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SUMMARY 

SUMMARY 
RM 58TMP - 50 

This Research Memorandum de scribes the sensitivity of the optimum 
inventory policies developed for WS l07A-l g Uidance e quipment spares 
to variations in policy-de termining parameters. 1 Thi s sensitivity is 
described in terms of the effect on the total program cos t when any 
one of these parameters which are estimated (or the spare is varied. 
Errors in these estimates lead to adopting a non-optimum poli cy which 
cos t s more than the optimum policy. The added cos t caused by para
meter estimation errors is calculated and presented as a percent of 
the cost of the optimum policy. 
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Figure 1. Cost of Parameter Errors 
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IThese policies apply to non-reparable base spares and are desc ribed 
in RM 57TMP-IO, Report on Phase A Mate riel Management Study, 
H erbert W. Karr, Technical Military Planning Operation. Gene ral 
Electric Company, Santa Barbara, California. 1 Novembe r 1957. 
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SUMMARY 
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Figure 1 shows the additional cost resulting from parameter errors 
about nominal values for each of the three most important inventory 
parameters: Mean demand rate. unit cost, and shortage cost. It is 
seen that program costs are most sensitive to errors in estimating 
demand rate. Program costs are also sensitive to overestimation 
errors in unit cost and underestimation errors in shortage cost. 
Program costs are less sensitive to overestimation errors in short
age cost and underestimation errors in unit cost. 
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INTRODUCTION 

This is one of a series of reports resulting from a study project 
which was established in order to achieve effective supply support 
for the WS-I07A Ground Guidance System. One of the goals of this 
project was the establishment of optimum inventory policies which 
will specify initial provisioning quantities, stock control levels. and 
reorder points for every component of the guidance system. Math
ematical decision models capable of gene rating these optimum 
inventory policies have been developed and are described in two 
other reports. 1 

The inventory model described in RM 57TMP_I0
1 

requires the 
estimation of several parameters for each spare part in order to 
determine the inventory policy which is optimum for the part. 
Since there are normally several thousand different parts in a piece 
of electronic equipment. the accurate estimation of these para
meters for all parts is a formidable task. Accordingly, it is 
important from an economic point of view that the accuracy of each 
parameter estimate be commensurate with that parameter's influence 
on the total cost attributable to the particular spare under consideration. 
That is. if total costs are influenced very little by a particular 
parameter. then it need hot be known very accurately. On the other 
hand. if total costs can be significantly reduced by increasing the 
accuFacy of the parameter estimate. then it is worthw~ile expending 
the additional time and effort required to get a more accurate estimate. 

lRM 57TMP-IO, Report on Phase A Materiel Management Study. 
Herbert W. Karr. Technical Military Planning Operation, General 
Electric Company. Santa Barbara. California. 1 November 1957. 

RM 58TMP-19. Interim 
Spares, R. F. 
Operatiop. General Electric Company, Santa Barbara. CaliCo 
ZO June 1958. 
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The approach to this problem that has been adopted consists of 
systematically investigating the behavior of total program costs 
when the parameters describing a spare part are varied one at a 
time. This provides insight into the relative importance of the 
various parameters. It also gives understanding of the character
istics of the optimwn policies wh ich are produced by the inventory 
model. 

The way in )lVhich optimum policies allocate the money spent during 
a program is of particular interest, for knowledge of this provides 
the perspective necessary for good Judgment of the relative importance 
of each parameter. This subject is discussed in Section L Within 
this frame of reference, the characteristics of optimwn policies 
described in Section II are relatively easy to understand. 

It is of interest to compare the program costs resulting from optimum 
policies with those resulting from non-optimum policies. One type 
of non-optimum policy is caused by parameter estimation errors. 
Traditional inventory policies are also frequently non-optimum. The 
adoption of either type of non-optimum policy results in additional 
program costs , although the nature of the cost increase differs in the 
two cases. This is discussed in Section ilL 

For a given total program cost the supply sys t em effectiveness of a 
non-optimum policy is less than is that for an optimum policy. How
ever, program costs of non-optimum policies belonging to the family 
produced by the inventory model have an essentially different relation
ship to operational effectiveness than do traditional policies. This 
is discussed in detail in Section IV. 

Throughout the report it has been necessary to adopt a device to 
simplify the presentation. The technique adopted has been to choose 
a ''nominal'' set of parameter values about which the parameters are 
varied one at a time. This is necessary, since seven parameters 
are varied in Sections 1 and lL Six functions of these parameters are 
shown in Section 1 and two functions in Section lL The behavior of 
these functions in the neighborhood of the nominal point has been 
found to be characteristic of that throughout the range of interest with 
the exception of extreme parameter values. In particular , it is 
assumed throughout the report that the part has parameter values 
such that it would actually be purchased as a spare. This means 
that an initial order is placed for at least one unit. U this is not 
the case, then the only costs incurred are shortage costs and the 
policy is very simple : Buy none. 
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Before going into a detailed study of the characteristics of optimum 
inventory policies, it will be helpful to point out some gen eral features 
of the policies and their associated cost. Figure 2. shows a typical 
optirnulTl inventory policy. It consists of a stock control level and a 
reorder point for each year in the program. These are determined by 
the number of years remaining in the program. For the example 
shown in Figure 2., both the stock control l evel and reorder point 
are approximately constant until about six years remain in the program. 
Thereafter , the stock control level decreases until the end of the 
progratn. These portions of the program are said to have periodic 
and life-ai-type policies. respectively. I! the program is sufficiently 
long, the experience of following the above policy will be quite uniform 
in the periodi c region. The reorder point will be passed at reasonably 
regular time intervals, and the number of units ordered at the next 
order time will always be about the same. As the program near s 
completion and the life-of-type region is entered, reorders cease and 
the remaining units are used up. 
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The distribution of total program cost corresponding to the policy of 
Figure Z is shown in Figure 3 for various program lengths. As can 
be seen, for short programs the initial purchase of spares is almost 
the only cost. As the program length increases the additional cost 
becomes almost entirely allocated to follow - on orders and units. 
Increases in holding and shortage costs are relatively insignificant. 

The percentage cost distribution is shown in Figure 4. It is seen 
that the portions of total cost allocated by optimum poliCies to units 
and to orders remain constant with program length. The division of 
these costs between initial and follow-on purchases changes , how
ever , with program length. 

4 
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SECTION I 

COST OF OPTIMUM INVENTORY POLICIES 

SEC TION I 
RM 58 TMP- 50 

This Section describes the effect of parameter variations on the 
program costs attributable to a particular spare part. Most of these 
costs are associated with purchase of the spare, i. e .• order cosh 
and unit costs. In addition to these there a re the costs associated 
with possessing a stock of spares , i. e . • holding costs . All of these 
costs are directly proportional to the number of orders or to the 
number of units. They a re ultimate ly real costs which can be avoid
ed by not purchasing or stocking any spare parts. If this policy is 
adopted . however. shortages will occur and the effectiveness of the 
operation supported by the spares program will be diminished in 
proportion to the number of shortages occurring during the life of 
the ope ration. The cost of these shortages is determined by the 
shortage penalty. Program costs are thus distributed over the follow

ing categories : 

l. Order Costs 
a . Initial 
b. Follow-on 

2. Unit Costs 
a. 1ni Hal 
b . Follow-on 

3. Shortage Costs 

4. Holding Costs 

Program costs for a particular spare part are determined by a 
number of parameters. The most important parameter is the mean 
rate of demand for the spare, i. e. , the average number used during 
a time interval, say a year. The purchase price of a spare (unit 
cost) and the penalty incurred when a demand cannot be filled (shortage 
cost) are two other ilnportant parameters . Other parameters are 
the cost of ordering a spare (reorder cost), the time preference for 
money (interest rate), the cost of carrying a spare in stock for a time 
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unit (holding cost). and the variability of the mean demand rate 
(demand variance). These parameters are varied one at a time 
and are discussed in the following order : 

I. Demand Rate 

Z. Unit Cost 

3. Shortage Cost 

4 . Reorder Cost 

5 . Interest Rate 

b. Holding Co 8t 

7. Demand Variance 

Unless otherwise noted, all parameter variations shown in the 
figures are variations about the following nominal values: 

I. Demand Rate 1 unit per year 

Z. Unit Cost $1 

3. Shortage Cost 100 unit costs 

4. Reorder Cost 10 unit costs 

5. Interest Rate - O. Z (compounded annually) 

b. Holding Cost 0 . 01 unit costs per year 

7. Demand Variance - 5 mean demand rate s 

These nominal parameter values correspond approximately to the 
average WS-I07A Guidance System spare part. The data upon which 
the figures are based is given in tabular form in Appendix 1. The 
method of computation is described in Appendix IV. 

8 



SECTION I 
RM 58TMP - 50 

DEMAND RATE 

The effect of demand -rate on program costA is sho'Nll i n Figure 5. 
It is seen that total costs arc almost directly proportional to de 
mand rate except (or the constant initial order cost. Virtually 
all the increase in cost caused by increasing demand goes for 
initial units , although follow-on unit and order costs increase as 
well. The costs allocated to shortages and for holding units remain 
practically constant throughout the range of demands shown. 
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Figure 5 . Effect of Demond Rate on Costs of Optimum Polic ies 

The effect of demand rate on the percentage dist ribution costs is 
shown i n Figure 6. It is seen that as the demand rate increases , 
unit costs take a larger and larger share of the costs. The per
centage alloca ted to shortages and orders is corresp ondin gly re 
duced. Mos t of the costs at the lower demand rates are for the 
initial p urchase while follow-on order and follow - on unit costs 
become more important as the demand rate increases. 
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Program costs vary with unit cost as shown in Figure 7. As with 
demand rate, total costs are almost directly proportional to unit 
cost. Most of the increase is in the cost of initial units, although 
the cost of shortages is also proportional to unit cosl. Holding 
costs and order costs are almost constant throughout the range of 
unit co 8te shown. 

The percentage distribution of costs varies with unit cost as shown 
in Figure 8. It is seen that for low-cost parts the initial purchase 
constitutes virtually the total cost. As the unit cost increases , 
shortage costs take an increasing share of total costs with a corres
pondingly smaller share going to the initial purchase. For a suf
ficiently great unit cost, the costs are entirely shortage costs. This 
occurs when the costs of stocking the part are greater than the costs 
of shortages if it is not stoc ked. 
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SHORTAGE COST 

The effect of shor tage cost on program costs is shown for two de
mand rates in Figure 9. It is seen that increasing the shortage cost 
affects only the unit costs to any appreciable extent. Unit costs 
rise rapidly with shortage cost initially. but the rate of increase 
diminishes as the shortage cost becomes greater than about 100 
unit costs. The costs of orders, shortages, and holding units are 
virtually constant throughout the range of shortage costs shown. 
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Figure 9. Effect of Shortage Cost on COS-h of Optimum Pol ides 

The percentage distribution of costs varies with shortage cost as 
shown in Figure 10. The percentage of total costs allocated to 
each category is seen to be influenced but little by shortage c ost, 
although as the shortage cost decreases the portions of coat taken 
by shortages and the initial order increases. For a sufficiently 
small shortage cost, the program costs will be entirely for short
ages. This happens when the cost of stocking the part exceeds the 
cost of shortage s if it is not stocked. 
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REORDER COST 

The effect of reorder cost on program costs is shown in Figure 11. 
F or all practical purposes. reorder cost influences only the initial 
orde r cost. Initial order cost is assumed to be the same as the 
reorder cost. The percentage distribution of c osts which results 
is acco r dingly as shown in F igure 12. The percentage taken by 
each catego r y of cost decreases in proportion to the increase in 
initial order cost. 

INTEREST RA TE 

The e{{ect of interest rate on program costs is shown in F igure 13. 
Only the cost on initial un i ts is affected appreciably. This cost de 
creases as the interest rate increases . The other costs remain 
essentially constant throughout the range of interest rate shown. 
This perhaps surprising result is easily understood by considering 
the data shown in Table 1. In the table the discounted total costs 
shown in F igure 13 are compared to the undiscounted total cost 
which is expected to be incu r red during the program . F uture pro
gram costs (not discounted) are seen to increase with interest rate. 
However, their present (discounted) val ue at the beginning o f the 

Table 1. Effect of Inte rest Rate 

rogram oss 'n n,' ash p C,("U ' C) 

Interest Rate Discounted Not Discounted 

0 142.81 142.97 
. 1 130. 23 145. 58 
.2 11 8.87 153.89 
.5 97.1 3 173.90 

1.0 81.39 207.93 
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program is seen to decrease as the interest rate increases. This 
illustrates that interest rate measures the time preference for money. 
As the interest rate increases, costs expected to be incurred in the 
future carry lees and less weight relative to costs expected to be 
incurred immediately. 

The percentage distribution of coats varies with interest rale as 
shown in Figure 14. It is seen that the aUocation of costs to the 
various categories is relatively unaffected by interest rate although 
the portion for orders increases slightly as the interest rate i ncreases. 
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Figure 14. Effect of Interest Rotc on Distribution of Costs 

HOLDING COST 

The effect of hOlding cost on program costs is shown in Figure 15. 
Only the cost of holding units is appreciably affected, and it is dir
ectly proportional to holding cost. Unit costs decrease slightly and 
order costs increase slightly as the holding cost increases. 
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The percentage distribution of program costs varies with holding 
cost as shown in Figure 16. The share of costa allocated for hold
ing units increases almost linearly with holding cost. There is a 
corresponding decrease in the share of coats allocated for purchas
ing units. The portions going fOT orders and shortages remain es
sentially constant throughout the range of holding cos t shown in 
Figure 16. 
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Figure 16. Effect of Holding Cost on Dist ri but ion of Costs 

DEMAND VARIANCE 

The effect of demand vari;)ncc iB shown in Figure 17. As the vari
ance increases. virtually U1C cntire incrci'lSC in costs is for initial 
units , although the cost of shortages increases as well. The cost of 
orders, holding costs , and follow-on unitfl remains practically con 
stant. 

The percentagc allocation of cORls is shown in Figurc 18. It is seen 
to be almost unafft'cL('d by dcmtll1c1 Vi'I dance, ;'tILhough the share of 
costs allocated La ahorL;'tgcs and initi;-.1 units incrcO'Iscs slightly a t 
the expensc of o,-dcnJ and follow-on ,witH. 
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RECAPITULATION 

This Section has shown the effect on program costs of each of the 
policy determining parameters . It was seen that demand rate and 
unit cost are the parame ters which most strongly influence program 
costs. This is true throughout their range of values, total program 
costs being proportional to them. The category of program costs 
most a!fected by demand rate was seen to be unit costs while all 
categories except order costs were seen to be strongly affected by 

unit cost. 

Shortage costs influence primarily the unit cost category, reorder 
cost influences primarily the initial order cost, and demand vari
ance influences primarily the initial unit cost category. Holding 
cost influences only the holding cost category. This category is a 
negligible fraction of total program costs for reasonable holding 
cost values . The influence of interest rate is negligible on the per
centage distribution of program costs over the various categories 

of cost. 
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This Section presents a description of the effect of parameter var ia-
tions on the stock control levels and reorder points of the o ptimum 1 
policies produced by the inventory model described in RM 57 T MP - I O. 
The parameters are varied one at a time and are d i scussed in the 

following order: 

I. Demand Rate 

2. Unit Cost 

3. Shortage Cost 

4. Reorder Co 5t 

5. Interest Rate 

6. Holding Cost 

7. Demand Variance 

Unless otherwise indicated, all parameter variations shown in Figures 
19 through Z5 are about the nominal values listed in Section L The 
data upon which the figures are base d is given in tabular form i n 

Appendix It 

DEMAND RATE 

The effect of demand rate on optimum policies is shown i n F igure 19. 
Both the stock control level and reorder point increase markedly with 

1 A mathematical description of the inventory model is given h ere in 

Appendix IlL 
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demand rate. For larger demands, they are nearly directly propor
tional to demand rate. The minimum reorder quantity (the difference 
between the stock cqntrol level and reorder point) is also proportional 
to demand rate. In effect, demand rate is a s c ale factor on optimum 
policies, although it is not quite a linear factor. 
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Figu re 19. Effec t of Demond Rote on Optimum Policies 

The effect of unit cost on optimum policies is shown in Figure 20 for 
two different demand rate s, Both the stock control level and reorder 
point decrease as unit cost increases , but the stock control level 
decreases much more rapidly. The reorder point levels out and 
approaches an aSynlptote as the unit coat increases. Ac~ordingly. 

the primary eI!ect of unit cost is on the minimum reorder quantity 
and thus the stock control level. The reorder quantity for low unit 
cost items is seen to be quite large relative to that for items with 
high unit costs. The reorder points differ relatively little. 
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SHORTAG E COST 

Optimum policies vary with shortage cost as shown in Figure 21. 
Onl y th e reorder point is affected by shortage cost. The rate of 
inc r e ase with shortage cost dec reases rapidly as the shortage cost 
re aches about 100 unit costs. Thereafter, the reorder point va r ies 
but slowly with shortage cost. The reorder quantity does not vary 
signific antly with shortage cost exc ept as the shortage cost approaches 
the unit coat in value. 
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Figure 22. Effect of Reorder Cost on Optimum Policies 

REORDER COST 

The effect of reorder cost on optimum policies is shown in Figure 22. 
As reorder cost increases, the reorder point decreases and the stock 
control level increases. Their difference , the minimum reorder 
quantity, increases rapidly with reorder cost from u ni ty . its value 
when the reorder cost i s zero. 
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The effect of interest rate on optimum policie s is shown in Figure 23. 
Both stock control level and reorder point dec rease as the interest 
rate increases, but the stock c ontrol level drops more rapidly. 
Accordingly, the minimum reorder quantity is most affected by 

interest rate. 
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Figure 23. Effect of Interest Rate on Optimum Policies 

HOLDING COS T 

The effect of holding cost on optimum policies is shown in Figure 2.4. 
Neither stock control level nor reorder point are greatly affected by 
holding cost, although both dec rease slightly as the holding cost in
creases. The minimum reorder quantity is most affected since the 
stock conlrolleveL drops somewhat more rapidly than the reorder 

point. 
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Optimum policies vary with demand variance as shown in Figure 25. 
Only the reorder point is affected. It increases nearly linearly 
frolTl its initial value with demand variance. The minimum reorder 
quantity is essentially uninfluenced by demand variance. 

RECAPI TULA TION 

This Section has shown the eIfect on optimum inventory policies of 
varying eac h parameter. It was seen that the reorder point and 
stock control level increase with demand rate. demand variance, and 
shortage c ost, but that they both decrease as unit cost increases. 
Their differenc e , the miniInum reorder quantity, increases with 
demand rate, decreases as unit cost increases, and does not vary 
with either shortage cost or demand variance. 

As r e order cost inc reases, the stock control level increases and the 
reorder point dec reases . Holding c ost has little effect on either re
order point or stock control level. Reorder point, stock control 
level, and minimum reorder quantity decrease as the interest rate 
increases . 
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SECTION III 

COSTS OF NON-OPTIMUM INVENTORY POLICIES 

This Section presents a discussion of the costs incurred by selecting 
a policy for a spare part which is not the optimum one produced for 
it by the inventory model. One type of non-optimum policy is caused 
by adopting spare part categories such as is done in preparing a pro
visioning guide, 1 and following a single policy for all spares belonging 
to the category, even though the exact pararrteter values for all 
spares in a given category are not actually the same. Non-optiznum 
policies may also result from errors in parameter estimation. These 
two sourc es of non-optimum policies are discussed jointly. A third 
type of non-optimum policy results from traditional '!benchmark" 
methods of determining inventory policies. The effect on program 
costs of these various causes of non-optimum policies is described in 
this Section in the following order: 

1. Parameter Errors 
a. Demand Rate 
b. Unit Cost 
c. Shortage Cost 
d. Reorder Cost 
e. Interest Rate 
f. Holding Cost 
g. Demand Variance 

2. Traditional Policies 

As in Sections I and II, unless otherwise noted in the figures, all 
results shown are for the nominal parameter values. 

lFor a description of the provisioning guide procedure, refer to 
RM 58TMP-1 9, Interim Provisioning Policies for WS-107A Guidance 
Spares, R. F. McIntosh and L. Fisher, Technical Military Planning 
Operation, General Electric Company, Santa Barbara, California, 
20 June 1958. 
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PARAMETER ERRORS 

D emand Rot e 

The additional cos t incurred by adopting demand rate categories is 
shown in Figure 26. It is seen that a part with a demand rate of about 
6.2 may be assigned to either the demand rate category of 1 or 10. 
In either case , the cost of following the non-optimum policy is about 
75 percent greater than that of the optilTlUrn policy. The equal cost 
point between the fixed policy categories for demand rates of O. 1 and 
1 falls at a demand rate of about O. 56. The cost incurred by following 
either non-optimum policy is about 23 percent greater than that of the 
optimum policy. As the demand rate becomes still lower, the percentage 
increase over the optimum cost for a given error factor in demand rate 

becomes still lower. 
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The increase in program costs caused by errors in demand rate 
estimates are shown in Figure 27.1 The sensitivity of program 
costs to e rrors in demand rate is seen to increase with demand rate. 
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Figure 27. Cost of Errors in DerTK:Ind Rate ot Different Demand Ro tes 

Unit Cost 

The cost increase caused by adopting unit cost categories is shown in 
Figure 28. The cost for a part with a unit cost of O. 045 shortage costs 
is seen to be about 12 percent ·greater than the optimum cost fo r i t. 
This increase is incurred whether the policy that is optimum for a 
unit cost of O. 01 or O. 1 is adopted. 

The equal cost point between the D. 001 and 0. 01 categories falls a t 
a unit cost of about O. 0033. The cost increase is 5 percent. As the 
unit cost becomes stil1 lower, the cost increase for a given e rror 
factor in unit cost becomes s till less. 

IOemand rate estimation is discussed in RM 58TMP-Z5 , Demand 
Forecasting Techniques for WS-l 07 A (Mod Ill) Guidance Equipment 
Spares, T. B . Slattery. Technical Military Planning Operation, 
Genera l Electric Company, Santa Barbara, California, Z Septemb er 

1958. 
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Figure 28. Cost of Following a Fi xed Policy with Varying Unit Cost 

The c o s t increase varies with errors in unit cos t estimation as shown 
in Figure 29 for various unit cosls. The error range of unit cost s 
within which the cost increase is less than a given percentage of the 
o p t Unum is seen t o become smaller as unit cost increases. 

Shortage Cost 

The cost increase ove r the opt imum caused by adopting shortage cost 
categories is shown in Figure 30. The order-or- magnitude categories 
shown hav e equal cost increase dividing points at factors of about 
two and one -hali and a t one - fourth times the shortage cost for which 
the fixed policy is opt imum. The cost increase a t these points is 
seen to dec r ease slowly as the shortage cost increases. The values 
are all under 10 percent. 
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The variation of cost increase with shortage cos t estimation errors 
is shown in Figure 31 for various shortage costs. The range of 
errors over which the cost increase is less than a given percentage 
of the optimum cost is seen to be quite insensitive to shortage cost. 
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Figure 31. Cost of Errors in Shortage Cost ot Different Shortage Costs 

Reorder Cost 

The cost increase caused by adopting a set of fixed policy categories 
for reorder cost is shown in Figure 3Z. It is seen that the fixed 
policy which is optimum for a r eorder cost of 10 gives an increase 
of less than 5 percent of the optimum cost for reorder costs up to 
1000 unit costs. P rogram costs are thus influenced but little by 
errors in estimating reorder cost. 

Interest Rate and Holding Cost 

It was seen in Section II (Figures 23 and 24) that optimum policies 
a re relatively insensitive to interest ra te and hOlding c ost. Within 
the range of probable error in estimating these parameters the 
policies are invariant for all practical purposes. Accordingly, the 
cost increase cau s ed by errors in estimating these parameters is 
neglig ible. 
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Figure 32. Cost of Following a Fixed Policy with Varying Reorder Cost 

Demond Variance 

It was seen in Section II (Figure 25) that the reorder point increases 
with demand variance and that the minimum reorder quantity remains 
invariant. This was also seen to be the effect of shortage cost (Figure 
21). The effect of errOTS in demand variance is thus similar to that 
of errors in shortage cost. Overestimating by a given factor costs 
Ie 8 s than undere stimating by the same factor . 

TRADITIONAL POLICIES 

Traditional inventory policies generally specify the reorder point and 
stock control level in terms of the expected demand during a given 
time interval. For example, the stock control level may be equal to 
two years ' expected demand while the reorder point is equal to one 
year's expected demand. The reorder point and stock control l evel 
in such a p olicy is the same each year of the program unless the 
demand rate changes. The only paratneter influencing the policy is 
the demand rate, although account is sometimes taken of unit cost 
by extending the time interval for low cost items. 
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P~licie8 of the above type and the results of following them are shown 
in Tables Z and 3 for a spare with a mean demand rate of one unit per 
year. The optimum policy for the same s pare (nominal parameter 
values) is also shown for comparison. 
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OPTIMUM 

23 

22 

21 

20 

19 

17 

14 

10 

5 

13 

13 

12 

12 

II 

10 

7 

3 

It is seen in Table 3 that as the initial number of units purchased 
increases, the costs of follow-on units, follow-on orders, and 
shortages decrease while holding costs increase. The increase in 
initial unit costs is more than offset by the decrease in other costs 
for the sequence of policies shown. 
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Init lo l Follow-on 

TobIe 3. Program Costs 

(Nominal Pa rameter Values) 

Initial 

SEC TION III 
RM 58TMP- 5 0 

Policy Order Order Unit 
~umber 

Follow- on Shortage Holding Totol Total Less 

1 

2 

3 

I 
4 

5 

-

Costs Cos ts Costs Un it Costs Costs Costs Cost Shortages 

10 11.02 2 3.33 381 .8 .07 408.2 26.4 

10 7.27 4 3.05 219.1 . 15 243.6 24.5 

10 1 .71 10 1.21 77.9 .37 101.2 23.3 

10 1.04 23 1.34 3.3 .96 39.6 36.3 

10 .63 23 .70 4 . 0 .96 39.3 35 .3 

The optimum polic y (No. 5) differs from the traditional p olicy (No.4) 
preceding it in Table 3 in that the stock control level and reorde r 
point of the optimum policy decrease each year from the initial 
values shown to final values of 10 and 3, respec t ivel y. Th i s r esult s 
in follow-on order and follow-on unit costs being somewhat les s fa i
the optimum policy while shortage costs are a little more. The d e 
creases in order and unit costs exceed the increase in s horta ge 
costs, hence program costs are red uced som ewhat by goin g from 
traditional policy No. 4 to the policy which is optimum fo r th e 
nominal parameter values. A policy such as No. 4 migh t ar i se if 
a poor data processing system made it imp ossi b l e to adju st stoc k 
cont rol levels a nd reord e r points as a prog r am was pha s ing o u t. 
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SECTION IV 

COST-EFFECTIVENESS RELA TlONSH IP 

This Section presents a discussion of the effectiveness of inventory 
policies in terms of the number of shortages during the program. 
The point of view adopted is that there are different ways to allocate 
a given program cost over the relevant cost categories. A particular 
cost allocation is achieved by following the appropriate inventory 
policy. The effectiveness of the policy or cost allocation is measured 
by the number of shortages which result during the program. 

The nature of optimum policies is first discussed. Traditional 
policies are then considered in relation to optirnwn policies. 

OPTIMUM POLICIES 

The optimum policies described in this Research Memorandum are 
determined so as to minimize total program costs. This is made 
possible by assigning a dollar value to a shortage and conSidering 
shortage costs as one category of prograzn costs. The resulting 
minimum cost policies are such that as the shortage cost increases, 
program costs increase and the nwnber of shortages decreases. 
This is shown in Figure 33 for a spare having nominal parameter 
values. For any specified number of shortages during the program 
the cost - effectiveness curve of Figure 33 gives the minimum ex
pected program cost to keep shortages down to this nwnber. Conver
sely , Figure 33 also shows the least number of shortages that can 
result from a given program cost. Points on the curve represent 
the best possible performance of the supply system, and can be 
reached only by following "optimum policies". Conversely, any 
other policy for the same spare results in a cost - effectiveness 
point lying to the right of the curve shown in Figure 33. This may 
also be stated another way: The best possible allocation of a given 
program cost is always given by the optimum policy. 
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The traditional policies described in Section III provide an interesting 
illustration of the effects of non-optimwn policies compared to 
opti:rnum policies. These are shown in Figure 34, together with the 
optimwn policy for a spare with nominal parameter values. It is 
seen that traditional policies No. 3 and No. 4 are very close to the 
optimum cost-effectiveness function. Policy No. 3 is seen to corres
pond to an optimum policy given by a lower shortage cost than the 
nominal value while policy No. 4 is almost the same as the optimum 
one. Policies No. 1 and No. 2 are the Bort usually followed in 
practice. They are seen to result in a considerably greater nwnber 
of shortages than the optimum policy corresponding to the same 
program cost (excluding the cost of shortages). It was seen in 
Section III that these traditional policies allocate less cost to the 
initial purchase than does the optimum policy. This result s in 
excessive follow-on order and follow-on unit costs accompanied by 
greater shortage costs. 
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NOTE O N THE APPENDICES 

A PPEND1CES 
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Tables 4 through 9 comprise Appendix I. They were computed 
according to the progra.zn described in Appendix IV. The tables 
show the number of events (e . g . • shortages , orders, etc. ) 
expected to result from following the inventory policy whose 
identification number is listed in the tables. The number of event s 
is discounted back to the beginning of the program so that when the 
number of each type of event is multiplied by its cost the result 
is its discounted program cost. The costs shown in the tables 
correspond to the parameter values which determined the inventory 
policy followed. If these parameter values differ from the actual 
values, then progra.m costs greater than those in the tables will be 
incurred. The number of events may be the same, however, for 
they are determined solely by the inventory policy and the demand 
distribution. The parameter values used a r e listed in the tables. 
Where a value is not shown, it has the nominal value shown in the 
List of Symbols found at the end of this note . 

The inventory policies used to obtain the cost s shown in Appendix I 
are shown in Tables 10 through 14 which comprise Appendix IL Th ey 
were computed according to J1e program described in Appendix III. 
The stock control level, reorder point, and minimum reorde r 
quantity are shown for each year measured from the end of the 
program up to t welve yea r s. Since the normal lead time is one year 
for all policies shown, no policy is shown for the start of the last 
year of a program. 

LIST OF SYMBOLS 

Nominal 
Symbol Quantity Value Un its U sed 

i interest rat e O. Z per year 

0:: d em and var iance 5 mean d e m and s 

H. C . h olding cost O. 0 1 unit costs pe r year 
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Sy=bol Quantity 

N program length 

m mean demand rate 

R. C. reorder cost 

S. C. shortage cost 

u. C. unit cost 

S stock control level 

R reorder point 

Q minimwn reorder quantity 
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J 

Nominal 
Value Units Used I 

8 years 

1 units per year I 
10 unit costs 

100 unit costs I 
1 dollars 
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~ " " " " ~ ~ 
Z 

~ 0_ 9 ~ 
~~ ~ ~ ~- 0 

~ OZ z 0 e ~" - z 

" '4.78 B. l0 5.46 142.81 

" 13 .43 . .3< 3.9 1 130.23 

7S l B. 13 • • S 2.70 l 1B .87 

. 2 12.45 6 . 23 1.SO 97.1 3 

s< .... . .29 0.95 88 .39 

,. 17.53 6.22 .03 11 6.16 

7S lS.13 • • S 2.70 118.87 

72 19.70 ' .57 13.02 129 .« 

70 20." 8.35 25.38 142 . 13 .. 220<11 10 .6.5 "8.02 166.14 

55 19. 29 2.09 1. 81 95. 12 

.S 19 • .5 1 4." 2. 28 IOB. 18 

7S 18.13 • . S 2. 70 118 .87 .. 17 ,87 , ... 3.30 132 .94 

" 0 5 .73 .80 ".53 .. 2.95 S.« 1. 69 87.88 

Table 4. Variations About Nomina l Point 

Nominal Po int: = 0 . 2, 0: = 5, H.C. :: 0 .01, N ::- 8, R.C . = 10, S.C . = 100, m == 10 
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" 1000 334.59 

15 100 10 298.50 

DISCOUNTED NO. 
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to ~~ ~ 
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0« 125 " ~ ~O 

3.967 2.B12 28.26 

.709 3 .... 29.51 

.063 2.m 29.85 
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.... .0<1 1.>1 

DISCOUNTED COSTS 
(IN UNIT COSTS) 
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<5 .1 .262 <5 28.87 '.73 1.653 

!II .1 .27' ,. 29." ••• 2.315 

36 1 1.582 36 25.42 8.26 1.152 
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" 1 1.903 " 27." '.5 2.151 
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Tobie 5. Variations in Reorder and Shortage Costs , m. 10 

Fixed Parameters: i . O.2,tX_ 5, H.C . .: 0.01, N:;I 8 
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DISCOUNTED COSTS 
(IN UN IT COSTS) 
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Table 6 . Variat ions in Reorder and Shortoge Costs, m - 1 

FixedParcmeters: i::;O . 2,CX .. 5, H.C . =zO .O l , N =8 
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TobIe 7. Variations in Reorder and Shortage Costs, m _ 0 . 1 

Fixed Parameters: i = 0.2, ex. 5, H.C . :. 0 .01, N. 8 
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Table 8. Va riations in Reorder and Shortage Costs, m .0.005 

Fixed Pa rameters: i . O. 2, a o 5, H.C . • 0.01, N =8 
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Tobie 9. Variation in Reorder and Shortage Costs, N • 12 
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YEARS TO END OF PROGRAM 

5 • 7 8 , I. II 12 

00 .. " ,.7 ,. 
" " '" 32 · ,. 

76 8J 88 " 50 " " 26 34 39 

72 75 76 75 .. .. .. " 26 29 30 29 

62 62 62 

" " " '" 20 20 

54 54 
38 38 
I. 16 

72 76 71 76 

" .. .. 
2.5 30 31 

n 75 7. 75 

•• " '" ... 
29 29 30 29 

70 73 73 72 .. " " '" 28 28 

69 70 70 70 

" " " " 75 2.5 

'" G6 G5 .. 
M .... ... 
21 22 21 

" " " 55 54 54 54 
17 l7 28 28 28 28 28 
30 25 26 l7 26 26 26 

65 67 65 65 .. '" .. 
38 30 38 38 38 38 38 
27 ,. 17 17 28 28 2B 

72 75 76 75 75 75 

" .. .. .. .. 
2" 

,., 30 29 29 

"' 0', B7 08 sa 87 B7 B7 
5? SO " " 58 " 58 
23 27 " 30 30 29 29 

Table 10. Variat ions About Nominal Point 

Nominal Point: .0.2, exo 5, H.C , . 0 .01, N. 8, R.C .• 10, S.C, .100, m = 10 
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Table 11 . Variations in Reorder and Shortage Costs, m .. 10 

Fixed Parameters: i = O. 2,a". 5, !-I.C. = 0.01, N = 8 
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Tobie 11. Continued. 
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Tobie 12. Variations in Reorder and Shortage Costs, m. 1 

Fi xed Parameters : i_O.2,CX.S, H.C .• O.01, N.8 
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36 100 100 S .. 
R 1 
Q 13 

37 100 1000 S 23 

• , 
Q 14 

38 100 10,000 S 33 
R 18 
Q IS 

39 1000 100 S 14 
R -11 
Q 25 .. 1000 S 23 
R 1 
Q 22 
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YEARS TO END Of PROGRAM 

3 • S • 7 , , I. 11 12 

17 18 " 20 21 21 21 ,. IS ,. ,. 17 17 17 
3 3 3 • • • • 

2' 28 " 30 '" 31 31 31 
23 2. 2S 2. 26 26 27 27 
3 • • • • s • • 
2 • S • 7 , , , 

-s -3 -2 -1 -1 -1 -1 -1 
7 7 7 . 7 , • , , 
, I. 11 12 13 13 .. .. IS IS 
1 2 3 • • • • • • 
7 , , , , , I. I. 11 

17 f, 20 21 22 23 23 " '" '" I. 11 12 12 13 13 13 13 13 
7 , , , , I. I. 11 11 

2. 28 '" 31 31 32 33 33 33 

" 20 21 22 22 22 23 23 23 
7 , , , , I. I. I. I. , 11 12 .. IS ,. 17 18 18 " ... -3 -2 -2 -1 -1 -1 -1 -1 -1 

14 .. .. I • I. 17 18 " " 20 

17 20 21 23 " 2S 2. 27 27 28 
3 , S • • • 7 7 7 7 .. 

" 
I. 17 18 " " 20 20 21 

27 " . 31 32 33 " 3S 36 31 37 
12 13 14 IS IS I. I. ,. ,. ,. 
IS I. 17 17 18 18 " 20 21 21 

36 39 .. ., 43 ... ., .. .. ., 
21 23 24 24 2S 2S 2S 2S 2. 26 
IS I. 1. 18 18 " '" 21 20 21 

18 21 23 25 26 27 " 30 31 32 
-s -3 -2 -1 -1 -1 -1 -1 -1 -1 
23 24 25 2. 27 28 '" 31 32 33 

27 '" 32 '" 3S 36 38 39 .. ., 
• S • • 7 7 7 7 7 , 

23 2S 26 28 28 " 31 32 33 33 

Table 12. Continued. 
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>-1lS 
>I~ 
~" '-( '-( I2z ~ ~ 

90 .. , 2 

92 100 

.5 100 

.. 1 100 

.. 1 1000 

100 I. 2 

,.2 I. 100 

103 I. 1000 

104 100 I. 

,.5 100 100 

106 100 1000 

'.7 100 10,000 

108 1000 100 

109 1000 1000 

S 

• 
Q 

S 

• Q 

S , 
Q 

S , 
Q 

S 

• 
Q 

S 

• 
Q 

S 

• Q 

S , 
Q 

S 

• 
Q 

S 

• Q 

S 

• 
Q 

S 

• 
Q 

S , 
Q 

S 

• Q 

2 3 , 
-0 ... ... 
- 1 -1 -1 

1 1 1 

• • 7 
3 5 • 1 1 1 , • 7 
3 5 • 1 1 1 , • 7 
2 3 , 
2 3 3 

12 14 IS 

• 11 12 
3 3 3 

... ... ... 
-1' -5 -< 

" 5 , 
, • 7 

-1 1 1 
5 5 • 

12 14 IS 
5 7 8 
7 7 7 

... 1 2 
-14 -7 -5 

14 8 7 , • 7 
-2 -1 - 1 

• 7 8 

12 14 IS 

• 2 3 
12 12 12 

20 22 " 7 • I. 
13 13 " , 7 8 

-13 -7 -5 
17 14 13 

12 14 IS 
- 2 - 1 - 1 
14 IS 1. 

YEARS TO END OF PItOGIAM 

5 • 7 8 • I. 
... 

8 8 8 
7 7 7 
1 1 1 

8 8 8 

• 7 7 
2 1 1 

8 8 • • • 
5 5 • • • 
3 3 3 3 3 

" 
,. 17 17 17 

13 13 14 14 14 
3 3 3 3 3 

8 8 • • • 2 2 3 3 3 

• • • • • ,. ,. 17 17 17 

• I. I. I. I. 
7 • 7 7 7 

2 3 3 , • , 
-< -< -< -3 -3 -3 

• 7 7 7 7 7 

8 • • • - 1 -1 -1 -1 

• I. I. I. ,. ,. 17 17 18 18 
3 • , , 5 5 

13 12 13 13 13 .13 

2S 2S 26 ,. 2. 
11 12 12 12 12 
14 13 14 14 14 

• I. I. 11 11 12 
-< -< -3 -3 -3 - 3 
13 14 13 " 14 IS 

1. 17 17 18 18 18 
-1 - 1 -1 -1 -1 - 1 
17 18 18 1. 1. 1. 

TobIe 13. Variations in Reorder and Shortage Costs, m _ 0.1 

Fixed Parameters: i a. O.2,CX .. 5, H.C .• 0.01, N . 8 
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~ffi 
11;1 
~ " ii'z 

" 
" 
" 
" 
70 

71 

L! u 
~ ~ 2 3 

.0\ \110 , 0 0 

• -I -I 
Q I \ 

10 1Il00 , 3 , 
• - I - \ 

Q , , 
1110 1Il00 , 3 , 

• -\ - I 
Q , , 

\110 10,000 , , II 

• -I 0 
Q \0 II 

101\0 \110 S 0 0 

• -13 -7 
Q 13 7 

1Il00 S 3 , 
• -2 - I 
Q , , 

, 
0 

- \ 
I , 
0 , 
, 

-I , 
12 
\ 

II 

I -, , , 
- I , 

YEARS TO END OF PROGRAM 

, , 7 8 , 

, , , , 
0 0 \ I , , , , 
, , , , 

- I - I -I -\ , 7 7 7 

13 13 " " " I 2 2 2 2 
12 II 12 12 12 

I I 
-4 -, 

S S , , , 
- I - I -\ 
7 7 7 
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10 II 12 

Table 14. Variations in Reorder and Shortage Costs, m • 0.005 

Fi xed Parame te rs: i "" 0 .2,0:- 5, H.C .... 0 .01, N s 8 
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APPENDIX III 

COMPUTATION OF OPTIMUM POLICIES 
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The 'following is a list of symbols of the parameters and random 
variables used to describe an inventory model: 

j 

h. 
J 

r. 
J 

d. 
J 

Zj 

p/zj) 

x. 
J 

Yj 

qj 

• subscript denoting jth time period of an N period program 

• quantity-dependent price per unit such that Uj(x) is a 
monotone non-increasing function of x, and x Uj(x) is 
monotone non-decreasing. (The cost of buying a lot of 
size x items in the jth time period is x Uj(X)1 ) 

= unit holding cost in the jth time period 

• reorder cost in the jth time period 

• unit shortage penalty in the jth time period 

'" demand in the jth period, a random variable, and Zj'S 
are statistically independe~t 

'C probability that the demand is z , in the jth period 
J 

• the stock-on-hand at the beginning of th,e jth period 

• stock control level, 1. e. , if an order is made. the amount 

is y,-x , 
J J 

• y.-x. • reorder quantity 
J J 

1 ex • di scount factor • 
• i+(rate of interest per period) 

(Asswne the periods are all of equal length. and the 
interest ratio is constant) 
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I(x. y) -{ ~: :;e~wi.e 
= expected demand in the jth period 

• ~inimum conditional expected cost, given x., from the 
j period on (not discounted back to beginn.i!g). 

th 
The inventory model is as follows: At the beginning of the j 
period, xI is stock-an-hand. We order YJ'·Xj;:- 0 stock, which we 
receive a the beginning of the next peria . -We then have Xj+l 
.Yj-z, stock-an-hand. The most general type of inventory policy will 
be N Jfunctions Y1- ...• YN such that Yj(Xj)~ Xj' The criterion in 
selecting the Yj'S is to minimize the total expected coat of the program 
where the expected cost of the jth year is discounted j-1 times by "0''' 
to obtain its present value. 

We find the optimal solution by a backward induction on the time 

periods. 

Given xN units o f s tock-an-band, and we order YN - xN units, the 
conditional expected cost is the sum of the holding cost. expected 
shortage cost, and the oat _discounted value of the reorder and purchase 

cost, i. e. , 

The last term in brackets is always zero when YN(xN) .. xN' At the 
beginning of the last period it never pays to order since the order is 
not filled before the program terminates. Hence YN(xN ) .. xN is 

optimal. 

• • Suppose we have found the optimal policies Y 1+1 , ... ,Y N from the 
(j + l)st ;hear on to the end of the program. then the optimal Y*j 
for the j year is that Yj which minimizes the conditional expected 
cost to the end of the program, given Xj. 1. e .• 
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C.(x .• • min C.(x., y.) Y j) • 
) ) 

y.~x. 
)) ) 

) ) 

r .l(x,. Y. ) + q.u.(q.) +O[ 
) ) ) )) ) z~O j-

, min {httdjL 
Yj~Xj z, ;:.ox, 

) ) 
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(z.-x.lP.(z.) + 
) ) ) ) 

C j ... l(Y(zj' /j + l)P/Z j)} 

where Cj .. l{Xj+l' Y*j .r 1) ,., minimum conditional expected cost* 
to the end of the program using the optimal policies Y*j + 1" ·· , Y N' 

given stock-in-hand Xj + 1 . 

Define C.(x.) = C.(x., y*.) when we do not wish to explicitly emphasize 

th 
. ) 1) 1')). ) e optuna po ley Y j" 

In general, the stock c ontrol level is a function of the stock on hand.. 
S. Karlin has shown that if the purchase c ost is convex, the stock 
control level increases as the stock-on . .hand increases, but reorder 
smaller amounts; if purchase cost is concave, the stock control level 

decreases as stock-on--band increases. 

Let us suppose that our conditions are sufficiently regular such that 
at each period the inventory policy may be described by a reorder point 
and a stock control level which is not a function of the stock-on-hand. 
In other words, in the jth period, if the stock-on-hand x· is less than 
or equal to Sj' order up to Sj; otherwise do not order. 3fu particular , 
if Wlit price 18 constant , 1. e., Uj(qj) e u.(l), we find Sj by examining 
the marginal cost of ordering one more ~nit. WhenL C. l(Y- z,) 
p.(z,) is convex, z. J + J 

) ) ) 

Z. 
) 

c. l(Y-z,)p,(z.l 
) ~ ))) 

y. 
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we ' want S· to be the biggest y such that if we order, the reduction in 
future coits by ordering up to y rather than y - 1 is greater than or 
equal to the unit cost. Therefore 

s. ~max {yexL 
J y Z 

j 

[c. I(y-I-z.)-C. I(y-z.)) P.(z.)~u. I(I)}. 
J+ J J+ J J J J+ 

The reorder point is found in a similar way; it is the largest integer 
such that the total cost of ordering up to the optimal amount Sj is less 
than the total cost of not ordering. Expressed mathematically 

or 

S. :; max 
J x~S 

j 

• max 
xSiS. 

J 

z ~ 0 
j 

5." max 
J xSS. 

J 

{
x: for x units of stock on hand, the total cost of 
ordering up to Sj is less than the total costs of 
not ordering) 

{ X, r.~(S.-x)u. 1(1) + ex L C. 1(5.- z.)P.(z.) 
J J J+ z.~O J+ J J J J 

J 

C. I(X-Z .)P.(z .)} 
J • J J J 

{X, r. +(5 ._x)u . 1(1)~ex [ 
J J J. z.~o 

J 

[c . I(x-z . ) 
J' J 

-c. 1(5.-Z .) ] 
J , J J 

P.(z.)} • 
J J 

This model assumes that both the reorder and units costs are incurred 
in the same period in which the order is placed. 

II one wants the unit costs to be paid in the following period, then the 
problem of "paying later" is equivalent to ''paying now" if the unit 
price in "paying later" is increased by II 6: 'I. Either problem has 
the same reorder points, stock control levels , and total costs. 
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APPENDIX IV 

COMPUTATION OF PROGRAM COSTS 

In comparing the total expected costs of two inventory policies de
signed to meet the same demand distribution, it is interesting to 
see wby the total coats differ. The total expected cost is itemized 
into the following components: An initial order and purchase cost, 
the total expected holding cost, the total expected shortage penalty. 
the total expected reordering costs and the total expected cost of 
units purchased. To obtain these totals, it is necessary to obtain 
these costa for each year. (If the interest rate is not zero, the 
yearly costs muat be discounted back to the beginning of the program). 

To find the above expectations, the probabilities p . . of starting the 
i th year with j units of stock on hand must be deteifuined for each 
year in the program, and for all possible stock positions. 

We now describe an iterative procedure for finding these proabili 
ties Pi·' For the dynamic programming policy, the first year stock 
control level minimizes the total expected cost. Hence, we 
arbitrarily start both policies at their :.;:espective first year stock 
control levels. Suppose we can describe our inventory policy by a 
stock control level, 5., and a reorder point, R., in every ith year. 

1 1 

By assumption 

{
l'ifjO:S l P Ii • 
0, otherwise 

Let ~(j) be the probability that the demand is j units in the i
th 

year. 

Then 

{
ql (51-i) for i" 51 

0, otherwise 

Now, suppose we have determined Pij for the years 1·, •• . ,i. 
we can start the {i.,. l)st year with j units of stock on hand in 
following ways: 

Now, 
the 
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i) 

ii) 

Therefore 

if the i th year began with k~ max (j. ~ ... l) units of 
stock-an-band, and the demand in the i th year was 

k - j, or 

the i th year began with k!: ~ units of stock-on.hand, 

and the demand was S.-j. , 

L Pik'li(k-j)'" 
k;: max (j. R. "'" I) , 

For the i th year, the different expected costs are as follows: 

The expected holding cost is 

The expected shortage cost is 

j p .. ; 
'J 

j + L k'l;(k») 
k~O 

where 2:: k~{k) is just the average demand in 
k!!:O 

th 
.th 

e 1 year; 

The expected reorder cost is 

p .. i and 
'J 

The expected cost of units purchased is 
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The total itemized costs are obtained by discounting and summing 
the special yearly costs. 

The computation of the expected shortage cost may be simplified by 
noticing that for n ~ o. 

L (k-n-l)<I;(k) ~ L (k-n)<I;(k) - I q;(k), 
k2n .... l k~n k~n .... l 

i. e ., the conditional expected shortage in the i
th 

year, given a 
starting stock position n .. I, is just the conditional expected shortage, 
given n, minus the tail of the demand distribution from n + 1 to the 
end. 

Sometimes the inventory policy cannot be described by a stock control 
level , Si. and a reorder point, ~. in every i th year. Ii the demand 
distribution is bimodal, or the unit price varies with the size of the 
order. the stock control level may vary with the amount of stock-on. 
hand. A stock control level lunction 5 i ("i), Si(xi)~~' now describes 
the inventory policy for every i th year, where Xi is the stock-on..hand 
at the beginning of the i th year. 

If we know the pr.obabilities of stock positions for the i
th 

year, then 
the probabilities of stock positions in the (i ... l)st year are: 

Pi+l,j =L Pik<tJSi{k}-j), where the summation is taken over all 

k 

possible stock positions, k, and 

<I;. (z) c { probability of demand 

0, otherwise. 

of z in i th year. if z=:O 

Similar changes would have to be made in the costing procedure for 
this more general type of inventory policy. 
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