Nth order equations are written as N first-order equations. Input data, 
such as initial conditions, error bounds, and values of the independent variable at which print­
out is required are entered on a simple input sheet. 

Some of the features of the program are: automatic restart when singularities are encountered 
in the dependent variable calculations, negative integration, relative error bounds, easily coded 
input sheets and a simple output format. 

@[H$@@ ~~[Rl~~~ _ _ _______ ~DI=FFE 
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2. RESTART 

A signal is set to tell the main program when a singularity occurs in the calculation of the depen­
dent variables. Then, depending upon the direction of integration, new initial conditions are set 
up 3Jld integration is continued. 

Suppose singularity at x I" The values of y (dependent variables) at x I are assumed to be the con­
ditions at x 0 (x I + E) 

where ERI is the number of times singularity occurred at XI ' The present limit on this number 
is 3. 

The calculated values of the dependent variables (y) are compared with the predicted values (yp) 
and, if each agrees within EMAX, the calculated value is assumed correct . 

If EMAX is positive: 

If EMAX is negative: 

I yp-y l < IEMAXI to pass. 

I yp - y l < 1 EMAX·yl to pass. 

Note: When y goes to zero, care must be taken in using relative error bounds. 

-3-
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3 . MATHEMATICAL METHOD 

DIFFE is programmed using the Adams-Moulton method as modified by Shell. This is a polyno­
mial predictor-corrector method in which the interval size is automatically controlled by desired 
accuracy. 

Since the Adams-Moulton method requires several starting values, the integration is initiated by 
using a special start-up procedure to obtain the first set of derivatives. Then, calling the user's 
routine for derivative calculations, the program predicts and corrects a further pOint and checks 
the result against the given tolerance. If more accuracy is needed, the program reduces the in­
terval size am tries again. If excess accuracy is found, the program increases the interval size. 
The calculation proceeds in this maMer until the given final value of the independent variable is 
reached. 

The Adams-Moulton method is discussed in "Advanced Calculus for Engineers" by F. B. 
Hildebrand, Prentice Hall, 1948. 

-5-
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4. EX PLANATION OF INPUT SHEETS 

There are three input sheets; one describes the differential equations, and two are devoted to 
program control, covering initial conditions and constants, respectively. 

In filling out the sheets, the independent variable is X and the dependent variable is Y. There­
fore, all equations a.re to be in the * format. For the following equation: 

dx 
Cit + x = 0 

simply substitute and get 

dy+y = o 
dx 

INPUT SHEET 1--FORTRAN DIFFERENTIAL EQUATIONS 

The differential equations used in the program must be written in FORTRAN notation observing 
these rules: 

1. Signs are denoted as follows : 

plus + 
minus 
multiplication * 
division / 
exponentiation ** 

2. F is the value of the derivative. 

3. Y is the dependent variable. 

Thus, 
F (1) t 
F (2 ) = 

d ' y 

dx ' 

F (N) 
d'y 

dx' 

@l~o®®® ~~[p,m~~ _________ .....::.DI~FFE 
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and 
Y (I ) • Y 

Y (2) • dy 
dx 

Y (3) • 
d'y 
dx ' 

YIN) 
d~-ly 

• 
dx"-l 

As shown later in the example equatio n 

d ' x 
CIT' 

+ dx 
Cit 

+ x + x ' + x ' sin t 

This may be r ewritten in one of the following two ways : 

d 'y + dy + Y + y ' + y' • sin x 
dx dx 

or 
d ' y = _ dy Y y' y' + sin x 
dx dx 

Then, us ing the FORTRAN notation, the above equation can be written as two first- order equa­
tions as follows: 

F (I ) • Y (2) 

F (2) • - Y (2) Y (I) 

INPUT S H EETS D 1 A ND D2 

The input sheet formats are shown bel ow. 

Input S heet 0 1 

Y (1)**2 Y (1 )**3 + SIN (x) 

ORDER must be filled in and it sie-nifies the highest order of the equation or the number of first­
order equations. SIZMAX* and SIZMIN ar e optional. If they are not filled in, they are set to 
10- 3 and 1O-1~ r espectively. XO and as many YO's as necessary (depending on the size of 
ORDER) must be filled in. As many EMAX's as necessary must be filled in. 

$!NAME· 60H (Alphanumeric identification) 

, 
ADDRES:60H (More identification) Comma denotes separate card. 

, 
IDENT;60H (Further identification) 

*If SIZMAX is negative, integration will be negative . 

- 8-
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, 
ORDER: 
XO'" 
yo= 
EMAX = 

, SrZMAX = 

Input Sheet D2 

, SIZlVilN= 

(as needed) 
(as needed) 

The step size for printout may be selected in two ways, constant step or variable step. DELTA 
is the constant step size te rminated at FINAL. If DELTA = 0, the values found in VAR ar e used. 
The last VAR terminates integration. 

DELTA: 
VAR= 
A= 

, FINAL= 
, (as needed) 

(optional const.'lnts for 
the equations) 

IOF.:: $ (T if last case, F if more cases fo llow. ) 

Input Codi n g 

After the input sheets arc completed, the program is run as a FORTRAN compile and execute joh. 
Of course, the binary deck from the equations can be retained for further use with new input 
sheets D1 and 02. 

As an example , the FORTRAN coding for the previous example is shown; 

SUBROUTINE DE (X, Y, F) 
DIMENSION Y (25), F(25) 
COMMON A(200) 
FII)=YI2 ) 
F(2)=-Y(2)- Y(l)- Y(1)**2- Y(l)**3+A(1}*SIN(X) 
RETURN 
END 

In this example, the term A{l) is used because two cases are to be solved, the previous example 
and a similar equation without sin x. On the input sheets for one case A(l) is entered as 1, and 
for the other, as O. 

-9-
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5 . PRODUCTION DECK SETUP 

The following deck setup is used for compiling and executing the DIFFE program: 

$ 
$ 

~ 
$ 

IDENT 
COM:MENT 
OPTION FORTRAN 
FORTRAN DECK, LSTOU 
INCODE mMF 

Binary Deck (main program, other subroutines) 
DE Subroutine deck (input sheet 1) 

$ EXECUTE 

(input sheets 01, and 02) 

$ ENDJOB 
***EOF 

The following deck setup is used for executing a previously compiled DE program: 

$ lDENT 
$ COMMENT 
$ OPTION FORTRAN 

BINARY DECK (main program, other subroutines including DE) 

$ EXECUTE 

(input sheets 01, 02) 

$ ENDJOB 
***EOF 

@~o®@@ ~~lRl~~~ _________ ....:::DI=fFE 
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6 . TEST CASE EXAMPLES 

The following examples show that the same derivative (DE) subroutine can be used for several 
different equations : 

E •• I) d'x +~ + x + x :a + X 3 :: sin (t) 
dt ll dt 

E • . 2) 
d1x dx 
-- +- + x + xi! + x 3 :: 0 
dtO! dt 

Note that all terms in the equations above are alike except those to the right of the equals sign. 
The equation can, therefore, be determined by controlling A in the term A sin(t). 

dax dx 
__ +_ + X + x a + x 3 :: A sin (t) 
dt ll dt 

Thus, in equation 1) 'A '" 1 and in equation 2) A '" 0 

Example (1) 

Solve the differential equation 

d'x +dx + x + x:i! + x 3 :: sint, 
dt a dt 

with the i nitial condition that at t :: 0 

x = oand: '" 0 

The required values of the independent variables are: 

V AR = 0.878, 1. 216, 1. 469, 1. 700, 1. 941, 2.262, 2.589, 2.911, 3.200, 3.438, 3. 626. 
3 . H~3.~4.1~4. 2U,4.m,LU~4.n~Lm,5.1~5. ~~6.= 

Thus, for this example, 

ORDER :: 2 

SIZMAX = 1/-3 (10-' ) 

SIZMIN 1/ -10 (IO-~ ) 

DELTA = 0 

FINAL = 6.220 

@[E.®@@ ~[Effil~[E~ DIFFE 
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XO = 0 

EMAX = 1/-7, 1(-7 

YO = 0, 0 

A 1.0 

Example (2) 

Solve the differential equation 

d
2 x +dx + x + X 2 + X 3 '" 0, 

dt ll dt 

with the initial condition that at t ::: 0 

x = land dx = O 
dt 

(10-') 

(x 0, 
dx 

0) = 
dt 

The r equired values of the independent variable are: 

V AR = 0.290, 0.418, O. 527. 0. 629, 0.729, O. 829, 0.933, 1. 043, 1. 163, 1. 297. 1. 451, 
1. 635, 1. 875, 2.295, 2.643, 3,069, 3.741, 4.260, 4 . 812, 5.552, 6. 797 

Thus , for this example, 

ORDER = 2 

SIZMAX = 1/-3 

SIZMIN = 1/-10 

DELTA = 0 

F INAL 6.797 

XO = 0 

EMAX 1/-7, 1(-7 

YO = 1. 0, 0 

A = 0 

(10-' ) 

(x = ldx = O) 
, dt 

- 14-



SAMPLE INPUT FORMS 

GENE RALe ELECTRIC 
FO"'TM~ COOINC FORMS 

DIFFE INPUT 

IMTE I,,,, " 
"'. FORTRA N STATEMENT 

~ , 

, , 
, , 

r , 
, , 

~ 

( 

-15-



DIFFE INPUT (SHEET 01) 

$S'NAME=60H _~J)J.llILFLF"E,-~TLE"""SC!T_~C!!.A,eS:!'.£ ___________ _ 

ADDR£S~60H I1SING THE. TEST CAs 85 EBO(1 EVENPlil E Wtprrcup 
, 
IDENT-6OH _---"E'-".)(A""'=P:.;L .. E'---_'-' ____________________ _ 

xo. 0 

- 16-



OIFFE INPUT (SHEET 02) 

DELTA- _ ____ _ FINAL-· ______ _ 

VAR-' _~, 1,,~,,8L-_ 

j ' f:J 
N . 111 

A- ;' 0 

lOF"_--,-F __ 
$ 

T if last case 
F is not last case 

I tiUh 

"z. t il 
!t t l"S' 
.f Je' 

/.7 

.it 1'3' 
d . 197 

S , 9ST 

-17-
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OIFFE INPUT (SHEET 0 1) 

~S/NAME-&OH! ________________ ____________ _ 

, 
AOORESE&OH _______________________________________________________ _ 

, sr 
tS/IDENTcftetj EXA t1PL £ /8 

, 
OR~ER- ot. SIZMAX" /. c-3 SIZMI N" /. If /0, 

,0- 0 

yo-.~o .~Q 

EMAX" .,2. *'.E-7 

-1 8-



r DIFFE INPUT (SHEET D2) 

DELTA'" _-,1,-, ,,0 __ FINAL-" ___ -"0I".s-"---__ 

VAR= 

A- I 

IOF:o,_--,P __ $ 

T if last case 
F if not last case 

@lED@@@ ~lElRl~lE~ _________ ....::;D1=FF' 
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DIFFE INPUT (SHEET D1) 

SS/NAME"'60H _ _____________ _ ___ _ __________ _ 

ADD~S-60H _ _____________________________ _ 

01 
fsIIDENT"'~ E XAHPLE 

ORDER- 02. ,SlZ~IAX- /. f - 3 , SlZMm .. / . ~-IO, 

XO- 0 

YO- /. 0 o 

EMAX" /. €-7 /. E-7 

-20 -



r 

DIFF E INPUT (SHEET D2) 

DELTA"" ____ _ FINAL-' _______ _ 

VAR" • .2 Ii' 
(j3!1 
97.1" 
8/6 

A- 0 

, £ 18 
I . Q ¥% 

wZ·..l9S' 
.LSssil 

IOF"' __ TL-__ $ 

T if last case 
F if not last case 

.S~7 

61'9 ,z.' Cf3 
, . 7'7 

, ~'" 9 
/. ~ ,., 
J . o~ t , 

- 21 -

t . 
3 . 

. 7.)9 
-141"1 
7fl 

, S'ol9 
t 4s.r 

=Y • .il , 



LISTING OF INPUT CARDS 

'DE 
• 

DE ROUTI NE FOR OI FFEE TEST CASE 
C06DO.XX CATE 05/06/65 

SUBROUTINE OE(X,Y.FJ 
COMMbN AIlQD) 

DIMENSION YI25),FI251 
F Cll=Y( Z) 
FI2J:-YIZI-YII1-Y{lJ •• 2-Y(I)··3+AIl l*SINIX I 
RETURN 
END 

S EXECUTE 
s I NCODE ISMF 

sSiNAME=6QHOIFFE TEST CASE 
• 
AOORES=60HUS ING THE TEST CASES FROM EVENDALE WRI TE-UP 

IOENT=60HEXAMPLE 1 

OROER=2.SIZMAX =1 .E- J'S IZMIN= 1.E-I0 . 
XO=O 'YO=O,O.EMAX=2*1.E-7. 
VAR = .878'1.2 16 '1.~69. 1 .7' 1 .9~1'2.262 ' 2.589'2 . 9 11.J .22.3 .438 .3 . 626. 
3.795,3.953.4.105.4.253.4 .397.4.538.4.678,4.819.5.106.5.43.5.938.6.22, 
A=l .O. 
IOF=FS 
SS/ IDENT=S4HEXAMPLE 18 

ORDER=2.SIZMAX =1.E-J.SI ZM I N=1 .E-I 0, 
XO=O' YO=O.Q.EMA X=2*1.E-7 . 
DELTA= 1. 0.FINAL=2S. 
A=l, 
IOF =F S 
s SiIDENT=54HEXAMPLE 2 

ORDER=2,SIZMAX=1.E-3.SIZMIN=1.E-10. 
XO=0'YO =1 .0.0,EMAX=1. E-7. 1.E-7. 
VAR=.29,.4 1 8.~527,.629,.729,.829 •• 933' 1 .043,l . 163 .1.297. 1 .451. 1 .635. 
1.875.2.295.2.643,3.069,3.141,4 . 26,4.812'5.552.6 . 797. 
A=O. 
IOF=TS 

S ENOJOB 
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DE 0020 
DE 0030 
DE 0040 
DE 0050 

DE 006 0 
DE 0070 
DE 0080 
DE 0090 
DE 0100 



r OUTPUT FOR SAMPL E CASES 

SOLIJ TION Of .. ~Y5T:M n. l::j iJ!'f_H l!I,IEAH OR 
~O ~= L l ~ ~AR D lfF : R E ~T1AL ~~J'Tl 0NS 

PAGF 1 

U52365 

DIFr f:: TEC, T CASE 

• • • • • • • 1 'II ?U r OAT. • • 

"l UMBE R Qr :::: t: .. TI ON S , 2 
H"XI/'lU'" S l .... TI~G I IoITE~VAL S il e (Sll~.u) 
MINIMU~ PE ~ HITTEO I ~ TE~~AL Sl l~ (SIZM1~) 

!'II!TIA,L vAL U ~ or THE I NOEPE 'IIOE'II T VARIA~L : 0 , 
INITIAL CU'I OITJ ONS or , .. € tl :'PE NOEH \lA.~I'aLES 

1 , D. " o . 

eRH DR BOU'l D') OF , " Df-~E IIID : N T " .. ~ I A 9 L.::!> 

( " 1. OO~O OE= .:l 7 " 1 . 0) OO IJE · '17 

,""reGRATe:: ,ROM O. " " 8.7 '3QO (lE ;;O l " 1, 2 1 ~JIJE " ., 1,7 00oJO E- 00 " 1.941'JOE " 7l i:!,5~9 (!O !, 00 " 2 , 9 1t:l OE " 10J J,438 1l 0!' 00 11) 3 ,6 2 5 00E OD 

'" J.953 uD E " l' , t,l O;:)O E 00 

'" <l . J 9700 E DO 17, 4,5 J'3)OE " 19 ' <l. !h9 0 Qf 00 '" 5 . 1QSJ O; " 
?" !:l,9:5 80 Q!: 00 1J' .... . 22000E " 

CONS TA ~ T S U S~ O I N T~E 

11 1, Q!l (j{\OE 00 

-23-

• • • • 

1 . 0DonoE ~ O:S 
l. 00DOOE: ~ lD 

TIoIE Sf: VAL UES 
3J 1 .'I69 Qoe 
6l 2 . 262C10E 
9J 3 , 22000E 

12 ) 3 . 79500E 
15J 4 . 2530QE 
t8l 4 , 67800E 
>1' 5 , 4JO DOE 

• 

DO 
DO 
DO 
DO 
DO 
DO 
DO 



, 

• 

r 

APPENDIX A 
PROGRAM LISTING 

I OENT A~v . GE'FORTRAN'O IFFE 

OPTION F OR TRAN,GO 

FOR TRAN LSTOU. DECK, STA B 

l r~COUE I AMF 

DIFFERENTI AL EQUATIONS SOLVER 

C060007 .0U2 DA TE 05/06/65 

OIFFOOOO 

OlFFOOI0 

OIFF0020 

QIFFOO;'O 

OIFF0040 

OIFFQOSO 

COMMON 1\ ( 200) QIFF0060 

o IMENS I ON YO ( 25 J • [MAX ( 25 ) • Y ( 25 ) • VAR 1300 I OlFFOQ70 

Ol MEN5 10N NAME (10 I • ADORES (1 0 ) d DENT ( 10 ) OIFFOOaO 

LOG ICAL I OF DIFFO OqO 

I NTEGER HOURS . SECNDS.ST IME. SSEC . STI MEP . SSECP , STI MEL. SSECL . STIMEN OIFFOIOO 

I NTEGER SS[CN.ETIMt.ESEC DIFFOI I O 

NAMEL 1 5 T IS/r~A~~E . An[lHES' IOENT . ORDER . [MAX . 5 I ZM AX, S tlMI N. xu . YO . DE L T A' OlFFO 120 

IF I NAL ' VAR. A' N. HO. HI-liN . l o r 

CALL [F~\OUT 

CALL CLOCK(OATE . HOURS.SECNOS) 

STIME::HOURS 

tP= O 

CALL MMHB ITSJ 

SIlMA)(::1.E-3 

S I LMW=l.E-l O 

-25 -

OIFF 0130 

QIFF0140 

OIFFOlSO 

OIFF0160 

QIFF0170 

DIFFO l aO 

DIFFOIQO 

OI FF020 0 

OlFF0210 

OIFF0 220 

DIFF0230 

OlFF02ijO 



CAll ClOCK(DATE.HOURS . SECNDSI DI FF 0250 

sTIMEP :=HOURs OlFF0260 

ssECP:=SECNDs OIFF0270 

STIMEl:=HOURs OI FF02eO 

SsECl=SECNDs OlFF0290 

DO 405 1:=1.200 OIFF0300 

405 AC I I =1:3 ITS OIFF0310 

00 406 1=1.30U 0lFF0320 

40b VAR t I I =l:J IT s OIFF0330 

DEL TA=eITS OIFF0340 

IER=O DIFF0350 

I OF =.FAlsE. OIFF0360 

READtS.SI OIFF03 70 

00 407 1=1.200 OI FF 03SO 

IFtAtII.EQ.~ITsIGO TO 40S OIFF0 390 

!: O I CONTINUE OIFF 0400 

4(1S NA=I - l OlFF0410 

IFtOElTA. EQ.B ITSIGO TO 411 OlFF0420 

420 IFtOElTAI412.411.412 DIFF0430 

411 OEL TA:=O.O OIFF0440 

DO 409 1=1. 300 DIFF0450 

IF(VARCI)·EQ. OITsIGO TO 410 DIFF0460 

409 CONTI NUE OIFF04 70 

410 NV=I -l OlFF04eO 

IF CNVI20 17. 20 17· 2040 OIFF04qO 

20 40 CONTINUE DIFF0500 

FlNAl=VAR(nvl oIFF0510 

GO TO 2042 DIFF0520 

412 IF( OElTAJ2045.411 · 2046 OlFF0530 

204~ IF (XO+OElT A-FI NA l J20 17.2017 .2042 OIFF0540 

20 46 IF (XOtoEl T A- F ltJALl2042. 2017. 20 17 0lFF0550 

2042 N=OROER 0 1FF0560 

-26-



r NLL=ORQER/3 ..... 9 

IFCN,GT.IOIGO TO 20 17 

HO=SIZMAX 

HMIN=S I ZMHr 

rFCN,GT.6)GO TO 41 

K=I~ 

GO TO 4 2 

42 I P=Ip+l 

WRITE(6.100IIP,DATE. NAME . AODRES· IOENT 

DIFF0570 

OlFF0 5eO 

DIFF05g0 

OlFF06QO 

DIFF0610 

DIFF0620 

DIFF0630 

DI FF0640 

DIFF0650 

OlFF0660 

I OU FORMAT( l Hl.1 4X . 42HSOllJ Tl ON OF A SYSTEM OF ORD I NARY LI NEAR OR . eX. DI FF 0670 

A4HI-'AGE.I3IIBX . 33HNON-LI NEAR DIFFERENTIAL EQUATION5/12x .llHDATE OF DIFF06S0 

RRUII . 3X .fJ,61118X.lo"61Iax .1 0A61/8X .lOA6/111 

wRI TE(6 . <)9IN .HQ. HMIN. XO ' (I. YOI 1) .1=1. N) 

OlFF0690 

DI FF 07aO 

9'} FORMATll X.7(4H* ) .l ZH I NPUT DA TA.7(4H .)f//6X.19HNLJMQER OF EQOIFF0710 

lAT IONS . 18/6X. 41HMAX IMU!4 5 1 ARTING I NT[RVAL SIZE (SIZM AX ) IPEl7. S/60 IFF 07Z0 

2X'4 1Ht-iJNJ MUM PERt-IITT Ea I NTERVAL SI ZE (SIZMINIIPEl7 . 5//tl2H JNITlALOIFF07J O 

~ VA LUE OF THE INDEPENDEN T vAR I AULE. I PE 17.5/6X . tl5HINITIAL CONDI TI OND IFF 07t1 0 

45 OF THE DEPENDENT VAR I ABLESI/ (lX.I 7. 1HIIPE15. 5 .1 7. 1HIIPE l S. S.I7.1DIFF07S0 

~H IIPElS.51) OIFF 07&O 

DIFF 0770 

'J b FORMAT (l H0I7X . 39HEHRO~ BOUNDS OF THE DEPENDENT VAR I AflLES//(lX.17.10IFF0760 

IHI IPElS.S.17.1HI1!-'ElS.5. 17.1H J I PE15 . 5) I 

NLA=O 

NLV =O 

IF<NVJ2017,2000,2001 

200 1 VN=NV 

vLr,r=VN/3.+.9 

NL V = VLr~ 

I F{NLV.GT. 16 I GO TO 20Q3 

wRI TE(& · 961XO .( I.VAR(II.I= 1·NVI 

DIFF 0790 

DIFF 0800 

DIFF 0810 

DIF FOS20 

DIFF 0830 

DIFF0840 

DIFF 08S0 

DIFF0860 

OlFF 0870 

90 FO~MAT(lHO/7X.15HINTEGRATE FROM. I PE 19.S.7X .1 5HAT THE SE VALUES/(lXDI FF 0880 

A. I7 , IHJ IPE15.!',' 17' Hr) IPE 15,S ' 17.1HI I PE 15.S1 I DIFF0890 
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NPV =2 0-NLV 

GO TO 2007 

2003 wRITE(0.90)XO.(I.VARII).1=1.~el 

IF(NV.GT. 201IGO TO Z005 

IP=IP"l 

wRITElo·901)IP.(I·VARIII.I=~9.NVI 

QIFF0900 

QIFF0910 

OlFF09Z0 

OIFF09;50 

OIFF09~0 

QIFF0950 

901 FO~MAT(lHl.58X.~HPAGE.17/9X.37HINTEGRATION (INDEPENDENT) VARIABLDIFF0960 

l ESII( l X· I7.1H l l PEI5 . 5 .17.1 Hl l PE1S.S ·I7.1HllPE15.5») 

NPV=67-NLV 

GO TO 2007 

ZOO~ I P=IP"l 

WRI TE(6. 961 IIP·(I·VARIII.J=~9.2011 

IFINV.GT.3001GO TO 20 11 

IP=IP"l 

WRITE{0 . 951JIP.II · VARI II.1=20 2 ·NV) 

NPV =11 8 - NLV 

GO TO 2007 

20 0 0 WRI TE( 0.97IXO .FI NAL . DELTA 

O!FF0970 

OlFF0980 

QIFF0990 

DIFFIOOO 

DIFFIOIO 

QIFFl020 

DIFFI030 

OIFFIO~O 

DJFFIOSO 

OlFFI060 

DIFFI070 

97 FORMAT I IHO / 7 X. l SHIN TE GRA TE FROMIPE16.S.SH TOIPEI9.S/I~X.IIHIN SOlFFI080 

ITEPS OFIPE19.51 

NPv=16 

2001 IFINA)2 008 . 2009.2008 

200S AN=NA 

ALN=AN /J .... 9 

NA=AN 

IFtNPV.GT.16IGO TO 20 11 

IF INLA.G T·12I GO TO ~O lJ 

WRITEI6·9S){!.A{II.I=1.NAI 

DIFFI090 

DIFFllOO 

OlFFl110 

OlFF1l20 

DIFF1l30 

QIFFlhO 

DIFFllSO 

OIFFll6C 

DIFF 1110 

9~ FORMAT(lHO/12X.~9HCONSTANTS USED IN THE DE SUBROUTJr~E EQUATlONQIFFllaO 

l SII {lX.17·lH1IPE15. 5 .I7.1HlIPElS.S.17.1HllPElS.5 11 

GO TO 2021 

20 13 WRI TE{ 6 .g51(I.A II1.l=1.36J 

-28-

DIFF1l9 0 

OlFF1200 

DIFF1210 



r IF tNA . GT.l e91 GO TO 20 15 

t P::; I P +l 

WRITEI 6 . g51)I P,II· Atll . t=J1, NAl 

OlFFl220 

OIFF1230 

DIFFIZ140 

951 FORMATtlHl.lt x ,ij gHCONS TANT S USED IN THE DE SUBROU TI NE EQUATIONDIFF12S0 

1 S//f 1 x. I7. IH Il PE 15 . 5 . I7 rl H) l PE lS . 5 . 17 . I H) tPE1 5 . 51 ) 

GO TO 2021 

201~ IP=IP+l 

wRtTE(6 . 951) IP,II· A,t I).t=37·189J 

IF (N~ . G T . 200)GO TO 20 17 

I P:: I P +l 

ftRITE(6 . g51I IP.(I· A(II.I=190 . NA) 

GO TO 202 1 

2U l1 I F INA, . GT.1 5J I GO TO 2019 

IP=IP+l 

wR tT E(6 . 9511 IP.(I. A( II.I=1.NAJ 

GO TO 202 1 

20 19 r P;I P+l 

wRt TE(6 . g5 11I P .II· AII 1 ,I=1.1 53) 

IFI NA. Gl .20QI GO TO 20 17 

J P= U'+ l 

wR IT E ( 6 . 9~1 ) J P , (I - A t I I . 1=1 5 4 . IJA ) 

GO TO 202 1 

20ng NPA=O 

202 1 tFI NLA +NLV - S)2022 . 2022 . 2023 

ZuZZ wR ITE ( 6 .1 0 t l 

DIFFI260 

QiFF1 270 

OlFF1280 

OlFFIZ90 

OIFF1300 

QIFFl310 

DIFF1320 

OIFF1330 

OIFF134 0 

OlFFl3S0 

OlFF1360 

OlFF1370 

OIFFl3S0 

OlFFl39 0 

OI FFl 400 

DJFFl410 

OIFF14 2 0 

OIFFl43 0 

DIFFl44 0 

OIFF1450 

OlFFl460 

1 0 I FORMA T IlHOII I X. 24 ( 3H* J 1113X . 9HVAHIABLESI1 2X, llHINDEPEr~oENT9 X ' 9HOD IFF 1470 

l EP[NDENTIIJ OlFF14S 0 

~jC T=4 5 QIFFl490 

GO TO 2024 OIFF1500 

2023 I P=IP+I DI FF1 5 1 0 

wRI TE I 6 'l OlO J lr DIFF1 520 

1 0 10 FORMAT ( IH1 64X ' 4 HP AGE I 3/13X . 9HVAR I At) l ESI1 2X . IIHI NOEPE NOI:.I~T9x . 9HOEPEO IFF1 530 

iNDENTll1 OIFFl540 
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NCT=5 DIFF15S0 

2024 IX =l OIFF156 0 

IF< OEl T A)5 . 6.~ OIFF1570 

• XF=XO+OEL TA OIFFl580 

GO TO 9 OIFF1590 

6 L=l 0lFF1 600 

XF= VAR ILl OlFF161 0 

9 wRITEI6. 102) XO . I I ' YOI I) .1=I.N) DIFF1620 

102 FORMAT{lPE13.4.2X. 3 1!4.1H)lPE13 . 5)/l l SX. J4.1HJIPE13. 5 .14 . 1H'l PE IJ.OIFF1630 

A5 ·14. 1HJ I PE13.51) 

10 IERR=O 

CA LL AMS I NTII X.XF . Y, EMAX , N. HO.XO .YO.HMIN , X,IERR) 

IF {IERR)2060.2070·2060 

201'>0 IER=lER+ l 

IFIIER-l) 2062 . 206 1.2062 

2061 XFP=XF 

IER=l 

GO TO 2064 

2062 IF IXFP - XF I2061 . 2063 . 206 1 

20b3 IF {I ER-NER)2064 . 2064 . 301 

301 wRITE(6.1051 

10~ FORMA TIIH Ol l1 2 16H -1/6X.55HERROR FOUND IN THI S CASE 

IpROCEED TO NEX T CASE/ 1216H . ,) 

GO TO 80 

201'>4 DO 2065 J=l . N 

206~ YOI J I=Y(J) 

ER I=J ER 

XO=X+IXF - X)-O. l ·ERt 

I X= l 

GO TO 10 

2070 CONTI NUE 

WRI TE(6·102JXF.(I·YIII.1=1.N) 
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OIF F1640 

OI FF 16S0 

OIFF1660 

OIFF1670 

OIFF1680 

OI FFl b90 

DIFF17 00 

DIFFl7I O 

DIFF1720 

OIFFl730 

OIFF1740 

OIFF1750 

WILL OIFF1760 

OIFFl 170 

OIFF1780 

DIFF1790 

OIFFl800 

OIFF1810 

DIFF1820 

OIFF1 8JO 

OIFF1840 

QIFF18S0 

OIFF1860 



r 

r 

• 

( 

Nc r=NC T+NLL QIFF1870 

IF(NCT.LT. 50)GO TO 6 1 QIFF18aO 

I P::I P +l OlFF1 890 

W~ lTE(6 tl O lO)I P OlFF1900 

NC T:::: 5 OIFF1910 

6 1 CONTI NUE OIFF19Z0 

'0 IFI HQJ20S1.20 17. Z050 DIFF1930 

20S0 IF'tFI NAL-XFII Z.12 · 11 OlFF19~O 

2051 IFIF'! NAL- XFl l l .1 2 ·1 2 OIFF19S0 

11 I FIDELT AllS .16 .1 5 OlFF1960 

\; XF=XF"OELTA OlFF1970 

IX::::? QlfF1geO 

GO TO 10 QIFF19qO 

,. L= L +l OIFF200 0 

XF:::: \lAR (L1 OlFF2010 

I X=Z QIFF20Z0 

GO TO 10 OIFFlOJO 

12 CONTHIUE OlFF20~O 

6 0 CALL CLOCKIDA TE.HOUHS . SECNOSI DIFF20S0 

S TIMEN= IIOU~S QIFF Z060 

SSECN=SECNQS OI FF 20 7 0 

ETIME=STI MEN-5TIMEP QIFF20eO 

ESEC =SSECN- SSECP QIFF2090 

I P= lP+l OIFF Z! QO 

ITIME=ESEC OlFF 21l0 

wRITE(6 ·lOJI IP · ETI ME .I TI ME QIFF21Z 0 

l~J FORMAT II H16JX . 4HPAGElq/6X '44HA LL DEPENDENT VAR I ABLES HAVE BEEN CA LDIFF2130 

l CULAT EDI16X . 33HFOR THE PREVIOUS I NPUT QUANT ITI ESIIII 14X .1 9HELAPSEDDIFF2140 

2 TIME OF HUN I IO '1 2H HOURS ••• I6 .1 2H SEC ONDS 

IF( I OFJGO TO 300 

GO TO 1 

2017 ",R ITE (6 . 95~ J NA . IJV' f~ . DEL T A' HO 

-3 1-

OlFF215 0 

OIFF2160 

OlFF2170 

OIFF218 0 



955 FORMATIIH15X.34HERHOR IN NUMBER OF INPUT VAR IABLES/bX.3HNA=I7/6X.30IFFZI90 

• 
• 

IHNv=r 7/6X'2HN=1 8/bX .bHOELTA=I PE12 .5/bX.3HHO=I PE15.5 ) 

30U I E TIME=S Tl ~EN-STIME 

IESEC=SSECN-SSEC 

Il IME= IESEC 

WRITE(6.1041IETIME.ITIME 

104 FOHMATIIHOI/aX.25HTOTAL ELAPSED TI ME OF RUN.II0. 12H HOURS 

A.12H SECONDS 

STOP 

END 

FOR TRAN LSTOU. OECK .STAB 

INC ODE 18MF 

.AMS ! NT DIFFERENTIAL EQUA TI ON SU8ROU TI NE 

• C060007.002 DA TE 05/06/6~ 

OJFF2200 

DIFF2210 

DJFF2220 

DIFF2Z30 

OIFF 2240 

····I60IFF2250 

0lFF2260 

OIFF2270 

01FF2280 

AMSNOOOO 

AMSNOOI0 

AMSN0020 

AMSNOOJO 

• SOLVES A SET OF N SI ~ULTANEOUS FIRST ORDER DIFFERENTIAL EQUAT IONSAMSN0040 

• USING THE GEr~ERALIZEO ADAMS-MOULTON METHOD 

Sl!9ROUT INE AMSINTIIX . XF'Y'EMAX.N.HI.XO.YO' HF .X.IERR) 

OI MENSION Y(25). EMAX (25) • YO (2S) • YP (25) • Yl (25) • Y2(25) 

DI!~ENSION F(25.6) 'DYP(25) 'DYC(25) .E(25) .PI6,27 ) 'CI5.9 ) 

DATA P/16128.,2280d"8218 •• 1645., 107 ••• 020J.J840 •• 5S12 •• 2135 •• 

A57Q •• I 07".0277. 1152 •• 1675 •• 694 •• 278.,107 ••• 0339,768 •• 1163 •• 

B648 • • 27A •• 25 ••• 0335,192. ,297 • • 187. ,107. '25 ••• 043, 9t;, •• 151 •• 106. , 

C91 •• 4 0 ••• 0502.360 •• ~89 •• b25 •• 455.'59 ••• 0497.96.' 16 1 •• 206 •• 200., 

059 ••• 0597 ' 126 •• 215. ,322. ,469 •• 23b • •• 0663 . 2016 • • 3880 . ,2366. ,539. , 

E37 ••• 0358 ' lI80 •• 952 •• 625 •• 190. ,37 ••• 0477' 144 •• 293 •• 206 •• 9l1 •• 37 •• 

F.0573'96 • • 211 •• 200 •• 94.,9.,.0563,24 •• 55 •• 59.,37 •• 9 ••• 0704 . 30., 

G71"85 •• aO •• 36 ••• 0804 ,90" 229 •• 415.,320 •• 44 ••• 0792,6.,16 •• 35. , 

H36.'11 ••• 0924.126 •• 347.,a89 •• 1372 •• 704 ••• I 008.504 •• 1646.,1526.' 

J413., 31 ••• 0588. 120 •• 416 •• 415.,150 • • 31., .0 756. 36 •• 131.,140 •• 76 •• 

K3 1. , • 08R2 ' 6. , 25 •• 36 •• 19 •• 2 •• • Oa6 1. 6 • • 27 • • 44 •• 31 •• 8. I • 1033.30 •• 

LI43 •• 260.,275 •• 12a • • • 1148,lIS •• 242.,6b5 •• SS0"82 • • • 1127'0 • • 35 •• 

Ml1 b., 128 •• 4 1 .·.1260.b3 • • 358,·I505·.2492 • • 1312 . ·.1 J531 

DA TA C/20 16 • • 85b"1246 •• 91 •• 5 •• 96 • • 40.,61 •• 6 •• 1.,14l1 •• 59 •• 94 •• 

AM5N0050 

AMSN0060 

AMSN0070 

AMSNOOSO 

AMSN0090 

AMSNO IO O 

AMSN01l0 

AMSNOIZ0 

AMSN0130 

AMSN0140 

AMSNOlSO 

AMSNOI60 

AMSNOI70 

AMSNOlaO 

AMSN0 190 

AMSN0200 

AMSN02 10 

AMSN0220 

@J~o®®® \\)~[ffi~~\\) _________ ....:::DI='" 
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r 

• 

• 

• 

1 

1" 

11 

" 1".'~' . q6 • • ~7 •• 72 .' 14 •• 1., 2 " •• 9 •• 19. , 5 . '1 •• 30 • • 11 •• 25. ,1 0 •• 4 •• 

I)ql) . ' 31 • • q5 •• 4() •• 4. , 6 •• 2 •• 7" " , .1 •• 126 . ,41 • • Ib! • • 140 • • 64.1 

GO TO 11.JloIX 

COt·,PuTE A S TA RTING " 
ASStG~. 12 TO ICHOC [ 

H=J2. 

H=II/(' • 

IF' IAnSIH I I - H) 10 , 11 . 11 

H=H*A (3SIHlI/HI 

GO THROUGH HIITIAL EXHtAPOLA TION 

12 CALL OE IX O. YOI1l .FIl.211 

00 1 0 1 l=l . N 

1 1) 1 Yltll=Y OIII+H·Ftl· 2 1/". 

X= XO+H/4. 

CALL UE IX . Yll ll . F II.311 

00 1(12 I=ltfl 

111 2 y2 II) =YltI)+ )i.' 3 . t F II.31-Ftl.2)1/8 . 

X=)(+I1/4 . 

CA LL l1EfX'Y2tll . FIl . 4) I 

nO 1 03 1 =1.1~ 

lllj YPI I I=Y2 t I I +It.! 19 . t FI I .41 - 20 . *F t 1,031+7. *F' I I .2 ) 1/ 12. 

1(: B x=x +\l/2 . 

PEI~FORM INITIAL C(}fi RECTION AND TEST 

CALL llEIX. Y"'II) ' F ll.~'" 

"SS IGr~ 10 7 TO ITE S T 

no l UI.! I=lotJ 

yll)=~OtII+H.t37.t~tJ . 2)+7' •• F(1.31-l4.*FII . 41 +F(I. 5)1 1384 . 

IFtEMAX I I) )10 3<'1 .1 0 4 0 . 1040 

1 c3~ IF IAU~(Y1(I) -Y(II ) - AAS(EMAX(I)* YtI))II0" .1 0 4 .1 041 

10 4 U IF I AHS IYIII) - Y(II) - EMflXII)104 .1U4. 10" 1 

l U"1 " S~ I G t' l 103] TO !TES T 

I v 4 YltIl =YIJ) 

.II=XO +l 1/4 . 

AMSN0230 

AMsr~0240 

AMSN02S0 

AMSN0260 

AMSN0270 

AMSN02eO 

AMSN0290 

AMSN0300 

AMSN03IO 

AMSN0320 

AMSN0330 

AMSN0340 

AMSN03S0 

AMSN0360 

AMSN0370 

AMSN038D 

AMSN0390 

AMSN0400 

AMSN0410 

AMSN0420 

AMSN0430 

AMSN0440 

AMSN045° 

AMSN0460 

AMSN0470 

AMSN04aO 

AMSN04QO 

AMSN0500 

AMSNOSIO 

AMSN0520 

AMSN053U 

AMSNOS"O 

AMSN05s0 

@~o®@@ ~~[Rl~[E~ _________ ...!;DI~FFE 
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CALL DEIX'YIIII.Fll . ]11 

00 l O~ 1=1"~ 

Y (11='1' 1 I I ) H I. (- 5. tFI 1 . 21 '+- 51,) ' *F I 1 . 3) '+-"b •• F( I." I -F ( 1. 51 I/J84. 

IF(EMAX I I I I 1 049 . 1 0~U ' 1050 

1 04~ IFIAnS(YZIII - YIIII -A8SIEMA~(I)tYII)))10~.105 .1 05 1 

1 0~U IF(ABS (Y2(II - Y( 1) 1 -~MAXI II II0S.l05 .1 05 1 

10~1 ASS I GIJ 1031 TO IT E~T 

l O~ Y2IIl=YlIl 

CALL [lE(X'YZ ll ) . FIl , 41) 

00 I On l=l.N 

Y I I I=Y2( II""*(F"( 1. 21 - 4 . tF (J . 3) '+-7 •• F( 1.4 I +2 •• F( I. 5) II l Z . 

I F" (EMAX (I) 1 1 059 '1 000 '1 060 

10 ~'J IF (ASS iYP ( I ) - VII) ) - 11.1)5 t EMA X I I ).Vl I ) ) ) 106. l ob . lObi 

lO hU IF \Arl~ lyp(J)-YII)I-lMAX( III1 0b 'lO b .10bl 

1 06 1 AS~I G J I 10j l Tu ITES T 

1 0 0 yP( I )=VlIl 

GO TO ITE~T.(10Jl ' 1 0 7) 

1 11 7 X=X+H/Z. 

IT 1 =-1 

ITl=- l 

JT 3 =0 

<'0 CAL L lJEIX , YPIll.Fil . 51) 

200 I TC=3.IT1'+-IT 2 

I TI'=-J. I TC- I T3 '+-14 

IT C=5-ITC 

00201 1=1 . (\1 

AMSN05bO 

AMSN0570 

AMSN0580 

AMSN0590 

AMSN0600 

AMSNOb l 0 

AMSNOb20 

AMSN06]O 

AMSNOb40 

AMsr~0650 

AMSN06bO 

AMSN0670 

AMSN068° 

AMsr~Ob90 

AMSN0700 

AMSN0710 

AMSN0720 

AMSN0 7]O 

AMSN0740 

AMSN0750 

AMSN0760 

AMSN0 170 

AMSN0780 

AMSN 0 7qO 

AMSN 0800 

AMSN0810 

AMSN0820 

0 '1' .... ( I I:;:(PI 2 . IT P) I F! 1. "jl -p i]. ITP) *F ( I . 4J "pI 4 . lTPh F"( t. ]1 - p i S . ITP,", AMSN08JO 

IF II'2Ij*H/r( 1 .ITI->I AMSN0840 

20 1 YltII=YP(II"OYP(II 

X=X"H 

CALL UEt~'Yllll .~ (l.b)j 

DO 202 J =l.r"l 
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AMSND8bO 
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IF IJ. 3) I · H/C ( l - tT CI 

E(~I =r(6 .ITPI ·{ OYC ( ~) -UYP(Jl ) 

IFIEMnxIJ) - ABSIEfJ)) ) 2 1 0 .202. 202 

2 n c: Y(JI=P YC I JI-E(JH·YD tJI 

AS ~ I G!J 2 0 4 TO LOll' 

Y2 11 1:::V!-'(Il 

yl"' (II =V( I I 

F( ! , \J:FI !. ,2J 

F!J · 2 1:::F I!. JJ 

FI!·31=F t I . 41 

F{I.IjJ=F(I.~J 

Ffl · .,I::FI I. b) 

IF tl~nXl i )/ljn . - ftbS(E (II)) .20J l . 2rI31 · 2(13 

2tJ~ 1 115C. Tc,Jt 205 TO LN. 

ZOj cOr~ T lI IJE 

JTT::: I 

1 T(.=n 

GO TO U"lII" (20u . 20'i1 

.2r ~4 I TO=- l 

21J!;I JT4:=IT3 

JT3=IT 2 

IT ': =ITl 

ITl=tlO 

AS~ I Gr~ 2 11 TO I Cl1(1Ll 

.t. IF( fX - XFJ/ I' J2 ': , ?'( If. • .>:,n 

,tit) HCTtJHIL 

j I~(fX-XFJ/HJ2 0 . 30 · ~ ~! 1 

.'u 00 31 1=1 tt J 

':' 1 yfIl:YPf Il 

GO l C 20b 
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AMsrlO900 

AMSN 091 0 

AM5N0920 

AMSN09JO 

AMSN09liO 

AMStl 0 9S 0 

AMSN0960 

AMSN097 0 

AM5N0geO 

,AMSNU990 

AMsraOOO 

AMSN I OI0 

AMSN I DZO 

Ar-lStnDJO 

AMsrnOIiO 

AMSIU050 

IIf"Sln06D 

AMs rl 1 07 0 

AMsrHOeO 

AMSN I OgD 

AMSN II OO 

AM911 11 0 

AMSN112 0 

AMStH130 

AMSN llli O 

AMSNl l SO 

AMStal6D 

AMSN1170 

AMSNllaO 

AMSNl 190 

AM5N 120 0 

AMSla2 I O 



• REDUCE INT ERVAL SIZE AND RECALCULA TE AMSN12Z0 

2lu H.=I-tIZ. AMSNIZ;50 

IFIAAS{HFI -AO~tH)12100.2100.220 AMSNIZ140 

2 10 0 GO TO ICHOCE , 112.2111 AMSNI2S0 

211 IF(ITI1ZIZ.212.213 AMSN1260 

212 tTl=rTl·l AMSN1270 

X=)t - 2.*H AM5NIZ80 

GO TO 2 00 AMSN 129D 

21> IF(ITT'2Z0 . 2131·2131 AMSN13QO 

2131 IF(IT2)21~.21q.220 AMSN1310 

21_ lTl =JTZ·l AMSN13Z0 

IT2=YT3 AMSNiJ;50 

IT 3= JTI+ AMSN131+0 

H=2.*H AMSN13SD 

X=X - 3.$H AMSN1360 

DO 2 15 l =l.N AMSNIJ70 

YPIlJ =Y2IlJ AM5N1380 

FCI·51 ::FII,IIo) AMSN1390 

FI!./4J =F II.;5) AMSNi1400 

FII'3J=F{I,2) AMSNtl+l0 

21S FII . 2) ; F'I !, 1) AMSN i l+ZO 

rTT= - 1 AMSN1430 

GO TO ZOO AMSNil+40 

• TAKE CARE OF S I NGULAR ITY OUTPUT AMSN14SD 

220 CALL S I NGI)t . Y. fJ.J) AMSNll+60 

IEHR=J AMSN 147D 

GO TO 206 AMSNltieD 

• CO~1PU T E SPEC t AL VALUES OF Y AMSN1490 

2 'iU IFtITlI2S03 . 250 1. 2502 AMSNlSOO 

2S iH HI=H AMSN l Sl O • 

GO TO 251 AMSNlS20 

2~ O 2 HI =2 . *H AMSN1S30 

(,0 TO 251 AMSNlSI+O 
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2 5 03 

2'1 1 

2511 

2512 

2td J 

2~2 

2~2 1 

2 522 

C!tJ l 3 

2':>3 

I-tI:H/2. 

IF {IT2)2511 . 2~ 13 . 2 ~ 12 

H2=Hl/2. 

GO TO 252 

tt2 :: 2 .·HI 

GO TO 252 

H2=llJ 

I F(I T 3)2~2 1' 2523 , 2522 

H3=H2IZ . 

GO TO 253 

H3=2 . " HZ 

GO TO 25, 
H3=H2 

OI :::HZ"H I 

O;'> =H2 +H3 

R l :;:H3+Gl 

u =XF-X-HII 

AMSN 1550 

AMSN 1560 

AMSN151 0 

AMSN15eO 

AMSN1 590 

AMSN 160 0 

AMSN 16 1 0 

AMSN162U 

AMSN 16 3 0 

AMSN 1640 

AMSN1650 

AMSN l b60 

AMSNlb70 

AMSN 1680 

AMSN1690 

AMSN 1700 

AMSN l710 

AMSN1720 

U2 = ( (U/4 . - ( HI - 112- (12 ) 13 . ) *U- (HI'*H2 - HZ ' 02 +QZ * Hl ) 12 . ) - Ul (1 II_Hz_a?,) - 1. AMSN1730 

, 

U3= ( Ill/II. . - fHI - Q2 1 / 3 . ) , u - ltI ' 02/2 . ) ' U/ I HZ *H3 · rU) 

u4:;: ( I utI/. . - H iI - HZ) 13. I * U- HI * 11212 . ) *UI (ti3*Q2*Rl J 

CO 260 l :. l . N 

,,- "0 Y (I J ='f2( I J " u * (Ul * F ( 1"J - lJ2*F ( 1. 4) +lJ3 . FI I . 3J - l!4 *F( 1 , 2J) 

GO TO 2 0 6 

('Ill 

DECK 

• EF··\OI)T Sl)BR OUTI!~E T ~) lr~HlB IT FLOATING FAUll 

• COIlUDD7 . IHl2 n ATC O!:l/06/f> ~ 

LIIL EFMOIIT 

!", YMOl F EFto',OUT 

E Ff.,nUT S TIl tiD 

LL,A (040 0 0 . QL 

01.:5 " I NO 

AMSN1740 

AMsm 750 

AMSN1760 

AMStJ 1170 

AMSN17aO 

AMSN17g0 

EFMOOOOO 

EFMOOO I O 

EFMOOOZO 

EFM00030 

EFMOOOuO 

EFM00050 

EFMOOObO 

EFM00070 

@l1E'(ID@@ ~lEffil~lE~ _________ ....!!!OllllFFE 
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LDI IND EFMOOOao 

"A 0 01 EFMOOO9Q 

IND BSS 1 EFMOOIQO 

EI.O EFMOO 110 

• GMAP DECK CLC KOO OO 

*eLOCK FORTRAN CLOCK ROUTINE CLCKOO I O 

• C060007.0U2 OATE 05/0t:'/65 CLCKOOZO 

• CALL. CLOCK(OATE. IHQUR. ISECl CLCKOO30 

LbL CLOCK CLCKOO40 

SYMDEF CLOCK CLCKOOSO 

CLOCK STXl A CLCKOO60 

MME GETIME Cl CKOO70 

A LUX l a.ou CLCKOOSO 

STA 2 .1 * S TORE MODAYR IN DA TE CLCKOO90 

DIV C640 00'0L TOTAL SECONDS TO Q CLCKOIOO 

DIV (360Q·Dl HOURS TO Q. SECONDS TD A CLCKOllO 

STO 3 .1 * PUT HOURS IN IHQUR CL.CK0120 

STA 4, 1· PUT SECONDS I N I SEC CLCK0130 

TRA 0. 1 CLCK0 140 

END CLCKOls0 

s Gt-1AP DECK MAB 0000 

*MA fJ SUBRQUTltJE TO GIVE PLUS BlTS MAB 00 10 

• C060007.002 DA TE 05/06/65 MAB 0020 

LRL MAB MAB 00 30 

SYMDEF MA" MAB 0040 

• CALL. ~\A8[B IT S l MAB 0050 

~\An LDA a IT S MAB 0060 

STA 2. 1 * MAB 0070 

T" 0. 1 MAB oDeD 

bITS OCT 377777777777 MAB 0090 

END MAB 0100 

S FORTRAN LSTOU.DECK . STAI::\ SINGOOaO 

s I NCQOE IAMF SINGOO I O 

@~.®®® ~~OO~~~ _________ ....JiD='FFE 
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SINGULARITY SUBROUTINE FOH TEST CASE 

C060007.002 

~UbROUTINE SlllGIX ' Y ' ~hJ) 

OI '·IE NS ION Y(Z5) 

WRITE(b . lOOIJ . X. (Y( 11 . 1: 1 ' Nl 

DATE 05/06/65 

1 00 F OHM /lTllH05X.Z5HSWGULARITY DETECTED IN YI~/b)( . ~HTIM£lf'E.l5 . 6/6X . 

fl9HFUfiCT I ONSI (II 11pElb. 6) J ) 

R[TUR~J 

ENu 

" FORmAN LST OU . OEC"' . S TAU 

" JIICOOE: I~t-IF 

-DE 

-
DE ROUT INE FOR DI FFEE TEST CASE 

C0600D7.0U2 OATE O~/06/6S 

SUHROUTINE DE (X . Y.F) 

CO"'I~1ON A120D) 

DI MENS I ON Y(25J . FIZS) 

F(1):Y(2) 

F(2 1: - Y(2) - Y(11 -Y(1)$$2-Y(1)**3./I(1)* S I~I(XI 

HE TURri 

EtlU 

-39-

SINGOOZO 

S I NG0030 

S I NGOO~O 

S I NGOO50 

5 l NG0060 

SHJG0070 

S l NGOOaO 

S I NGOO90 

S l NGOI00 

DE 0000 

DE 00 1 0 

DE OOZO 

DE 00 3 0 

DE 0040 

DE 0050 

DE OObO 

DE 0070 

DE OoaO 

DE 0090 

DE 0 100 



2 

r 

APPENDIX B 
FLOW CHARTS 

START 

CLOCK 

G" I nitial 
Run Time 

Initia li ze 
Storage 

~ 

CLOGK 
Get Time This 

Case Started 

Rc ad Input 
Sheets D1 

and D2 

DELTA Given ? 
'\ Yes 

No 

NV" number of 
'JAR Va l ues 

FINAL- VAR(NV) 
DELTA; O 

- 41-
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l' 
( '\ 0 Xp .. XQ 

" DELTA O? +DELTA 

fa 

L-l 
XF .cVAR(2) 

Print 
Initial 

Conditions 

AMSINT 
Integrate <0 

XR 

~ 
Print out 

Calculated 
Points 

! 
" ( FINAL Reached? 

Yo, 

CLOCK 
Running Time 

Of Cas e 

1 
No Last Case? \ y, 

'ND 
1 DIFFE 

-42-



DIFFE INPUT (SHEET D2) 

DELTA- ____ _ FI NALoo ________ , 

VAR-

A-

T if last case 
F if not last case 

( 



r 

DIFFE I NPUT (SHEET D2) 

DELTA- ____ _ FlNAI.-________ _ 

VAR-

r 

lor- $ 

T if last .:ase 
r if not l a s t ca se 



OIFFE I NI'UT ( SHEET 02) 

OELTA" _ ___ _ FI NAL- _____ ___ _ 

V,;R-

'"- ----

I OF- $ 

T i( las t ': lIse 
F if no t las t c a se 



DIFFE INPUT (SHEET D2) 

D£LTA"' ____ _ FINAL-_______ _ 

IOF= ____ ' 

T if las t .asl! 
F if not last case 



DIFFE INP11I' (SHEET D2) 

DELTA" ____ _ FlNAL- _ _______ _ 

r 

IOF·· ___ _ $ 

T if last "a~e 

F if not last case 
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Program Number 
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tric Telecommunications and Information Processing Department, titled Sequential Least Squares 
for Polynomials by C. B. Chandler and J. T. Godfrey. Permission to use the original document 
was given by D. L. Shell, Manager, Computer Applications and Processing of the Telecommuni­
cations and Information Processing Department, General Electric Company. 
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1. GENERAL DESCRIPTION 

The sequential least squares for polynomials program determines the coefficients of a polyno­
mial in X which give the least squares fit to given data. 

Five features make this least squares curve fitting program unique: 

(1) Virtually any polynomial model in one variable may be specified. For example, a mod­
el such as y '" a o +a 1 x 7 +a:zx ' +a 3 x a could be specified. 

(2) 

(3) 

(4) 

All reduced models of the original can be obtained with a few additional calculations. 
Thus, in the example y = bo+b\x? +bax &, y::c O +c 1 x·7 and y =d o could also be obtained. 

Predictions are computed for a ll models. 

A complete set of statistical parameters are computed for each model such as F-test, 
t-test for coefficients and standardized deviates for predictions. 

(5) The progl'am is free standing and simple to use. No programming is required of the 
user. 

LSPF 

-1-
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2. MATHEMATICAL METHOD 

The method used to solve the simultaneous equations r epresented by the product moment matrix 
and vector is . A complete inverse of the product-moment matrix 
is not needed. This a normal approach for a given M and provides a 
much faster procedure for the calculation of the r educed models. 

Briefly, the method is as follows: 

The original equation is ~ = ~ 

where A = product-moment matrix S 
~ = product-moment vector Sy 
x = vector of coefficients--the unknowns 

The matr ix A, which is symmetric, can be reduced to the product of 2 matrices Land R. That 
is, A = LR where 

L = 1 o o o and R z:: 

I " 1 o o o r ~ 

I~ I " 1 o o o 

I " I " 1 o o 

and where I Ij == rJl / r JJ 

and for i = 1, r" = AtJwithj = I, N 

lor i > 1, r" = A" 
it: r .. r 'Kj;/:nt<I<.with j = i,N 
K=l 

This give s the equation ~ = rnQ = S 
Let 9 = R2 

Then L9 9 
and 9 can be determined by fon'lard subs titution. That is, consider L9 

-3-
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1 0 0 0 y, b, Then Y 1 = b, 

I~ 0 0 y, b, y, = b, 121. Y1 

I~ I .. 1 0 y, b , y, b, 131 Y1 - 132 Y:l 

etc. 

I" I" I" 1 y. b • 

Now, since r& = 9, ~ -- the desired coefficients - - can be determined by backward substitution. 

x, y, Then, X. = YN!rN,N 

X N_1 "" (Y ...-1 -r N-l,NJXN)I r N-l, "-1 
= 

etc . 
X~, y~, 

o o r N, N X. y. 

The diagonal of the inverse of A, needed for the variance and t-test calculations, is obtained by 
the same method. That is, ~ '" L~ = C. 

If b is successively 1 o o o 

o 1 o o 

o o 1 o 

o o o 1 

then the resulting ~ vectors will give the inverse although only the diagonal is saved. 

The primary advantage of this method is provided by it s use of left-r ight decomposition. For the 
reduced model s, the representation discussed above (reduced accordingly) is correct. There­
fore, the forward substitution need not be repeated. 

SAMPLE PROBLEM 

A sample output is included in Chapter 3, Usage. The model was 
A 
Y =C ll +C1.2X S + C 13 X' +C 14 X +C 1S X 2 + C1eX · 

-4-
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The reduced models were then 

A 
+C:22X Il + en x 3 + eM x + CasX3 Y = C:n 

~. C" + Call XII + C33 x 3 + eM x 

~. C~ +C4OIx l + C -403X 3 

~. CQ +CSlX ' 

A y. Co, 

The data for this problem was taken casually from e-; that is y .... eO, 
The data, with weights used, was: 

--"--- -.:L .:JL 

-2.50 O. 05 1.0 
-1. 50 0. 20 2.0 
-0.50 O. 50 3.0 
0.75 2.10 3. 0 
1. 00 2.7182818 4.0 
1. 75 5. 50 4. 0 
2.00 7.3890560 5.0 
2.75 15. 50 5.0 
3. 00 20.085536 5.0 

The additional output under the option IOP2 includes the moment matrix S (NS) and the moment 
vector SY(NT). The li sting also includes the coefficients desired and the dIagonal of the inverse 
of the product moment matrix of each reduced model in sequence. 

-5-
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3 . USAGE 

RESTRICTIONS 

The restrictions listed below govern the construction of the polynomial model: 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

The number of terms in the model being fitted may not exceed 15; that is, NT :s:l5 . 

The number of observations specified may be from NX = NT up to NX 9999. 

If the number of observations is greater than 200, a tape 3 is required. 

If the number of observations is less than 201, all data is stored in core memory rather 
than on tape. Therefore, tapes will not be used. 

The exponents K1 • K~, K3 , •••• K. must be positive integers or O. No two of these 
exponents may be equal. 

The fit obtained for lesser order models will not necessarily suffer from ill­
conditioning which can occur with higher order models. 

Conditioning of the product-moment matrix may be improved by subtracting a number 
Xo• close to the mean of the X I 's, from each of the I'S prior to obtaining the model. 
The model would then be of the form 

Q- = C 1 (X - X o)§.1+ C:a (X - Xo)~ + . .. + C . (X - XcilSi 

This program permits the user to specify an arbitrary "Xo" which will be subtracted 
from each of the XI 'S as they are read. 

8. The maximum value for any "KI" is 30. 

9. The weighting factor W. if used, may be any floating-point number -- not necessarily 
an integer. 

DEFINITIONS AND OUTPUT DESIGNATION 

The glossary on the following page defines the statistical parameters computed and gives the 
symbols used. If no weighting is used, the definitions are true for W ::: 1. 

-7-



Parameter 

Degree of Freedom 
Total 

Sum of Squares 
Total 

Sum of Squares 
due to regression 

Sum or Squares 
due to residual 

Degrees or Freedom 
due to regression 

Degrees of Freedom 
due to residual 

Mean Square 
due to regression 

Mean Square 
due to residual 

F-value 

Program Sy mbol 

NX 

SySQ 

SSREG 

SSYX 

DFREG 

DFYX 

S2REG 

S2YX 

F 

Defi nition 

NXtotal =: El 

SYSQ '" EWy 2 

SSREG ;;: C 1 EWXKl Y+C ~ 
EWXK;) Y + •.. 
+ C a EWX'~l Y 

SSYX =: SYSQ-SSREG 

DFREG '" M 

DFYX '" NX-DFREG 

S2REG '" SSREG/ DFREG 

S2YX =: SSYX/ DFYX 

F • S2REG/ S2YX 

In addition, the term NS gives the number of ele ments in the upper half of the product moment 
matrix. 

NS • (NT'NT - NT)/2 + NT. 

When the analysis of variance table is complete , the coefficients and their variances are printed 
and a t -test for statistical significance different from zero is computed and printed. 

Coefficient Variance of Coefficient 

c, v (Cd'" C u S2YX 

c, S2YX 

c, v (C.,) '" c 33 

The "te l:! " in the table has DFYX degrees of freedom. The c 11, 
diagonal of the inverse of the product-moment matrix. 

t - test 

t" c1r./V(C 1 ) 

t~ ca/ ..J v (C~) 

t" C 3 / V v (C 3 ) 

tt M '" e M/ V v (c"i 
Cu. c~. . , c i.IM. form the 

This information, including the above analysis of variance calculations, is repeated for each oj the 
lesser mode ls (if that option was ta"ken). -E1ruillY, XI and Y I are printed with the dete:-mined Y\. 
The standardized deviate, (Y I - f 1)/ \IS2YX, is calculated and printed. 

All of the mode ls and their corresponding standardized deviates ar e calculated for each paint 
~'Yl· 
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r INP UT/OUTPUT 

r 

Input is as follows: 

$P ARAINX = ,NT = ,NP '" • NIH '" ,lOP! = 

V{here 
NX is the number of pOints to be read in 
NT is the number of terms in the model 
NP is the highest exponent of X 
N'l l is 1 for weighting, 0 for no weighting 

• IOP2 '" 

IOPl is 1 for reduced models, 0 for original model only 
IOP2 is 1 for intermediate printout, 0 for results only 

,XZER =$ 

XZER, if nonzero, is the value of X to be used as zero for the resulting curve. 

$EXP/KSEQ = $ 

A list of the exponents in the desired order 

$DATAlX = ¥ = ,w= $ 

One card per input point. W is optional, depending on NW 

Another case may be entered by beginning with another $PARA card. If no more cases are to be 
run, a $PARA card with NX=O will stop the ru~. 

Input for a sample case is illustrated on the following two pages. Additional input sheets are fur­
nished at the back of this manual for the user ' s convenience. A listing of input cards and an out­
put listing are also included in this section. 

LSPF 

@[H~®® ~~[ffi~~~-----------
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Input Coding Form (With S ample D ata) 

LSPF INPUT 

Col , 
$PARA/NX-~; NT- {, -' NP--2:, N\I-L, I0Pl .. ..L, I0P2-~. XZER- ..Q..$ 

$EXP/KSEQ-.Q.., ...::::[., ....;L • ...L, d...., ~$ 

$DATA/X- -u:?.:r y- O- oS w- / $ 

$DATA/X- -C ' y- 0 . .( w- o? $ 

$DATA/X- -(2 .:;: y- D.S w- 3 $ 

$DATA/x- 07.:> .... y- ,{l. / w- .j' $ 

$DATA/X- I y _ ,,7, l/8.:l8' III w- -'I $ 

$DATA/X- /7S y- 5".5" w- '" $ 

$DATA/X- ~ y- Z 3K9C':;(;, w- ., $ 

$DATA/X- '" 7"- y- /S . .) w- -., $ 

$DATA/X- 3 y_ iK(} , C 1;1.5.16 w- ,,-
$ 

$DATA/X- y- w- $ 

$DATA/X" y- w- $ 

$DATA/X" y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X" y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 
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r LSPF INPUT 

Col 
2 

SPARA/NXJ2i. "'--' .. -- ' NIl - U!Pl-_, 10pZ-_, XZER-_$ 

$EXP/KSEQ-_, -'-'-' -,-$ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

• $OATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA!X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA./X- y- w- $ 

$DATA/X- y- w- $ 

r $DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

r 
@~o®@@ ~~[ffi~~~ _ _ ___ _ ____ L=SPF 
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Listing of Input C ards 

FOE* ** 
$ EXECUTE 
$ I NCOQE I 6MF 

SpARA/NX=9 ' NT= 6 , NP=S . NW=1 . I OP l=1.I OP2=O. XlER =OS 
SEXp/KSEQ=O . S . 3 . 1 ' 2 · ~$ 
SQATA/X=-2 ·S· Y=O . OS . w=1$ 
SQA TA/X=-1. S' Y=O.2 .w= 2$ 
SQA TA/X=- Q· S'Y =O.5.w=3$ 
SQA TA/ X=O . 75 · Y=2. 1.W=3S 
SQA TA/X=I. Y = 2. 71 82818 . W=~$ 
SQA TA/X= 1 . 7S ·Y= 5 . S . W=q $ 
sQA TA /X =2, Y=7·J890S6,W=5$ 
SQ AT A/X =2 .7S·Y=l S.S .W= SS 
SQATA/X =3 ,Y=20.0855J6,W=S$ 
Sp ARA/NX =O$ 

$ ENQJ Oe 
$ EXECUTE 
S I NCOOE I BMF 

Output Listing 

PO ~YNDMI A ~ '! TTlNO- U _.­
H QU'NTlA ' UAS1 SQUARES 

GIVEN "DOH 
o 5 ~ 1 

hC X ' C X ' C . t x ' C l .C X 
I 2 ., 6 

SySQ. ~.65600320e OJ NX , 9 ", 6 ~S . 21 
AN.LYSIS Dr VAR I ANCE 

SSA.O SSYX O.AEO 
3.6~~1 9H9E 03 2 . 054138ue-Ot 6 

K COEHICIEU 
I 9.31171698E·Ol 
2 2,D3]OU9IE.Ol 
l 7 . 383U 5'6E.02 
• 1.1266671ge CD 
5 ' . 9045sale · 01 
• 5.1' · 07619E · 02 

ANA , YSIS D. vuu.~ce 
SSREG ssrx 

~.655202i'£ OJ 8.0105'901£·0 1 

K COEffiCIENT 
I 6 . UI15020e · OI 
2 •• g'l9508He· 02 
3 · 5 .9UtH 8 7E_02 
• 1.23179J91£ DO 
5 8.35810.30E·Ol 

ANHYSIS c. VARUNn 
5SREC SS Yl 

3.5996'279E 03 5 . 6360 ' 126E 01 

K COHqCIENT 
1 2.63'7'232£ DO 
2 5 . U95HD9E-02 

9.212,'6& •• _02 
• 1 . 1809'081e _01 

ANALYSIS or VAR IONce 
SSREG SSyY 

3.5961'16H 03 5.H5460HE 01 

K CUEFrICIUT 
1 2.T536'9ue DO 
2 2 . 19l3833Ve · 02 
3 3 .76119701£-01 

~NALrs!5 or V A RI.~ce 
SSREG SSVl 

J.5721H66~ U 8 . 3~665U5E 01 

K DOHf!C1ENT 
t 3 . 23 5 39412E 00 
J 7.19571neE - Ol 

~ N.LVSiS or V~R1ANCE 

V.~U~Ci; 
I. nHH6JE - 02 
~.197654ue -05 

4.H02258H - Ol 
1 . "32H59E- 02 
1.HIIJ;76e- 02 -
3.173359 40E - 0' 

orRi;O , 
V.RU~Cf 

2.61214166<-02 
S ."06H09E-05 
7.0·H4l85e_03 
', ' 22'0999E_02 
l,5U03122E" Ol 

OHE~ 

VAR I UCE 
6 .I5H~ l ~Ji' _O 1 
l.OHO I HH-03 
J.91101440.-01 
2.50554155£ 00 

, 
VUU~CE 

5.49767420E_01 
l.iIOJeS39E_04 
5,80 S9J'7ae-02 

H~IHC E 
'. ' 831" U._OI 
'.039J\7fOe-05 

ern UReG 52U r 
1 6 09299629E 02 6. 841 12725E-02 6,1 9&6U9'E 03 

t - nSI 
7.1349271,e 00 
2 .6,tOJ719E 00 
1,IC80H85. DO 
8 . 109U700E DO 
4.06$0'836E 00 
2.9494201l E 00 

orlX 

T-TE ST 
' .1J3aJ2"E DO 
5 .0629,. 9 4E 00 

-7 . 044 798 06E - 01 
5 .79232717E 00 
1 . 66562500E 01 

Dnx , 
,_TEST 

3.18202782e 00 
9._\993408E_OI 
\.4U06UIE-Ot 
0.9188 236ze_01 

ern 
• 

I_IUT 
3.71380'96E DO 
I.02aO~25 4 e 00 
1. ' U 8 5UOE 00 

T_!EST 
' .~67JIJ ~ oe 00 
1.132192UE 01 
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S2REC 
7.lI000'28E 02 

SiRE" 
8.99910698e 02 

S2~EG 
1.[9194952E 03 

URfG 
1.7UJ68 J3E OJ 

SZVX 
I.U720U'e 01 

S2n 
9 . 8,9100HE OD 

S2YX 
1.1 09H<ooe 01 

, 
7 . 98J5 35Jge 01 

, 
1 . 50175306E 02 



SSAEG SSYJ Dr~EG prn S2REG S2n , 
2.0_79J13ae " 1.60&06583£ " r ----- • 2.0<79J13&f " 2.0100&22&E " I,QIU32UE " 

< COErr ! C[~Nl VU1'\ _~ C~ T~Hsr , 1.99981769E " ~,2115 0 7l3E " l,19t915He " 
~REO[CTEO Y ANP STANDARD!ZED DEV[He 

~DOEL- Y~H S1. PH "' • , , _2 . 50000000E " _.9999999U · 02 

• _,6HU035E . 02 l,l677HOl&· 0? 

• · ,,9U_0929E·OI ',~60~BlIH-OI 

• . "BS319529E " I ,B""HE " , .,,95117613E 00 1.91lJS2UE ao 
·- 2-- _3 . 191613 5'E ao 1 . 113U925E 00-----, 1,9998716H " _5,6012hue _Ct , -1.50000000E " 1,9999999ge-01 

• 2.0900'9_a hOI -J, H 17"03E-02 

• 5,9,S'3H1E.0\ - I,U6'H1ge- 01 

• 1,<'23.,lle - 01 -I,6UUHa- 01 , 1 . 26231196e 00 -l ·.JH26HIE_or-----, Z,6&8969l1e " -I, HU1l21E _01 
1.999a1769E 00 _5,501 '\l102E* 01 , _,.OOOO OOOOE_Ol '.GOOOOOOOf - OI 

• 4. 6US< .3&E- OI J,I1H,Ule- 02 

• 2.0JJ01U6E.Ol S,t991619H _OI 

• 2,2;>H7031E " - 5 . 1"2"tDE~Or--, 2,IO"4300E " _1, 02<"'B5 e oOI , l.2111<5'5E " _1, 9245 I UH oo 1 
1,99911169E " -',2!9U16H - n 

1.50000000E_OI 2.09999999£ 00 

• 2,1t01l155 ~ " _·.1?02nnoe _02 

• ~,0'6723nE " 1 ,1905 0noe"01------

• J,n12U'9~ " · "SO~SH6IE- 01 , 2,919UI22~ " _2.60un9oe ool , J.252<~9&1~ " -l,l· (5\<·I£·gl , 7. 99911769E " -'.1613617IE _O I , '.OODoooooe 00 2 .7182118\E " 2,1~n"OOE " 6, HHHOH_02----- ---
2 . 116&924'~ " l,10.HHoe· 03 , 3.5615~1I6E " • •• 52956!52e·Ol , 3 . \59JU6H " -1, 40<'\526E oOI , 3.301J5t29~ " _1.1 oHH.oe_01 
1.99U11UE " _3.12S21H le·01 ------ • l·nOOOOOOE " ' ,'OOQOO~OE 00 r • ' . 6Hn635E " - "" Jll~6H oOI 

• 5,72aJJ70E " ' 5 ,Q9H9236E _OI 

• 5,36H56UE " '.O H I991IEo02 , ,,2"7J.58~ " I.OlH91B9E:02 , ·.'U·JJllE 00 l,l·tJll8ge· OI 
1.9998n69E 00 -I,H32<110e'ol 

2·00000oooe 00 7 .3190'6031: " 1.25153667E " 1.25,HUI E_Ol 
1 . 29IHH.e 00 •• I UU5· IE·OI 
6.61.tlS09E 00 2 . JOIH<17E-Ol 
'.U3H961~ " '.2\53629ge· OI 
5.'J&0236SE 00 S.lS6H279E_ OI~ 

, 
- 7.99911769E 00 _< , UUI56ge-02 __ 

1.55000000E " 2.75000000E 00 

• 1 . ' Hl·6HE " ·2, 57UB46 ·E-01 

• I, '<".noE .. J.51l'H52E_02 

• 1.<8943912£ .. 1 , IOUOIt9 E'QI 

• 1. 'I3H UOE .. 1.1SJ5U3H · 01 , 1.<,5.'50Ie .. 2. HIGSa'e"O I , 7,9'987169E 00 5 .29D070IOe·O l 
3.00000000E 00 2.00e55J60E .. 

2.00'2IUOE " l,2H,on'E-OI 
2,OOI12030E .. 9,61'SJ715E·OJ , 2.0U5l,9Ie .. _ 9.0la9S~5E_03 , 1.995,14'IE .. '.19'12.46e·02 ,- 2.07209l11E " ·1 .... ·501·E·Q1----, 1.99961161lE 00 &.H09I6seoOI 

, .. " DUa 

,"0 " PROG~a~ 

r 
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APPENDI X A 
PROGRAM LISTING 

t OENT AAV.GE.FOH TAAN. LSpF 

OPTI ON FOR TRAN . GO 

FORTRAN LSTOU. DECK . 5TAB 

I NCOOE I AMF 

LEAS T SOUARES POLYNOMIAL CURVE FI T 

CD6CODe.OO I 

SEQUENTIAL LEAST SQUARES 

DIMENSIONS FOR NX =ANY VALUE_ NT= l S ,NP=30 

FOR NX LESS THA N 20 1 . NO TAPES ARE USED 

AND XX PROQUC TS ARE REGENERATED 

DA TE 05/05/65 

OTHERW I SE x,y, AND XX ARE WR ITTEN ON TAPE 3 

AND READ BACK FOR PREO ICTI ONS IN LOTS OF 25 

FOR NW=l . REAO X. Y.w ImERE W=WEtGHT 

FOR NW=O. READ X.Y WITH NO wEIGHT 

LSPFOOO O 

LSPFQO IO 

L SPF0020 

LSPF0030 

LSPF0040 

LSPFOOSO 

L SPF0060 

LSPF0070 

LSPFoOeO 

LSPFOOqO 

LSPFQ I QO 

LSPF OllO 

l SPF 0120 

LSPF0 130 

DI MENSION YY(151.S( l S) . KSEQ(151.JXSEQI!SI.XX T( !SI. SXXIlSI.AI120 1 LSPF0 140 

OIl4ENSION KORO ( 3 1) • SRSYX ( 1 5 ) • XYT t l !:11 • SX Y ( 15 ) • C ( 120 ) L SPFO I SO 

D It~ENS I ON STXN(l S) .YSAVEI 1S) .xYSI"i6 ) . SYIIS) . 51 1Z0 ) l SPF0 160 

D I MENS I ON v,XX T 11 5 1 • WX YT I 15) • WSXX ( 15) • W5X Y (1 5) LSPF0170 

DI MENS I ON CNX(l S ) LSPFOleO 

DATA CNX/6H= C X '6H+C X ,61-1+C X '6H+C X . 6H+C X . 6H+C X .6H+LSPFOIQO 

AC X .6H+C X • (,H+ C X .6H+C X. 6H+C X . 6H+C X . 6H+C X. 6H+C L SPF0200 

Bx . 6H +C X I 

NAI-IEL 1ST IPARA/tIX "n. NP . NW ' l OP 1. l OP2 . XZER 

NAf·1EL 1ST IDAT A/X . y . W/EXP/KSEQ 

2 FOmlA T! I A . 16. 16. 1 6 .1 6 . 16 . 16 . l b ' 16. 17 . 17. 17 . 17. 17. I7l 

L SPF02 l 0 

LSPF0220 

L SPF02JO 

L SPF0240 

J FORMA T I 2H YA6 . A6. Atl t A6 . A6. A6 . A6 . 1\6 . A6 . AC" LX . A6 . I X. Af) .I X . A6 . I X. A6. l L SPF02S0 

AX . A61 

" FO RMAT! 1 2HOGIVEr~ NOuELlJ 

:> F OII ~\AT (2SH SEQUENT 1 AL LEAST SCUAHES I 

6 FOHMAT(Z2lt POL YNOfUAL FITTI NG IHI 

1 F Oi~MII.T ( 15 ' 16.16 . 16. 16 . 16 .1 6, 16 .1 6 ·17.17 ' 17.17 . 17.171 

7q F OB MAT I 1st'WEND OF PROGRAM I 

-1 5_ 

L SPF0260 

LSPF0270 

L SPF0 2eO 

l SPF02QO 

LSPFOJO O 

L SPFOJ I O 



d9 FORMilH 12HOEND OF DATAl 

102 FORMAT(lPE17. B.lpE 17.6.1PE17. 8 .1PE1 7 .8,lPE17 . ~.lPE17 . B) 

109 F ORMAT(13HOMAm I X S{I~S)1 

11 2 FORMATt14HOVECTOR SVHHJ) 

11 3 FORMA T(7H O SYSQ=lPE 15.8.5H NX =I 4.4H 

114 FORMA Tf2 1H ANA LYS I S OF VARIANCE) 

115 FORMAT( l Q9H SSREG 

1 OFYX S2REG 

5SYX 

S2YX 

OF REG 

Fl 

120 FORMAT{ I PE17. B. IPE17.8 . 2117.1PEI7.8. I PEl1.e .lPE17 . 8 ) 

12 1 FORMAl{63HQ K CO[FFIC I EN T VARIANCE 

1 T- TESTl 

124 FORMA T(I17 .1PE 17,8 . 1PE 17.8 .1 PC 17. 8J 

126 FORMA T(37HOPRED I CT[O Y AND STANDARU I ZEO oEVIATE) 

129 FORMAT (92H MODEL 

1 ~C X 

13~ FORMAT(I 68 .1 PE17 . 8 . 1~E 1 7 . 8 1 

YI1AT 

Y) 

1 ~2 FORMAT I29HOR IGHT I)ECOMPOSITI ON OF S INS )) 

143 FORMA TI21HOPRODUCT VEClOR B (fJT) I 

148 FORM AT I 14HOFORWAHD YYINJ) 

102 FORMAT( 13HOCOEFF I CI EN TS) 

103 FORMAl( SH Y.J =lpE 1S.OI 

1M FORt-IA T (lOHOD I AGONALS I 

165 FORMA TC5H 113=I3. oH YlI1=IPE 15.81 

I bb FORMATI37HOCOEFFICI EN TS AND DIAGONA LS COMPLETED) 

ST. DE" 

175 FORMAl(7HO SSYX=lPE l S . 8 .27ti SET SSYX=l . O AND CONTINUE) 

* BEG I N 

• 

97 READ(~ , PARA) 

IF INXI 75,7S . 31 

READ MODE L DESCRIPTION 

_16_ 

LSPFQ:52D 

LSPF0:530 

LSPFQ340 

LSPF0350 

LSPF0 :560 

LSPFOJ7D 

l SPFO:5aO 

LSPF039D 

LSPF0400 

LSPFQ4 1D 

LSPF042D 

l 5PF043D 

LSPFQ44D 

LSPFOIiSO 

LSPF04bO 

LSPF 0470 

LSPF0480 

LSPFO'+90 

LSPFQ500 

LSPF051D 

LSPF0520 

LSPFQ530 

LSPF 054 0 

l SPF05S0 

LSPFQ56D 

LSPF0570 

l SPF05eO 

LSPFQ 590 

LSPF0 6QO 



r " REAO(S.EXP) LSPF0610 

NS~(NT.NT-NT)/2+NT lSPF0620 

IOPl=IOPl-l lSPF0630 

IOP2=IOP2-1 LSPF0640 

NW=!lJW-l LSPF06S0 

• ZERO S,SY'KORO LSPF0 660 

lK=O LSPF0670 

DO 33 LR=lo15 LSPF06eO , 
DO 32 L=LR.15 LSPF0690 

LK=LK+l L5PF07Qa 
0 

32 SCLKI =O. Q LSPF0710 

33 SYC LRJ=O ,O LSPF0720 

DO 80 LR=l.:31 LSPF0730 

60 KOROCLR)=O lSPF0740 

• FORM KORO FROM KSEQ lSPF07S0 

DO 34 M=l.NT LSPF0760 

KL=KSEQ(M ) LSPF0770 

r 
'" KORD(KL+ll::: l LSPF07eO 

wRITE(6.61 LSPF0790 

WRlTE(6·S) LSPF08QO 

WRITE(6.4) l SPF 0810 

WRITE(6,21 (KSEO( I). I=l.NTl lSPF08Z0 

WRITEI6.3)ICNX{!I.I=1.NTJ L SPF0830 

WRI TE{6.7)II.I =1.NTl LSPF0840 

• FORM JXSEQ " LSPF08S0 

NST=NT LSPF0860 

18 KMX= O lSPF0610 

15=1 LSPF08SO 

00 20 IL=l.NT L SPF0890 

KST=KSEQIILJ LSPF0900 

IFIKST-KMX)20.19.1 9 LSPF0910 

19 KMX=KST LSPF0920 

IS=IL LSPF0930 
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20 CONTINUE LSPF09,.O 

J XSEQ( NST1=I S LSPF0 9S0 

NST=NST-l LSPF0960 

IF {NST> 96' 98.91 LSPF0970 

9 1 KSEQ(IS1 :-l lSPF0 9aO 

GO TO 18 L SPF09g0 

• START LSPFI000 

98 N= O LSPFIOI0 

NPl=NP. l LSPFl OZO 

NXYMX =ZO l lSPFlO30 

I F(NX- NXYMX lll,lQl.l Ol LSPFI O,-O 

• XIY' XX ON TAPE 3 LSPFI 0S0 

• POSITION TAPE :3 LSPFI 060 

10 1 I CASE =O LSPFI070 

REwIND :3 LSPF I Oeo 

NXMAX =26 LSPFIOgO 

GO TO 85 LSPF1l00 

• X.Y. IN CORE' XX REGENERA TED LSPFlll0 

11 I CASE=- l LSPF11 20 

NXMAX =NXYMX LSPF1l30 

85 NTl=NXMAX- l LSPF 11 If 0 

LN 1 =NU +NTl LSPF1l50 

NT2=LNl+NTl *NT L SPF1160 

IDY=NTl LSPF1l10 

NTR =O LSPFU80 

NXX=O LSPFllgD 

NXY=lOY LSPF1 2QO 

LN=L NI L5PF 1210 

5Y5Q=0.0 LSPF1220 

• READ X. Y OR X. Y.W LSPF1230 

9. N=N-+ l L SPF1 2lfO 

"' READ I S ' DATAI L5PFI Z50 

5. X=X-XZER LSPF 1260 
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NXX=N XX +l l SPF1270 

NXY=NXY+l l SPF12eO 

I F I NXX-NXMAX )ij 5 .ijij. ~ ij l SPF1290 

• WRITE X,Y. XX ON TAPE 3 l SPF1300 .. wRITE(3) I XYS I I). I=1'NT21 lSPF1310 

NXX=l l SPF 1320 

NXY=NXMAX LSPFl330 

LN=lNl LSPFl3ijO 

NTR=NTR+l LSPFl350 

45 XY S INXX'=X LSPF13bO 

XYS I NX YI=Y LSPF1370 

• SEQUEN TI AL POWERS OF X l SPFl3SO 

L=l LSPF1390 

M=O LSPFlijOO 

XX =l. O LSPFlijl0 

XY=Y LSPFlij2 0 

" r IF IKORQ IL) 36 . 36 .1 03 LSPFl430 

103 M=i"+l LSPF14 QO 

XX r! M) =X X LSPFl450 

IF INwJ 7fu57 . 57 LSPF1460 

57 WXX TI M) =XX · W LSPFl470 

WX YTI MJ= XY·W LSPF14eO 

GO TO 36 LSPF1490 

7. XYT IM )= XY LSPF1 500 

3. IF IL-NPl)l OQ . 37 . 37 LSPFl510 

104 l=L+l l SPF1 520 

XX=XX*X LSPF1 530 

XY= XY·X LSPF154 0 

GO TO 35 LSPFl550 

• DES IRED ORnER5 LSPF1560 

37 00 38 L..J=l .NT lSPF1570 

.JX=.JXSEQIL.J ) LSPF1580 

IFINWl 1l1· 77 .77 LSPF15g0 

r 

@[~>lID@@ ~~ffil ~ ~~ 
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77 WSXYI,JX1 =w XY T(LJ l LSPFl6aa 

WSXX{JXJ =WXX IILJ I LSPF 1610 

GO TO 38 LSPF 162 0 

111 SXY(JX) =XYT(L,J) LSPF1630 

38 SXXIJX 1=XXT(L,J) LSPF1 640 

• FORM 5 AND SY LSPFl6S0 

LK=O LSPF1 660 

DO 10 LI=l. NT LSPF1610 

IF(NW)168·167. 167 LSPF1680 

167 5XXL I=WSXX eLI) LSPFl690 

GO TO 169 l SPF1700 

168 SXXLI =sxxlLII LSPF1710 

169 DO 39 L J =LI.NT l SPF1720 

LK=LK+ l L SPF1730 

39 SI LKI =Sl l KJ+$XXLI *SXX( LJ) LSPF1740 

IFINWI173·172. 172 L SPF1750 

172 5XYLI= W$XY CLI ) lSPF1 7bO 

GO TO 10 LSPFl770 

173 SXY LI= SXY I Lli LSPF17eO 

10 SY( LI)=SY(LI)+SX YLI LSPF17qO 

wYTY=Y*Y LSPFl800 

IF INWI 171 '170.170 LSPFl810 

170 wYTY=w*WYTY LSPF 18Z0 

171 sYSG=SVSQ +WYTY l $PF18JO 

IFIIC ASE ) 86.26 .26 LSPFl840 

• STORE XX I N XYS l5PF18S0 

26 DO 27 L=l' ~JT l SPF 1660 

LN=LN·l LSPF1810 

27 XYS( L N1 =SXX (U LSPF18eO 

• IF LAST x.y READ. GO TO SECTION JTG WI TH 5 AND SY LSPF1890 

86 IF(N- NXJ99.105 .1 05 LSPF1900 

105 IFCNTR12B.28 .1 06 LSPF 1910 

• wRI TE X'Y' XX AND EOF ON TAPE 3 AND REw I ND LSPF192 0 
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100 NTR=NTR+l LSPFIQ30 

IXX=NXX LSPF194D 

I XY=NTl LSPF1950 

IlST=NXY LSPF191)O 

lASTX =IXX LSPF197D 

ICNT=- l LSPF19aD 

67 IXX= IXX+l L5PF1990 

IXY=IXY+l LSPF20aO 

XYS(IXX1=XYSIIXY) LSPF2010 

IF CIXY-ITST) 87.107 .1Q7 LSPFZDZD 

107 IFIIC NT)l Da . 88.88 LSPF203D 

108 LAS TY=I XX LSPF204D 

IXY:=LNI LSPF20SD . 

IlST=LN lSPF206D 

lC ~IT= O LSPF2D7D 

GO TO 87 L SPF20ao 

88 WRITE(:3) (XYS( I) .1=1. IXX) LSPF2090 

r END FILE 3 LSPF ZIOO 

RE\~ I ND :3 LSPF21l0 

LSTXX= I XX L5PF21Z0 

28 IF(! OP2) l DO.81·8 1 LSPF21 30 

8 1 WRITEt6'I09) LSPF2li+D 

wR ITE (6' 102) ( 5 (MP I • MP= l. NS) LSPF21SD 

~R ITE (6' 11 2 1 LSPF216D 

WRITE (60102 J ( Sy (MP) • MP= 1. NT I L $ PF2170 

GO TO 100 LSPF21aO 

• RETURN FROr.l SECTIOr~ JTG WITH AtCOEFFl AND CtOIAG ) LSPFZ19D 

• ArMLVSIS OF VARIA'KE TABLE LSPF220 D 

13 NF=I-JT LSPF2210 

LK=l LSPF2220 

MK= l LSPF2230 

M=NT LSPF2240 

WRITE(6,113lSYSQ.NX,N.NS LSPF2250 
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IVFlT=-l LSPF2260 .. NY::;l LSPF2270 

WRITE(6.1l,*l LSPF2280 

WRITE(6·1l5l LSPF llgO 

IFIT=-l LSPFl300 

SSREG=O.O LSPF2310 

1S SSREG~SSREG+A(LK}*SY(NY) LSPFl3l0 

IFINY-NFl1 16 .1 6. 16 LSPFl330 

11. NY::NY+1 LSPFl3,*O 

LK~LK+1 LSPFl3S0 

GO TO 15 LSPF2360 

1. SSYX=SYSQ- SSREG LSPFl370 

IF( SSYX )176.176.1 77 LSPFl380 

17. WRITE(6. 1751SSYX LSPFl3g0 

SSYX =1.0 LSPFl'*OO 

117 OFREG=NF LSPFl'*lO 

NFYX~NX-NF LSPFl,*lO 

SlREG=SSREG/DFREG LSPFl430 

IF(NFYXll17.117.11 8 LSPFl'*40 

117 SlYX=O . O LSPFl'*SO 

FF=O.O LSPFl'*60 

TTEST=O.O LSPFl'*70 

VAR::;O.O LSPFZ'*eO 

SRYX=O,O LSPF2490 

IFtT=O LSPFl500 

IVFlT=O LSPFl510 

GO TO 119 LSPFl5l0 

11 8 OFYX~NFYX LSPFl530 

SlYX::SSYX/OFYX LSPF2540 

FF::SlREG/SZYX LSPFl5S0 

SRYX::SQRT(S2YX) LSPFZ560 

119 SR SYX(NF)~SRYX LSPFl570 

wRITE(6.1Z0)SSPEG · SS YX,NF· NFY X. SZREG .S2YX·FF LSPFZS80 

- 22-



r WR ITE( 6 ,lZU LSPF2590 

MN=O LSPF26QO 

2 , MN= MN +l LSPF2610 

COMK= A I ~K ) L SPF2620 

IFIIFITI122 .123 .12J L SPF2630 

, 22 VAR=C( MK I·S2YX LSPF26 .. 0 

SRVAR =SGR TI VAR I lSPF26S0 

T1EST=COMK/SRVAR LSPF2b60 

, 23 WRI TE (6 · 12q I MN . COMK . VAR .TTES T LSPF2670 

MK=MK" 1 LSPF2660 

IFI MN - NF I 2 1.125 . 125 LSPF2690 

, 25 IFII OP l l 17 . 126 .126 LSPF2 700 

, 26 NF l= NF-l lSPF2710 

IF INFlI11 . 17 .12 7 LSPF2720 

, 27 NF =NFI LSPF27J O 

LK=LK+l L SPF27 .. 0 

GO TO 1" L SPF2750 

r • PRED ICTED Y AND STANDARD I ZED DEV I ATE LSPF2760 

'7 wR lTE ( 6 .12e ) L SPF 2170 

WR ITE (6 ' 129) L SPF2780 

MT= O LSPF2 7 g 0 

I F Hll R ) 130 . 130 . 29 L SPF2800 

• XX REGENEH flT ED LSPFl8 10 

1>' LX=O L SPF2820 

MCX =Q l SPF2830 

MC Y=NTl LSPF2 840 

f.ISTR T=LNl LSPF2850 

NTl= NX l SPF26&O 

9. I F( IC ASE I1 3 1. 22.22 LSPFl670 

, 31 LN=LNI LSPF2880 

LX=L X-tl LSPF2890 

X=XYS (L X) LSPF2900 

• SEQUEN TI AL PO;..'ERS OF X LSPF2910 

r L=l LSPF2920 

@[E o@@@ ~[E ffil ~ [E ~ 
LSPF 
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M=O lSPF29~O 

XX=1 . 0 lSPF29~ O 

92 IF(KORD(l))9~.93.132 LSPF2950 

1>2 M=Mi-l LSPF2960 

XXT(M) =XX l SPF2970 

9, IF Cl -NPl) 13,3.94.94 LSPF29BO 

133 L=L+l lSPF2990 

XX=XX*X LSPF3000 

GO TO 92 LSPF~OlO 

• DESIRED oRnER LSPFJ020 

9" DO 9S L.J= l. NT LSPF~O~O 

.JX=.JXSEQ{ L.J) lSPFJ040 

95 SXX(.JX )=XX T(L .J ) lSPF~050 

• STORE xx I N XYS l SPFJ060 

DO 96 l=l .NT LSPFJ07 0 

I N=LN+ l l SPFJOBO 

9b XY$( l N) =SXX(L1 l SPF3090 

MM=MS TRT LSPF.3100 

GO TO 22 lSPF,31l0 

12 MCX=O l SPFJ 120 

MCY=NXY l SPF.3130 

MM=MSTRT LSPF3140 

22 MCX=MCX+l l SPF3150 

MCY =MCY+l l SPF.3160 

MT=MT+l LSPF3170 

DO 23 NN=l , NT l SPF.3180 

MM=MMt 1 l SPF.31QO 

23 STXN( NN) =XYS (Mt-lI LSPF3200 

X=XYS(MCX) lSPF3210 

Y=XYS(MCY) LSPF.3220 

WRI TE(6 .1 3Q)MT . X,Y lSPF32.}O 

IFlT=IVFIT l SPF3240 

MF l=NT l SPF.32s0 
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r MK=O LSPF~260 .. MF::MFI LSPFJ270 

SRYX=SRSYXIMF) LSPF32S0 

YHAT=O.Q L $PF3290 

DO 25 MN= l. MF l SpF3300 

MK=MK+ l LSPF3310 

cOr~K=A(MK) LSPF33Z0 

XNP=SlXNCMNJ LSPF3330 

25 YHAT=YHAT+ COMK*XNP L SPF33lfO 

IFI !FIT) 13S·110 .1 1Q l SPF33S0 

110 IFIT=-l LSPF3360 

510=0 .0 LSPF337 0 

GO TO 136 LSPF3380 

135 STO=C Y-YH AT1/SRYX lSPF3390 

1 36 WRl TE(6·1 24JMF ,YHAT. STO LSPFJlfOO 

IFlI aP lJ43.137.137 lSPF3410 

137 MF l=~lF - l LSPF34 20 

IFC MF lllf3· 43 . 24 LSPF 3430 

43 IF (HeX - NT 1190 .136 ' 138 LSPF344 0 

13. IF( I CASE)4Q .1 39 . 139 LSPF3450 

13, IF(NTR)4Q.4Q . 29 L SPF 3460 

2, rHR=NTR-l L SPF3470 

IF (NTlH30 · 30. ~2 LSPF34eO 

• READ X.Y.X X FROM TAPE :3 l SPF34g0 

"2 J{EAO(3 ) (xl'S! I J d=l' NTz ) LSPF35QO 

NXY=NT 1 LSPF3510 

MSTRT=LNI LSPF3520 

GO To 12 L SPF3530 

• READ X. Y.X X FROM TAPE J -LAST tNTHY lSPFJ540 

'0 READ(3)(XYStl) .I: l.LSTXX) L5PF3550 

NXY=LASTx lSPF3560 

"IS TRT=L"S TY LSPF3570 

NTl=L As rx LSPF35aO 

r 

@~.®®® ~~[Rl~~~ 
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GO TO 12 LSPF35g0 

* SE~ LEAS T SQUARES SEC TION JTG LSPF3bOO 

* RIGHT OECO~lPOS ITl ON OF S(NSI AND SY(NT) LSPF3610 

IOU N=rH LSPF3620 

1=1 LSPF3630 

L=N LSPF3b40 

51 IFII - NI140.S4 . S4 LSPF3650 

1'0 J =l LSPF36bO 

1= 1+ 1 LSPF3670 

>3 J=J+l LSPF3680 

K=l LSPF36g0 

10=0 LSPF3700 

JT=N LSPF3710 

SU"I=O.O LSPF3720 

52 I I O=J+lO LSPF3730 

JID=J+ 10 LSPF3740 

KI D=K+I O LSPF3750 

SUM=SUM+S( J I OI *S IJ I UI/S IKIOI LSPF3760 

Il::IT-l LSPF3170 

ID::I D+IT LSPF37SO 

K=K+l LSPF37g0 

JFIK - IIS2·141 . 141 LSPF3800 

141 L=L+l LSPF3810 

S( L1=S (LI - SUM LSPF3820 

IF (J-tJl53' 51. 51 LSPF3830 

5 4 KS=O LSPF3840 

18=0 LSPF3850 

I Pi-!'=O LSPF3860 

105::0 LSPF3870 

IK S=O LSPF3880 

IP::1 LSPF3890 

DO Ss J=l'N LSrF3g00 

55 BIJ I=SYI JI LSPF,3910 
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r tF(I OP2J 49 . 50.50 LSPF3920 

so WRITE(f,· 142) lSPF3930 

wR ITE ( 6 .1 02) t 5 I MP) .MP=l. N51 LSPF39ltO 

wR ITE(6'1~3) LSPF3950 

WRITE (6'102) C!3 (MP) oMP:1. NT r LSPF3960 

• f ORWARD SUnS TIT UTl ON LSPF3970 

'9 I Pr>=-l LSPF3980 

5. J=IP-l LSpn990 

59 ...1=...1+1 L $PF4000 

SUM= O. a LSPF40 10 

K=O LSPF40Z0 

10 =0 LSPF4030 

IT=NT LSPF4040 

60 I<=K+l LSPF40 S0 

IF IK - JI144.6 1. 6 1 LSPF4060 

,"- ...1 10=...1+ 10 LSPF4 070 

KlO=KtIO lSPF40eO 

r SUM=SUM+S(JIDJ*Vy IK)/S(K I OI LSPF4090 

IT=lT-l lSPF41QO 

10 =1 0 +IT LSPF4110 

GO TO 60 LSPF lfI2 0 

6, YY (JI = B (..J J- SUM LSPF4130 

I FI J-NI 59 .145· 145 LSPF4hO 

"5 IFI IPP I14 6 .63.63 LSPF4!SO 

14b I Fl l oP2)48 .1 47 .147 LSPF4 160 

l 'n wRITE ( f, ·1 48) LSPF4 170 

•• 1005=10 LSPF41S0 

100= 10 LSPF4 !9O 

00 62 J = l'N LSPF4 200 

YJ=YY(J) LSPF 4210 

ySflVE(JJ =YJ LSPF4 2Z 0 

IFII OP2)b2,47, 47 LSPFij230 

47 wR ITE(b ,1 021 Y.J LSPFij240 
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62 CONTINUE LSPF4Z50 

6, 10=100 LSPF4Z 60 

00 64 t=l' N LSPF4Z70 

6. 8111:::0.0 LSPF4280 

• BACKWARD SUBSTITUTION LSPF4290 

65 SUM=O.O LSPF4300 

K=J LSPF4310 

JT=N LSPF 43Z0 

ID=lO- I KS LSPF4330 

66 K=K-t l LSPF4340 

IFIK-N) 149 . l'4 9 . 6 7 LSPF4350 

'" JID=J +I O LSPF4360 

SUM =SUM+SIJID)·YYIITI LSPF4370 

IT=lT-l LSPF4 360 

10=1 0-1 LSPF4390 

GO TO 66 l SPF4400 

67 • .11 0=..1+ 10 LSPF44 10 

yYIJJ=lyyIJJ-SUM 1/S(J ID) LSPF44Z0 

..1=..1-1 LSPF4430 

IFIJ-IPMI150 .1 50 . 65 LSPF4440 

' SO IFII PP I151. 69 . 69 LSPF44S0 

• COEFFICIENTS LSPF'l-460 

15' IPP= O LSPF447 0 

tFII OP2)66 .1 52 .152 LSPFlf4aO 

, 52 WRITE(6.1621 LSPf4490 

68 00 174 .J=l,N LSPF4S00 

YJ=Yyl.j) LSPF4510 

tFII OP2 'a3.1 53 .153 LSPF 4520 

153 WR ITE{6.163 JJ ,YJ LSPF4S30 

8' KSJ=KS+J LSPF454D 

AIKSJI=YJ LSPF45S0 

,,- CONTINUE LSPF4560 
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r • OIAG ONA LS LSPF4570 

IF(I OP21 70.1SQ ·lS4 LSPF45eO 

,s. WRITE(6.1b4) LSPF4590 

GO TO 70 LSPF 46QO 

&9 y I B=yY( lSI LSPF4610 

IF (IoP2184,15S.155 LSPF4620 

, 55 WR ITEI6 .1 65 IIU· YI B LSPF4630 

•• KS[3 =K $ + Ie L SPF4 6 4 0 

cC KSeJ =YI B LSPF46S0 

70 IF ( IB- NI 156 .71.71 l SPF46&O 

, 5& IB=IS+ l LSPF4670 

e(18) =1 .0 LSPF4660 

IP=I B L SPF4690 

I PM =I P-l LSPF4700 

IFIJ PM)S8 · S8 .157 l SPF4710 

157 00 7 8 J= l . I PM LSPF4 720 

7. YY(JJ=o.Q LSPF4730 

GO TO 59 LSPF4740 

• COMPL ETION OF COE FF AND DUG FOH ONE N LSPF47S0 

71 KS=KS+N L SPF4760 

IFII OP2 '46 .1 S8 .158 l SPF4770 

15. WRITE.16.1Gb) LSPF4780 

DO 72 J=l. KS LSPF47QO 

WR ITE{6 '102)A{J I,CI J) LSPF4800 

72 CONTI NUE l SPF4810 

•• IF I I OP IJ74 . 159 .1 59 L SPF4820 

159 N =r~-l L SPF/4830 

IF( NJ74 .74 .1 bO L SPF4840 

, &0 I PM= O l SPF48S0 

I PP=- l LSPF48&O 

18=0 l SPF4870 

I KS= IKS+l LSPF4880 

lDS=IDS +I KS LSPF4890 

r 

@~o®@@ ~~rRl~~~ 
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IOO=IOOS+IKS-I OS lSPF£+900 

10=1 00 LSPF£+910 

DO 73 .J=l.N lSPFlf920 

73 YY(J)=YSAVE(J) lSPFlf930 

GO TO 65 lSPFlf9lfO 

7" IF{IOP2)13.161.161 lSPFlf950 

161 WRlTE(6.1661 LSPF1960 

GO TO 13 LSPFlf970 

40 WRlTE(6.S91 lSPFlf9S0 

GO TO 97 LSPFlf990 

75 wRlTE(6.79) LSPFSOOO 

STOP lSPF5010 

END lSPF5020 
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APPENDIX B 
FLOW CHARTS 

LSPF ! Start 

97) .. 
15 

Read 
Parameters 

NX:O 

> 

Read KSEQ 

(NT2 . NT)+2+NT 
_ NT 
IOPt-I_ 10Pl 
IOP2 -1~IOP2 

NW-l -+NW 

Clear 
S,SY,KORD 

(KSEQ ---+ KL • 
J....+KORI\l+l ]fo 

H-l.NT 

Print 
Heading 

NT_ NST 

2 

• Print "END 
of Program" 

Stop 

UlPF 

CD 

@!ED®@@ ~!EIRl~~~ LSPF 
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18 
1 

KST :KMX 

IL:NT 

> 

IS_ JXSEQnst 

NST - l~NST 

NST:O 

98 

3 

-32-

< 

> 

LSPF 

CD 



r l ' 
O_ N 
NP+l---+NP 

Z 01---. NXYMX 

! , 
y" 

Rewind, 3 
Use Tape1 o -.-..ICASE 

! No 

26_____. NXMAX 

-l-+ICASE 
NXYMX _ N}CMAX 

.-
NXMAX- l ---+NTI 
2*NTl ---+LNl 

LNl+NTl*N'l'-+NT2 
NTl---+IDY 
O _ NTR 
O--NXX 
IDY----.NXY 
LNl --+LN 
O. O--+SYSQ 

r • 
7 

N+l ---+N 
Read Data 

.. 
X-XZER---+ X 
NXX+l --+NXX 
NXY+l ---+NXY 

< ~ , (0 
4 e 

4 

LSPF 

CD 
r 
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3 

[ WRITE XYS i ] 

for I - 1,NT2 0 

Ta e 3 

1----t>NXX 
NXMAX_ NXY 
LNI _ LN 

NTR+I-----Nn'R 

45 }---------.,~ 
3 

X_ XYS 
O n 

Y-+XYS 
o X 

l ---..L 
O-+M 
1. 0-+:<.'( 
Y----o XY 

35 )-;-------iol 
5 

KOROl : 0 

> 

H+I---+H 
J(J( ---+ XXT • 

NW:O 

< 

76 

5 

XX* W'-+WXXT 
>--~ XY*W' __ WXYT: 

5 

L'lPF 

CD 

@j~.®©© ~~[Rl~~~ _________ --'L~SPF 
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r 

r 

36 )-:-----+1 
4 

L ;NPI 

NW:O 

< 

W:NT 

- 35-

< 

>-' __ .... 1 WXYT1j _ WSXY jx 

WXXTlj~WSXXjX 

> 0 ----0 LJ( , __ '" 

A , U;PF 



5 . 7 

NW:O 

< 

LI_ W 

LK+l _ LK 

Slk+sXXL1 

*SXX1j_ S1k 
W+l ----+W 

LJ;NT 

> 

NW;O >--_-<~ WSXYU-+ SXYLI 

< 

SXY
11

---+SXYLI 

10 

7 

- 36-
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CD 



r 

A 

r 

r 

6 

6 

SY1i.+sXYL1 
"SYl1 

U+l--+LI 

LI:NT 

> 

NW :O 

< 

>----~ W*WYTY-.,WYTY 

No Store XX(i.nt ) 

\I~C~A~S~E:..:n~.~g'~'~l~V~'~l)...J!2.---' in XYS (next nt 
locations) 

< 
99 }4---< 

3 

, 

8 

y" 

N:NX 

NTR:O 

- 37-
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106 

7 

NTR+1 "NTR 
NXX--t>IXX 
NTl--+ IXY 
NXY _ ITST 
!XX _ LASTX 
- 1 leNT 

! XX+l _ !xx 
I XY+l _ IXY 

XYSix-=+XYSixx 

> 

negative? '\ 
y" l XX _ USTY 

leNT LNl----+I XY 
LN---+ITST 
o -----I> leNT 

No 

Write XYSi '0' 
i"I,IXX to 

Tape 3 

End File 3 
Rewind 3 

tXX _ LSTXX 

28 

7 

ne gative? ) 
No 

Print S,SY IOP2 

y" 

(3 
16 

LSP F 

-3R. 



14 

11 

r 

S , 

10 

r 

G) 
I " 

NT-+NF 
l_LK 
I---.MK 
NT --OM .. 
Print SYSQ, 
NX,M,NS 

~ 
-l-.,IVFIT 

l-+NY 
-l--+IFIT 
O.O-+SSREG 

~ 
Print Variance 

Heading 

.. 
SSREG+A1k"'SY

ny 
-.SSREG 

~~ 
> 

SYSQ-SSREG 
---+SSYX 

SSYX:Q 

-39-

< NY+l_NY 
LK+l-....LK 

> 
177 

10 

LSPF 

CD 



Print SSYX 

1.O----+SSYX 

177),;-------~====~~~~, 
NF .. OFREG 
NX-NF-+NFYX 
SSREG+ OFREG 
--____ •• S2REG 

NFYX;O 

> 

< 
ero to S2YX,FF 

>---------l>friEST,VAR ,SRYX, 
IFIT , IVFIT 

NFYX-+DFYX 
SSYX+DFYX~S2YX 

S2REG+S2YX--+FF 
V"SIYX--+ SRYX 

SRYX--+SRSYX
nf 

Print SSREG, 
SSYX,NF,Nf'YX, 
S2REG,S2YX,FF 

O-->HN 

21 

11 

-40-
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" 

21 

10 

" 
C

mk
*S2YX __ VAR 

'VVi'iIr---+ SRVAR 
COMK~SRVAR~TTEST 

Print MN, 
COMK., VAR, TTEST 

MK+l t MK 

MN:NF 

10Pl nega.tive? 

No 

NF-I _ NFI 

< 

> 
NFl :0 

< 

~ 

17 12 

No 

NFl ,NF 
LK+l-...LK 14 

9 

LSPF 

® 

@IHID®® ~~lRl~~~ _ ________ --!:!!!.LSPF 
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Print Y Heading 

O---+MI 

> 
NTR:O 29 

15 

• 
O~LX 
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M+l -----+M 
XX----.xxT 

m 

93 

12 < 
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Print MT , X,Y 
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IVFIT~IFlT 
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O __ IIK 
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No 
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13 
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LSPF INPUT 

Co l 
2 

$PARA/ NX_, NT' ,,--, NIl- I~Pl-_, 10P2-_ XZER-_$ 
-' -

$EXP / KSEQ-_, -'-'-' -' _$ 

$DATA/X- y- w- $ 

$DATA/X .. y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y - w- $ 

$DATA/X- y - w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/ X- y. w- $ 

$DATA/X- y- w_ $ 

r $DATA/ X- y- w- S 

$DATA / X- y. w- $ 

$DATA/ X- y- w- $ 

, $DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ , 
, $DATA/X- y- w- $ 
, 

r 



r 
LSPF INPUT 

Col 
2 

$PARA/NX_, NT-_, NP" -' NW- 10Pl- _, 10p2- _ XZER- _$ 

SEXP!KSEQ"_, -'-'-' -' - $ 

$OATA/X- y- w- $ 

SDATA/X - y- w- $ 

$DATA/X" y- w- $ 

SDATA/X- y - w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA!X- y- w_ $ 

$DATA/X- y - w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA!X- y- w_ $ 

$DATA{X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X- y- w- $ 

$DATA/X" y- w- $ 

r 
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LSPF INPUT 

Col 
2 

$PARA/NX_. NT--' NP-_, ,,-- HlPl --' 10p2-_, XZER· -' 
SEXP!KSEQ"'_, -'-'-' -' -' 
$DATA!X- y- w- , 

• $OATA/X- y. w· , 
$DATA/X- y- W· , 
$DATA/X- y. W· , 
$DATA/X- y. W· , 
$DATA!X- y- W- , 
$OATA/X" y- W- , 
$DATA/X" y- W- , 
$DATA/X- y. W' , 
$DATA/X- y. W' , 
$DATA/X· y. W· , 
$DATA/X" y. W· , 
$DATA/X" y. W- , 
$DATA/X- y. W' , 
$OATA/X- y. W· , 
$DATA/X" y. W' , 
$DATA!X- y. W' , 

r 
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LSPF INPUT 

Col 
2 

$PARA/NX_ , NT'_, ". - ' NW' 10Pl'"_, 10P2-_, XZER-_ , 
$EXP{KSEQ-_, -'-' -' -' 
SDATA/X" y. W· , 
$DATA/X- y. w- , 
$DATA!X" y. W· , 
SDATA!X" y. ". , 
$DATA/X" y. W· , 
$DATA/X= y. W· , 
$DATA/X" y. "- , 
$DATA/X= y. w· , 
SDATA/X" y. w- , 
SDATA/X- y. ". , 
$DATA/X" y. w· , 
SDATA/X'" y. W· , 
$DATA/X'" y- w- , 
SCATA/X" y. W· , 
SDATA/X- y. w- , 
SOATA/Xc y. W· , 
$DATA/X- y. ". , 

r 



LSPF INPUT 

Col 
2 

$PARA/NX_, NT-- ' NP-- ' ""-- I0Pl -_, I0p2-_, XZER-_$ 

$EXP/KSEQ- _ -'-'-' -' _$ 

$DATA/X- y. w· $ 

$DATA/X- y. w· $ 

$DATA!X- y. w- $ 

$DATA!X" y. w- $ 

$DATA/X- y. w- $ 

$DATA/X- y- w- $ 

$DATA/X- y. w_ $ 

$DATA/X- y. w- $ 

$DATA/X- y. w- $ 

$DATA/X- y. w- $ 

$DATA/X- y- w- $ 

$DATA/X- y. w- $ 

$DATA/X- y. w- $ 

$DATA/X .. y. w- $ 

$DATA/X- y. W· $ 

$DATA/X- y. w- $ 

$DATA/X- y- w- $ 

r 
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1. GENERAL DESCRIPTION 

The POLRTS subroutine is a FORTRAN sUbprogram for finding all the roots (both r eal and com­
plex) of polynomials with real coefficients. The method used is a form of the Bairstow iteration 
algorithm for reducing the polynomial to quadratic factors which are readily solved by the quad­
ratic formula. The subroutine accepts polynomials of any positive degree, subject only to the 
trivial restriction that the polynomial must have no zero roots. The initial guesses required to 
start the iteration are provided by the subroutine. 

The POLRTS subroutine uses the two library routines, ASS and SQRT. In addition, the user 
must provide stor age for three arrays as part of his main program. Each array must be of di­
mension at least n + 1, if n is the highest degree polynomial to be solved. 

These arrays are used to store the coefficients of the polynomial and the rea l and imaginary parts 
of each root, as well as for intermediate working storage. The subroutine destroys the coeffi­
cients of the original polynomial in the course of the root-finding process. 

r The roots are usually found to at least six Significant figu res and the iteration normally con­
verges at every stage. However certain ill-conditioned polynomials and polynomials having 
roots of high multiplicity require more elaborate routines employing multiple-prec ision arithme­
tic . In practice, the POLRTS subroutine has given very satisfactory results for polynomia ls of 
degree as high as 20 and, no doubt, will succeed at even higher degrees in favorable cases. 

r 

The subroutine performs approximately 4n + 10 multiplications and 4n + 10 additions per itera­
tion in removing a quadratic factor from a polynomial of degree n. Once a factor has been re­
moved, the following set of iterations will be performed on the reduced polynomial of degree n-2, 
and so forth, so that the number of operations will decrease r apidly as the factors are succes­
sively removed. The number of iterations required to find one quadratiC factor cannot be predic­
ted in advance. However, in practice a figure of 5 to 20 iterations is typical for a factor of a 
polynomial of moderate degree. If a factor is not found within 100 iterations, the subroutine ex­
ecutes a return to the main program with any roots previously found . 

The Bairstow method appears to be the most satisfactory technique now known for finding roots 
of arbitrary polynomials. In practice, it has been found to be several times as fast as the more 
familiar Newton Raphson method, succeeding a t least as often and giving results of equal or 
greater reliability. The program POLY is written to perform input/output for POLRTS, creat­
ing a free-standing package . 

@~ 0 ®@@ ~~Iffi ~ ~~ POL'!S 
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2. MATHEMATICAL METHOD 

PROBLEM A N A L YS IS 

The discussion below describes Bairstow's method for finding the roots of the following polyno­
mial: 

P(z) = C 1 z" + c 2 z · - 1 + ... + c. z + c. ~ 1. 

I n Bairstow' s approach, the roots are not looked for directly. Ins tead, an attempt is made to 
find an exact quadratic divisor of P (z), say Z (z) = z;! + p*z + q* so that P(z) = Q(z) . R(z) where 
R(z) is of degree n - 2. T he roots of Q(z) are readily found from the familiar quadratic formula. 
Any such r oot is clearly also a root of P(z), for if Q{r) = 0, then Per) = Q{r) . R(r) = O. 

The problem may be solved by repeating this process (that is, finding an exact quadratic divisor 
of R(z) whose rools will Similarly be roots of P(z) and continuing in this fashion until all the roots 
of P(z) are found. 

r The first step in finding the exact quadratic divisor of P(z) is to make an initial guess (p, q) and 
divide F(z) by the factor z~ + pz + q): 

• 

r 

P{z) = (z~ + pz + q) . R(z) + Az + B. 

If A = B =0, then z<! + pz + q is the desired factor. In general , however, this will not be the 
case, and, therefore, the initial guess of (p, q) must be improved to make A and B as close to 0 
as possible. 

Since A and B are functions of p and q possessing continuous partial derivatives of all orders (as 
will be seen belOW), A (p*, q*) and B (p*, q*) may be represented by Taylor's series about the 
point (p, q): 

A(p*, q*)=A(p,q)+!~ lpq· AP+!Aq l . Aq+ ... 
J p, q 

B(p*,q*)=B(p,q)+ - ·Ap+ - . Aq+ ... aB I aB I 
op p,q oq p,q 

-3-



Because the expression B(p. , q*) = A(p*, q*) = 0 must be true, if the higher order terms in the 
Taylor ' s series are ignored, a first approximation shows: 

~ . Op + *i . Aq = -A(p, q) 
p, q p, q 

;ill aB I oP . up + aq . t.q = -E(p, q). 
p, q p, q 

Since A (p, q) and B (p, q) are simply the coefficients of the remainder when P (z) is divided by 
z iI + pz + q, these two linear equations may easily be solved by Cramer's rule [or Ap and c.q, 
after the partial derivatives are evaluated. This gives the corrections to be made to p and q to 
cause A (p + Cl p, q + Clq) and B (p + ~p, q + .:.q) to be O. Naturally, since only the first order 
terms of the Taylor's series have been retained, A and B are not expected to be exactly O. How­
ever, p + t.p and q + t.q should be closer to p. and q* than p and q are, and may, therefore, be 
used as a basis (or a further prediction. Convergence to p* and q* may be considered to have 
taken place when the magnitude of the change in "'p and aq has ceased to be significant. The 
values of p and q at that point make z .3 + pz + q an almost exact divisor of P(z), and, thus, two 
of the roots of P(z) may be found by solving the quadratic. 

The following discussion describes the evaluation of the partial derivatives: 

M M 2!! oB 
op' oq' op' oq' 

Suppose that the division of P(z) by Z 2 + pz + q gives the quotient: 

and the remainder: 

b. Z + b . ~ 1 = Az + B. 

It can be easily verified that the coefficients b i are given by the relations: 

where the c. are the coefficients of P (z). Differentiating these relations with respect to p and 
q gives the partial derivatives: 

.~~ ;.£L= 0 
dj) o p 

b 
-b> -p~= - b> 

b 
-bl_l_p ~p!-l 

~n~l=-q~ 
op op 

b 
-q~ 

ap 
i = 3, n 

@[H0@@ ~~ffil ~ ~~ _________ --''O'''''&' .... T5 
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and: 

where: 

b c 
i.....L"'.2.......0.... = 0 
oq oq 

b o 1 '" 0 

'" -b I_~ 
b b -p 0 \ -l -q 0 1-<1 , aq- . ~ 

oA ob - . - "-ilp op 

oA '" 
'q 

oB = 

' p 

oB = 

'" 

, b" 

'" b a ~ ~ 1 

, P 

b o n+ 1 
aq-

b 
-q 0 ~-l 

aq-

i ", 3, n 

Hence, the partial derivatives of A and B may be evaluated recur~ively by means· of the above 
formulas. However, an inductive argument shows that: 

b o 1 + 1 = 
...-q-

b 
~ 
, p i. '" 1, ... , n 

Thus , the partial derivatives must be calculated only with respect to p. This may be done by 
an algorithm whose fo r m is similar to that of t he calculation of the coefficients bl. In fact, the 
complete calculation of the remainder Az + B and the partial derivatives of A and B is essential­
ly accomplished by two successive divisions of P{z) by the factor a ~ + pz + q. If the symbol DI 
is used to represent the partial derivative of b I, with respect to p, the calculation may be ar­
ranged as shown on the following page . 

@~D®@@ ~~IRl~~~ _________ ..!2IPOL,w..m 
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D, 

1 c, 0 0 

2 c. .... pb 1 -b, 

3 c, ... pb ~ ... qbl -b • -pD~ ... qDl 

4 c. -pb 3 -qba - b . .... p03 .... qD:;r 

0 

. 

. 

n c. ... ph.-l .... qb.- 1 -b . _1 -pD._ l .... qD ._ a 

n+1 C ... 1 .... qh .-a -q D. -1 

Then, use of the r elation 

b , b, 2 __ ! .... !..t '" 
, q 7P 

gives 
aA '" D 
OJ) 

~ " D 
'q . -, 
' B 0 •• 1 aj) '" 

' B __ D 
' q • 

and the equations for Ilop and l:q become 

D. ' lip + 0 ._ 1 ' oq= -b. 

!l.p and ilq may readily be found from this equation. 

Bairstow's method is discussed further in Numerical Methods for Scientists and Engineers by 
R. W. Hamming, McGraw Hill 1962, pp. 356-359, and in most standard texts on numerical anal­
ysis. 

@[E.®@@ ~[ElRl ~ [E~ _________ .!!!!POL,m.,.TS 
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S UBROUTINE D ESCRIPTION 

The POLRTS subroutine begins by testing the degree of the polynomial to insure that it is positive. 
If it is 0 or negative, a return to the main program is executed with the IND indicator set to 0 
(see page 9). Otherwise, the polynomial is converted to a monic polynomial by dividing every 
coefficient by the leading coeUicient. The leading coefficient is thereafter assumed to be equal 
to 1 and is, consequently, not represented in the array of coefficients. Every coefficient is 
moved down into the preceding coefficient location to fill the vacancy thus created. The indicator 
ISW is calculated; it is - 1, if the degree of the polynomial is odd, and 0, otherwise. The starting 
guess for p and q is formed by setting p '" c . - 1 Ie. _; and q '" c. Ie. _2. unless c. - 2 is 0: in this 
case , p "" q '" c.. In order to prevent the initial guess for p from being 0, a small quantity is 
added to it. 

If the polynomial at this point is of first degree, its real root, found without calculation, is 
placed in the appropriate position in the array of real roots and 0 is placed in the corresponding 
poSition of the array of imaginary roots (see Chapter 3, POLRTS Subroutine). A return to the 
main program is executed with the IND indicator set equal to N. If the degree is two, a branch 
is made to the section of the subroutine which solves for the roots of the quadratic factors. 
(This section is described below. ) 

Otherwise, the iteration counter I C is set equal to 1 and the iteration loop is entered. USing the 
algorithm explained in the discussion of the Sample Problem and the notation used in that discus ­
Sion, the iteration loop calculates the values of A, B, D. -1, D. , D. +1. The loop uses the follow­
ing as temporary storage locations: the variable B1, B2, B3, B4, and the portions of the real 
and imaginary arrays which have not yet been occupied by roots. The b t coefficients of the first 
quotient are stored in the RR array after each diviSion and become the coefficients of the reduced 
polynomial when the iteration converges. Using Cramer's rule, the two simultaneous linear 
equations defining lop and o.q are solved and the results are stored in B2 and 83, respectively. 

The magnitudes of 82 and B3 are tested relative to P and Q. respectively, when the magnitudes 
of P and Q are greater than 1. and are tested absolutely, otherwise . When the tested magnitudes 
of B2 and B3 are both less than 5 x 10~ convergence is considered to have taken place. Other­
wise, B2 is added to P; B3 is added to Q; and Ie, the iteration counter , is increased by 1. 
Assuming that IC is not now greater than 100, the iteration is repeated, using the new P and Q as 
a starting guess. 

When IC becomes greater than 100, a convergence failure has occurred. Convergence failures 
can sometimes be caused by the presence of a single real root among complex roots; therefore, 
if ISW is equal to -1, indicating that the polynomial is of odd degree and, hence, has a real root, 
the polynomial is multiplied by the factor (z + 1). This introduces the extra real root - 1. ISW is 
then set equal to +1 as an indicator for future use, the IND indicator is set equal to the number 
of roots found pr ior to the convergence failure, and the present degree of the polynomial is in­
creased by 1. The iteration procedure is t hen restarted with the new pOlynomial. 

However, if ISW is equal to 0 or +1 after a convergence failure, indicating that the polynomial is 
of even degree, a r eturn is executed to the main pr ogram; the!ND indicator is set equal to the 
number of roots found before the convergence failure occurred, if ISW is 0, or to the number of 
roots found before the extra root was introduced, if ISW is +1. 

When the test of B2 and B3 indicates that convergence has taken place, the polynomial could be 
reduced by dividing it by the factor z 2 + pz + Q, using the last computed values of P and Q. 

@l[H~®® ~~ffil~~~ _________ .!:!!:POL~RTS 
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However, this division was already performed as the first step in the iteration loop, and the re­
sults were stored in the unused portion of the array of real roots. They may now be transferred 
from the array of real roots to the coelficient ar ray (see Chapter 3, POLRTS Subroutine), thus 
destroying the coeffic ients of the previous polynomial. The coelficients are a lways stored up to 
location N of the coefficient array, and N remains constant . The counter I, which will be incre ­
mented by 2 before the next set of iterations , is used to mark the location of the first coefficient 
of the new polynomial in the coefficient array. Hence, I may also be used to ma.rk the location 
of the last root found in the real and imaginary arrays . 

Once the polynomial has been reduced in this fashion, the factor z .. + pz + Q is solved by the 
quadratic formula . The two roots are stored in locations I and I + I of the real and imaginary 
arrays and I is incremented by 2. If I is not yet greater than N, a return is made to the iteration 
section with the reduced polynomial, in order to remove another quadratic factor. If I is greater 
than N, the polynomial has been completely reduced and all roots have been found. 

The refore, a return is made to the main program unless ISW is equal to +1. In this case, the 
extra root -1, which was previously introduced by the subroutine, must be removed from the 
array of real roots and the array of imaginary roots before a return to the main program can be 
made. If for any reason this root cannot be found, the return is made with the lliO indicator set 
equal to the number of roots found before the extr a root was introduced, 

@][H0@@ ~[E[Rl~[E~ _________ --"=OL''''-T' 
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3 . PROGRAM USAGE 

POL R T S SUBRO UTINE 

Before calling the POLRTS subroutine, the user must dimension three arrays in his main 
program to contain the coefficients and the roots of the polynomials . These arrays are called the 
C (coefficient), RR (real- root), and RI (imaginary- root) arrays , and must be dimensioned at 
least n ... I, if n is the degree of the polynomial to be solved. Larger dimensions than necessary 
are acceptable . The POLY subroutine, which performs the input/output for POLRTS, is wr itten I 
to allow a 30th degree polynomial. 

The polynomial itself must be wr itten in descending powers of the independent variable: 

• ._1 
C1Z +C ~Z + . .. . +c.z+c.+l. 

In addition, the polynomial must have no 0 roots; that is, the coefficient c ... 1 must not be O. 
U C ... 1 is 0, the polynomial must be rewritten as a polynomial of degr ee m: 

.-, 
+CllZ + ..•• +C.Z+C.+1 

where m = n - 1. If c. +l is 0, this must be repeated. 

The coefficients are placed in the C ar ray in order with c I = C(I) for i = 1, 2, ... n + 1. Since 
the subroutine will destroy the or ginal coefficients in the co ur se of solving the polynomial, they 
should also be stored in some other array if they are to be used again by the main program. 
The user does not have to specify the elements of the RR and RI arrays before calling the sub­
routine . 

The subroutine is called by the statement: 

CALL POLRTS (C, RR, RI, N, IND) 

whe r e N is the degree of the polynomial and IND is a dummy fixed point variable. Before re­
turnin lZ to the nlain oro(!ram. the subr outine sets the var iable IND equal to the number of roots 
which have been found, and stores the r eal and imaginary parts of the roots in the first INO loca­
tions of the RR and RI arrays, r espectively. 

@[E' @@@ ~[EIRl~[E~ _________ ~POL~RTS 
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S AM P L E PR O BLE MS 

As many cases as desired may be stacked in one run. 

The following six sample cases were used to test POLRTS. The first five sample cases have 
roots of 1, 2, 3, 4, and 5. The sixth case has both r eal and imaginary roots. 

Case 1: 

Case 2: x "' -3x+ 2 '" 0 

Case 3: x;j - 6x~ + 11x-6= 0 

Case 4: x ' - 10x 5 + 35x'" -SOx + 24 = 0 

Case 5: x 5 _ 15x 'l +b5x 3 -225x " +274x -120= O. 

Case 6: 1.5x? + 2.906x 8 + 10.6x 8 + 25.877x 4 -+ 2.3x 3 + 33x " + 1.234x + 543.2 "" 0 

In put Prepa r ation 

Figure 1 shows how the sample cases are coded. Coding sheets are provided in the back of this 
manual for the user's convenience, 

Case 1 

Case 2 

Case ) 

Case 4 

Case 5 

Case 6 

$OATA/Nx- _ l_, 

NC/C·~, -2 $ 

$OATA/NX-~ , 

NC/c _ _ 1_ , -3 ... $ 

$OATA/NX. -L" 

Ne/c- 1 -G 12 -, 
$DATA/NX- ....£.... • 

NC/C*_l_ • ...::..li. , ---.1.£. ~. ~$ 

$OATA!NX- -L , 

Nc/c'" 1. 

.;J.74f -1.2'0 $ 

$DATA/NX- _7_ , 

$ 

Nc/c- 1 . ~ , ~ . fa, 10. , , ~~-. '17 , 

.... 3 3 3 , l . ~3'1 , £1/1. ;1 $ 

Last card $DATA/NX~O$ 

Figure 1. POLRTS Coding Form with Sample Input 
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Column 1" is a lways blank. 

Each case starts with $DATA/NX '" highest power of x (maximum of 30) followed by a comma. 

The list of coefficients starts with NC/C = followed by the coefficients of the equation in descending 
order of the powers of x. Each coefficient is followed by a comma except the last entry which is 
followed by a $. Columns 73 through 80 may not be used for coefficient entries but may be used 
for identification . Coefficients may be continued on as many cards as necessary as shown in 
cases 5 and 6. All coefficients must be entered even though they are zero . 

Leading or trailing b lanks are allowable in any of the numeric entries. 

The last card in the deck must have NX set equal to zero followed by a $ to indicate the end of file. 

Figure 2 is a listing of the input data deck. 

$ EXECUTE 
$ INC ODE IBMF 

$OATA/NX=1'NCIC=1.-1S 
SDATA/NX=2·NCIC=1, - 3 . 2S 
$DATA/NX=3 · NCIC= 1 .-6·11.-6$ 
SDATA/NX=4' NCIC= 1.-lO.3S, - SO'24S 
SDATA/NX =S'NCIC=1 .-l S.8S ·-22S . 274,-120S 
SDATA/NX =OS 

$ ENDJOe 

Figure 2. Input Data Deck 

Output Listings . 

In the output each polynomial to be solved and its roots is printed on a new page . 

Figure 3 shows the output for the sample problems. 

iI.D.LYN CM tAL _!C......Ei.E. •. SDLy ED " 
1 . 00 00CoE 00 , 

,..i . oa OOaGE "' 
- ._ -----

ROO TS '" " r OLl. O);S 

REAL l'OR TI ON ! "U G' tlA RY PO RTlOtl 

1 . 000000F. '" o. 

Case 1 

F igure 3. Output from Sample Problems 

@[E.{ID@@ ~!EIRl~!E~ ________ ---,---""'OL"""-.RT5 
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.J?.D L.'t'..N1l.e..uL..lQ.-iL . ..sDJ._'LE..D..._lS..-___ • _______________________ _ 

_ ._ ._ ..-l. .. OOOOODE OO....xJL.!.~ _____ . ____________ .• ___ .. _ ___ _ 

.. _~4~OJlP.DLQLJ ______ _ . _ .. ____________________ _ 

___ ..2.~0JlJlQJl"__.QJL_. ___________ __:_-- ---- ____ . ___ _ 

-------_. __ .. -------.----------
_BIlO.T.S_ . .A.R.E..._A.S.....r"OLLO..w:li' ____ .. ___ . ___________ . _______ _ 

___ ----B.EALE.OBT! ON UUAUUAL~TLIU'~NL-______________ _ 

____ .l.....-.-L..99..2.9..9.BE.....O.D_ .. _ .D,_. ____ l _________________ _ 

___ -'2 __ !L.J'UO~O~E_D~_~ ____ L__ _________________ _ 

Case 2 

PO ! YNOttTAI TO BE 501 "ED IS 

! , ooo D.ll..U.LDO lIu3 - . 
.. 6, Q!lOQOQe 02 ~ ... 2 

.. 
1,1 !lOQOQ E 01 , 

"6,OQOOOQE 00 . 

800IS ABE U EDLLOIl!i 

HeAL ~CBTIC~ U!.A!UNAR l ~QIJTi g~ 

1 ',DogocoE co Q . ! 

, 1.0oQOCCE 00 a', I 

~ :J,QoQOCIIE DO O. I 

-

Case 3 

Figure 3. Output from Sa mple Problems (cont. ) 
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POL Y,,"O:t.1 AL. .• J. !;....~.so.~r;t-- .tS--___ . 

1 . 0.00.00.0-1: _ 0.0. U<IA. 

-",1.00011..0.0.E _01-x .. 3_. _ 

____ _ 3 • .501l.Q1l.uE .• Q..1.... x.1I.l2. __ • _ _ _ 

----,----- ---- -------

--------------
- S. OOOOOCEi.. .Ol X ____ ... _ . __ . ____ _ 

-------- --------

ROOT!) ,\RE AS . FOllfJ!J!) _ 

ilEAL pOkTION . IMAGPORY YOf.-J.lOi)/ . ___ ______ ______ . ___ . __ 

1 2 , OO Oe OQE. !lQ 0_. ___ ___ ____ '-- __________________ __ _ 

2 1,Oo oe ouE aD O. _ I ....... ___ _ 

o. 3 3 . 999~9bE co. 

4 . ~, OO O OU JE oe 0. ___________ l _ ______________ _____ _ 

POI..YNOHlAl Hl 6E SULyF.D----lS .• 

1 . oeDODDE 00 X._5 

. 1.50CCooE 01 X •• 4 

Case 4 

.. __ . B .• 5.0'O"O'O"OE • ...D.l.....I..u . .3. __________________ _ 

02 . 250o.UOE 02 X . ~2 

2 . 7400 00E 02 x 

... 1.200!lOOE ~2 . 

ROOTS ~RF AS FOlLO~!) 

fiEA l_F.O"TIO~ ..••. ! I1AGIN~R) p_o~llOh 

1 

2 

4 

5 

Output Lis ting 

2 . 000 0oUF 00 

1.00000UE 00. 

:.I . 00D o. 03E 0.0 

~ . OaOOOJE uo. 

o. 

o. 
.L. 

, -
o. 

Case 5 

- - - ---- ---------

Figure 3. Output from Sample Problems (cant . ) 
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POLYNOMIAL TO ,. SOLVED IS 

1.500000E 00 X--7 

2,906000E 00 X--6 

1.060000E 01 X-·5 

2, 587700E 01 
X __ 4 

2.300000E 00 X--3 

r 3.300000E 01 X--2 

1,234000E 00 , 
5,432000E 02 

ROOTS ARE AS F' OLLO,"S 

REAL PoRT! ON IMAG INARY PORTION 

1 2.137941E · Ol 2,873626E 001 

2 2,13 7941E"Ol --2, 873626 E 001 

, 1. 441992E 00 1 ,153711E 001 

4 1.441992E 00 -1.153711E 001 

, - 1 . 244203E 00 1,756 273E 001 

• -1.2'14203E 00 -1,756273E 001 

7 - 2 , 760499E 00 O. 

Case 6 

Figure 3. Output from Sample Problems (cant.) 

r 
@lE0(ID(ID(ID ~lEffilOlE~ _________ =POL~RTS 
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Control Cards and Deck Setup 

Figure 4 shows the cards used to run the sample problem on the GE-625/ 635 computers. 

$ IOEN'[ 

-14-

ItVll-- Data 

POLRTS deck 

$ OBJECT 

$ DKEND 
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*POL Y 
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APPENDI X A 
PROGRAM LISTING 

IOENT A/lV . GE . FORTRflN . FOOTS OF II POLYNOMIAL 

OPTI ON FORTRA N, GO 

FORTRAN LSTOU. DEC K. STAB 

INCODE I AMF 

POLYNOMIAL ROO TS PROGRAM 

Ca600D5.001 DATE 05/05/65 

DIMENS I ON C(31) . RRC31).RI(311.X{31) 

,bH I 

NAMElIST/DA TA/NC.NX . C 

POLVOOQO 

POLYODlD 

POLY0020 

POLY0030 

POLYOOqQ 

POLV0050 

POLYQ060 

POLY0070 

POLvooaO 

POLY0090 

POLYQ I OO 

POlYO ll O 

POLY0120 

• SAMPLE I NPUT POLY0 130 

• SOATA/NX=3.NC/C =12.3 . ".45 . 7.5 .1 23S POLYQl40 

• NX IS HIGHEST POwER. C IS LIST OF NX+l COEFFICIENTS {DESCENDING} POLY0150 

• NX:O S IGNALS END OF OATil 

1 REIlDIS . OlllAl 

IFINX.Ea.OIGO TO 16 

IFINC.EG . INX+IlIGO TO 3 

2 WRITE(6 . 4) 

4 FORMAT134Hl WRONG NUMBER OF COEFF I CI ErnSl 

GO TO 1 

3 IFtCI NCII5.6 . 5 

b wRITEI6f71 

7 FORMATI29Hl ZERO ROOT. REDUCE POWERI 

GO TO 1 

5 WRITE{6·a) 

B FORMATl31H l POLYNOMIAL TO ~E SOLVED lSI) 

J =31 - NX 

DO 9 t = l . NC 

WRI TEt6. 10JC II) .XIJ) 

POL Y0160 

POL YOl7D 

POLYOleO 

POLY0 190 

POLV02QO 

POLY0210 

POLY0220 

POLY02 30 

POLY02~O 

POLY02S0 

POLY0260 

POLY02 7 0 

POLY0280 

POLY0290 

POLY0300 

POLY03 10 

POLY0320 

@!E0(ID@@ ~!Effil~!E~ _________ ~PDL!!l:..'TS 
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1U FOR ." lfI,T( 1HUIOX .I PE13 . b . A6 ) 

CflLL I'OLRTS (C . RR . 'l I. NX .I ND) 

I F( l tle . LT . NX )GO TO 11 

wR ITElf,, 1 2) 

\r.' HIT E(( .. 17) 

12 F Of.lMAT ( /11HO . 5X . 20HIW~T S AFcE AS FOLL OwS) 

CO TO 13 

1 1 Wln Tr(6 '14) 

wR lT E ( 6 .1 7J 

14 FOf.lMA"(f/ l HO . ~X . 2 7 ItPAln lAL SOLUTI ON AS FOLLOWS) 

13 WRI TEI6 ' I S )l I .r~R I I)"H II ) ' J =1. Ir~O) 

l ~ FOHMfl TI I HO I UX .I 2. 1PU'5 . 6 .1 PE l S . 6 . 1H I) 

17 FOI~MA T (lHOljX . 32Hftt:AL POR T ION I MAG I NAR Y POH TI ONJ 

GO TO 1 

10 S TOP 

END 

F OR T R Ar~ LS TOU . DECK . S TAO 

I NCOUE I BMF , 
*POLIHS POL Y r~OM I AL HOO TS OY BA I RSTOW . S ME THOD 

C060005 . 00 1 

SUGROUTI NE POLR T S ( C . R~ . R I' NN .I NO ) 

• 

• 
• 
• 

6AIRS TOWS ME THOD FOR FI NQ I NG POL YNOMI AL kOO TS 

pOLY NOMI ALS HAVE N+1 COEFFI CI ENTS STORED I N C IN 

OROER OF' OESCEt lO I NG POwERS . ZER O ROO TS NO T PERMIT TEO 

OI MENS I ON C(1 ) . RR Ill. RIll ) 

N=NI~ 

1= 1 

I F' I N) 23 . 23.30 

30 P=1. 0IC( 1 ) 

00 4 ,J:l. N 

4 CI,J )=P*Cl,Jfll 

I S~I=N/2 

-1 6-

POLY0330 

POL Y034 0 

POL Y03S0 

POLY 0360 

POLY0 370 

POLY 03eO 

POLY 03qO 

P OL Y0400 

POLY 04 1 0 

POLY0 4 20 

POLY0 4 30 

P OL Y0 44 0 

POLY 04 5 0 

POL Y0 4 60 

POLY 0470 

POLY0 4 aO 

POLR OO OO 

POLR OO I0 

POLR0 020 

POLR0030 

POLR0 040 

POLROOSO 

POLR00 60 

POLR00 7 0 

POLRO O&O 

POLROO qO 

POLR01 00 

POLROllO 

POLR0 120 

POLR0 130 

POLR0 14 0 

POLR01S O 



r I S\'I :: I S W t I S\>!- N POLR016 0 

1 P=CCN-ll+l.E-b POLR0170 

Q=CCN) POlR01aO 

IF(I-!Hl) S .14. 2 POLROIQO 

2 RR(I):: - Q POLR0200 

IHCI1=O.Q POLR0210 

INO=N POLR02Z0 

GO TO 2' POLR0230 

5 lC::l POLR0240 

S l=C( f\. -2J POLR0250 

rFCAl)1. 28 .7 ·POLR0260 

7 B1=1 . 0/0 1 POLR0270 

P=P*Bl POLROZBO 

Q=U*81 POLR02:QD 

8 8 1=1. 0 POLR030D 

03= 1. 0 POLR0310 

(32::0.0 POLR03Z0 

(34::0.0 POLR0330 

DO 10 J=IoN POLR034D 

RR(JJ=C<JI - p*BI - Q*B2 POLR035D 

rF(J-NJ9.1 Q.IO POLRO.360 

• RI(J)=RR(JJ-P*B3-Q*~4 POLRO.370 

e2=Al POLRO.3eD 

64=83 POLR03QO 

Sl=RR(J) POLR040a 

B3=RI (J ) POLR0410 

lu CONTINUE POLR04Z0 

RI(N- ll=RiCN- ll-RRCN-lJ POLR0430 

62=1.0 POlRQ44D 

S3=RI(N- l) POLR0450 

B4=Rl (N - Z) POLR0460 

IF"(I-N+21,3.6.3 POLR0470 

, B2::Rl(N-,3) POLR04eO 

@[Hw@@ ~nn~~ _ ________ -""'OL"""-RT5 

-17-



b tH= 04*A4-1J3 *!J2 POLR0490 

1l 6 1=1.11/ 1:31 POLR0500 

R2::IRIl I N - I I * 1J4 -RR I N1 * ~ 2 )* B I POLR0510 

BJ= ( RR ( N- l)*B3- RR ( N J*~41 * B l POLROSZ O 

I FtAUS IH211 I ABS (P) q. o )-5.E-6) 12 .1 2 . l.l POLROSJO 

12 IFI AOSlRJ11 C AIIS CQ)'" 1.0 )-5. E- 6) 21. 21. 13 POLROS4 0 

U P::P+G2 POLRO SSO 

Q::Q- B3 POLROS60 

IC::I(-+1 POLROS70 

IFIIC-I 0Q )a . 8 · 31 POLROS80 

" JFII SWI32 · 23 . 24 POLROS<;IO 

32 15"'=1 POLR060 0 

INO=I-l POLR0610 

,J:: I' I POLR 06Z0 

N::I-J +l POLR06JO 

CI N1 ::O. POLR06~O 

Jl CIJ+l)::CIJ+IJ+C(J) POLR0 6S0 

J::J-l POLR0660 

IF(JJ34.34 . J3 POLR0670 

34 Cll1::CC l)+1. 0 POLR06eO 

GO TO 1 POLR0690 

" IF( P )27'1 6 . 27 POLR0700 

27 a 4::4.0*Q/(P*P) POLR0710 

IFIAASCB41 -1 .E-611 S.1S ·16 POLR07Z0 

l> RRt ll::-P POLR0730 

RR II+ll=-Q/P POLR0740 

GO TO ,. POLR07S0 

,. RRI I1=-.S*P POLR0760 

RR( hlJ::RIH ll POLR0170 

el::P*P- 4.0*Q POLR07a O 

IFII31117.1 9 .lfl POL R0 790 

17 RIC I)::. S*SQRT(-Rl) POLROBOO 

RItl+lI=-RJ(I1 POLROBI0 

PQl.RIS 
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GO TO 20 POLR0820 

1" 81 =.S* SQRT ( Bl l POLR0630 

RR(IJ=RR II J+BI POLRoe,-O 

FIR ( I" 1) =Rf{ ( I" 1) - e 1 POLR08S0 

19 AI( 1)=0.0 POLR0860 

RI (1+1 )=0.0 POLR0670 

20 1=1+2 POLR08eO 

IF(I -f~)l.1.35 POLR0890 

" IFIISIoi)23·23 . 36 POLR0900 

'. K=IND+l POLR0910 

00 38 J=K . N POLR0920 

IFIABS(RI(JJ1-1.E-6J:37,37'38 POLR0930 

37 IF IABS I RRIJJ +1 .OJ - 1.E-6J39.39.38 POLR09"O '. CON TI NUE POLR09S0 

GO TO 24 POl R0960 

39 00 '" K=J'N POLR0970 

RRtK)=RR(K+l1 POLR0geO 

'" RIIKJ=AIIK +ll POlR0990 

INU=N-l POLRIOOO 

GO TO 24 POLRI OID 

21 00 22 J=I'N POLR I 020 

22 CIJI ::RR(J - 21 POLRI030 

GO TO 14 POLRIO'tO 

" IN[J=l-l POLRI050 ,. RE TUR N POl RI060 

2. P= Q POLRI 070 

GO TO 8 POLRIOeO 

END POLRI09O 
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APPENDIX B 
FLOWCHARTS 

POLRTS 
in 

Bl :0 

Hal_ Bl 
B*BI_ P 
Q*Bl-loQ 

Q~P 

8 

2 

POLRTS 
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1,3 

1.0 -+ B1 
1.0-. B3 
0.O --+ B2 
0.0 -..B4 ,_ J 

J:N 

< 

RR 1-P*B3-Q*B4 
___ R' 

Bl~!2 
B3 _ B4 
RRj _ B1 
Rlj B3 

J:N 

> 

Rln _1-RRn _ l 

~Rln _ ! 
1.0 -+B 
Rln _ 1_ B3 

Rln_2~B4 

I :N-2 

3 

3 

POLRTS 
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< IC:IOO .) __ ~ 8 , 
> 

'.' 
> 

24 ISW:O I-l ~IND , , 

, 

POLRTS 

CD 
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3 

l ------+I SW 
l-l _ I ND 
N~ J 
N+l _ N 

O _ Cn 

Cj+l+Cj_ Cj +1 
J- l -+J 

> 

J: O 

1 

27 

- 24-

1 

POLRTS 



r 

• 

• 

/ -B l+2-+RI 1 
- R1i -+Rli+l 

< 

-p.;.Z~RRi 

RRi ---+RRi+l 
P2.4.*Q-+BJ 

O.O-.Rli 

O.O _ Rli+l 
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37 , 

> 

, 

[ RRk+1 -+RRk )and 

[ Rlk+1 _ R1k] f or 

K- J ,N 
N·l~IND 

38 , 

J:N 

> 

~r--------~.·~------------------~ 
1,3 

>----+8 , 

POLRTS 
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POLRTS Coding Sheet Inst ructions 

For the general equations: 

Aax· +A._1 x·-1 + . .. ••• . • . +AIX+Ao=O 

Enter data as: 

NX ::: highest power of x (maximum value of 30) 

NC/ C "" coefficients in descending order starting with A~ through Ao followed by $ after Ao 

NX ::: 0 after last case to terminate run . 

Example: 

Equations to be solved: 

Case I: x-I = D 

Case 2: xl! -3x +2 ", 0 

Case 3: x 3 _6xO! + llx-6 = 0 

Case 4: x" _lOx 3 + 35x" - 50x+24=O 

Case 5: x s -15x" +85x 3 _225x :a +274x - 120 = 0 

Case 6: 1.5x 7 +2 . 906x· + 10. 6x 15 + 25.877x " +2 . 3x 3 + 33x" + 1.234x+543 .2 =0 

Above equations coded for POLRTS: 

Case 1 

case 2 

Case 3 

case 4 

case 5 

case 6 

$DATA/NX .. --:L. 
NC/c- L , -~ $ 

$DATA/NX ... ...z..., 
Nc/c.~, -3 ,~$ 

$DATA/NX"~, 

NC/C-~,~, ~z .~$ 

$DATA/NX",L, 

NC/C-~, -10 .~.~. ~-V$ 

$DATA/NX"~ , 

Nc/c~~. -4~ ,~.-22S, 

;?Zj!,:.l.l! $ 

$DATA/NX"..:L. 

NC/c-L.ff... ,~. ~,.2.5".""'1, 

2....l... • ....1L ,llli , S¥3..t $ 

Last card $DATA/NXaO$ 

@][E-(Sl@@ ~lEffil~lE~ _________ 2!!POL~RTS 



Col. 
2 
$DATA/NX-__ • 

Col. 
2 
$DATA/NX- _ _ • 

P O LRTS Codi n g Sheet 

CASE I 

CASE 2 

NC/C" _____ -:-__ 

An A
n

_
l 

col. 
2 
$DATA/NX- _ _ • 

NC/C-_-,-__ 
A 

COl. 
2 

n 

$DATA/NX- 0$ 

CASE N 

TERMINATION CARD 

Non: TO KEYPUNCH OPERATOR: 

Start ,11 cards in co lumn 2. 
Terminate punching after $ in a given cale. 
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POLRTS Coding Sh eet In s t r u c tion s 

For the gener al equations: 

Enter data as: 

NX ::::I highest power of x (maximum value of 30) 

NC/ C "" coefficients in descending or der star t ing with A. through Ao followed by $ after Ao 

NX ::::I 0 after last case to ter minate r un. 

Example: 

Equations to be solved: 

Case I : x -l =O 

Case 2: x:J - 3x+2 = 0 

Case 3: x 3 _6x3 + llx-6 '" 0 

Case 4: X 4 _IOx 3 + 35x 3 -50x + 24 ", 0 

Case 5: x 5 - 15x 4 +85x 3 _22 5x :Z +274x _ 120 '" 0 

Case 6: 1. 5x " +2 . 906x' + 10. 6x'+ 25. 877x 4 +2 . 3x 3 + 33x :Z + 1. 234x +543.2 :: 0 

Above equations coded for POLRTS: 

Case 1 

Case 2 

Case 3 

Case 4 

Case 5 

Case 6 

$DATA/NX-_l_. 

Nc/c· L . ....:..L$ 
$DATA/NX-...2.... . 

NC/C-~. -3 .~$ 

$DATA/NX .. ----L, 
NC/C.~.~ ,~, -6 $ 

$DATA/NX-L . 

NC/C-~. -10 ,~ . -~O ,~$ 

$DATA/Nl{ .. ...L. 
NC/C-~ . -J~ .~.-223. 

2.H,:;Ue$ 

$DATA/NX3 ..:1-. 
NC/C- 1 .S ,~ • .1.0.6 . 2.s.e7''7. 

2L • ...11.... • .L..!!1.. S'~3~ $ 

Last card $DATA/NXaO$ 

@[Eo(ID@@ ~[E IRlO [E~ _________ ~POL.m.RTS 



Col. 
2 
$DATA!NX .. __ • 

POLRTS Coding Sheet 

CASE 1 

NC/C-______ _ _ 

An A
n

_
1 

Col. 
2 
$DATA/NX-__ • 

NC/C-__ :-__ 

A, 

Col. 
2 
$DATA/NX-__ • 

NC/C-_---:-__ 
A 

Col. 
2 

, 

$DATA/NX'" 0$ 

CASE 2 

CASE N 

TERMINATION CARD 

NOTE TO KEYPUNCH OPERATOR: 

Start all cards in coluMn 2. 
Terminate punching after $ in a given ease . 
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POLRTS Coding Sheet In structio n s 

For the general equations: 

A~xa + A._l X ~-l + ........ . +A1X+Ao"'O 

Enter data as: 

NX = highest power of x (maximum value of 30) 

NC/C ::: coefficients in descending order starting with A~ through A D followed by $ after Ao 

NX := 0 after last case to terminate run . 

Example: 

Equations to be solved: 

Case I: x-l : 0 

Case 2: x:! - 3x+2 =0 

Case 3: x:l - 6x:;! + 11x - 6 = 0 

Case 4: x 4 _10x 3 +35x i - 50x+24=0 

Case 5: x s - 15x " +85x :l _225x :ol +274>:: _ 120 ::: 0 

Case 6: 1.5x 7 + 2 . 906x · + 10. 6x '+ 25. 877x · + 2 . 3x 3 + 33x:;l + 1. 234x +543. 2 = 0 

Above equations coded for POLRTS: 

Case 1 

case 2 

Case J 

Case 4 

case 5 

Case 6 

$DATA/NX- -L, 

Nc/c- L ,..:L$ 
$DATA/NX .. --Z...., 
Nc/c---:L, -3 , ....&.. $ 
$DATA/NX .. -...L, 
NC/c-~ ,~. ~l • -, $ 

$DATA/NX • .....L. 
NC/C.~. -10 ,~ ,~,~$ 

$DATA/NX·...L:..... . 

NC/C" .....l-,-,l5" ,..D.f. ,-22:S", 

2.H,~$ 

$DATA/NX"~, 

Nc/c_LL , 1. .tOb • .lO.6 ,),S.",,,,, 

~ • ...ll... • ..!d!1. . ~ $ 

Last card $OATA/NXaQ$ 



Col. , 
$DATA/NX- __ • 

Col. , 
$DATA/NX-_ _ • 

co l. , 
$DATA!NX-_ _ • 

NC/ C-___ _ 

COl. , 

A 

" 

$DATA/NX'" 0$ 

POLRTS Coding She et 

CASE 1 

CASE 2 

CASE N 

TERMINATION CARD 

NOTE TO KEYPUNCH OPERATOR: 

Star t all cards in colu~n 2. 
Terminate punching after $ in a given case. 



r 
t POLRTS Coding Sheet Instructions 

For the general equations: 

A.xn + A._1 x· -1 + .. ••.•.. . +A1X+Ao""O 

Enter data as: 

NX '" highest power of x (maximum value of 30) 

NC/C '" coefficients in descending order starting with A. through A o followed by $ after Ao 

NX '" 0 after last case to terminate run. 

Example: 

Equations to be solved: 

Case 1: x-I:: 0 

Case 2: x~ -3x+2 =0 

Case 3: x :l _6x 2 + 11x-6 = 0 

Case 4: x· _10x 3 + 35x 2 -SOx + 24 = 0 

Case 5: X l -15x · +85x 3 _225x 2 +274x - 120 =0 

Case 6: 1.5x 7 +2 . 906x 8 + 10. 6x 15 +25 .877x · +2 . 3x 3 +33x 2 + 1.234x +543. 2::0 

Above equations coded for POLRTS: 

Case 1 

Case 2 

Case 3 

Case 4 

Case 5 

Case 6 

$DATA/NX- _ 1_ . 

Ne/c- L .-=L$ 
$DATAlNX- -.Z..... 

NCI(>-L , .=.L .~$ 
$DATA/NX--L. 

Nc/c-~, -6 • 1J , -, $ 

$DATA/NX- L , 

NC/C-~, -10 ,~. - S4 ,~$ 

$DATA/NX-..L. 

NC/c-~, -1~ .~,-22~. 

~,~$ 

$DATA!NX- ...:z...-, 

NC/C"L.£.l.·"~ 1..4Q!., .t5"·lI''''', 
2.L ,JL .1..:..ll1. • S' Jj 3~ $ 

Last card $DATA/NX-o $ 



Col. 
2 
$DATA/NX __ _ , 

NC/C" _-:-__ 
A 

Col. 
2 

" 

$DATA/NX-__ , 

Col. 
2 
$DATA/NX-_ _ , 

NC/C-_--:-_ _ 
A 

Col. 
2 

" 

$DATA/NX- 0$ 

POLRTS Coding She et 

CASE 1 

CASE 2 

CASE N 

TEIIMINATION CARD 

NOTE TO KEYPUNCH OPERATOR: 

Start all car ds in column 2. 
Terminate punching after $ in a given case. 
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POLRTS Coding Sheet In str u ctio n s 

For the general equations: 

A~x' + A ._1 X~ -l + ..•. . .. . . +A1X+Ao=O 

Enter data as: 

NX '" highest power of x (maximum value of 30) 

NC/C = coefficients in descending order starting with A. through Ao followed by $ after Ao 

NX = 0 after last case to terminate run . 

Example: 

Equations to be solved: 

Case I : x-l:0 

Case 2: x~ -3x+2:::0 

Case 3: x 3 _6x2 + 11x-6 ::: 0 

Case 4: x" _10x3 + 35x a - SOx + 24 ::: 0 

Case 5: x I -15x" +8 5x 3 - 225x a +274x _ 120 '" 0 

Case 6: 1.5x 7 +2 . 906x· + 10.6x '+ 25. 877x· +2.3x 3 + 33x 2 + 1. 234x +543.2 = 0 

Above equations coded for POLRTS: 

calle 1 

case 2 

Case 3 

Case 4 

case 5 

cale 6 

$DATA/NX----:L. 

NCt c- ....J.- ,..=:L $ 

$DATA/NX • ...z.., 
Nc/c-~. -3 I~$ 

$DATA/NX-.-L, 

NC/C-~.~.~. -, $ 

$DATA/NX-L, 

NC/C-~. -10 .~,~. Z1f S 

$DATA/NX-"'£"', 

Nc/c-....J....-. -,lS , ~.-22S, 

&1!l,~$ 

$DATA/NX- -1-.. 
Nc/c-bL , l.!IOh .~ • .z..f.8'''1 • 

.2.L ,-.!.!..,~, S"jlJ~ $ 

Last card $DATA/NX-o$ 



Col. 
2 
$DATA/NX- __ • 

Col. 
2 
$DATA!NX- __ • 

NC/C-_---:-__ 
A 

Col. 
2 

n 

$OATA!NX-__ • 

NC/C-_-:-__ 

An 

Col. 
2 
$OATA/NX- 0$ 

POLRTS Coding Sh eet 

CASE 1 

CASE 2 

CASE N 

TERMINATION CARD 

NOTE TO KEYPUNCH OPERATOR : 

Start a ll cards in column 2 . 
Tel1llinate punching after $ in a given case . 
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T ITLE: GE - 625/635 Math RQu tine 

CPS # , .!1",15;,,2A~ __ 

N a m e: 

Position: _____ ________________ _ 

Address: _______ ______________ _ 

Comments concerning this pub l ication a r e so l icited for use in improving future 
editions. Please provide any recommended additions, de l etions, corrections, or 
other information you deem necessar y fo r impr oving this manual. The fo llowing 
space is provided for your comments. 

CO' .ffiNTS' ____________________________________________________________ _ 

NO POSTAGE NECESSARY IF MAILED IN U.S.A. 
Fold on t wo lines s h own on reverse 

side , s taple , and mail. 
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