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L 4. U MM 131 covers the solution of problems of this type 

wiinVr: ̂  uum.rato, »d ^ 
i„ machine desi3nin3. Howeve,. it is often <desired to obtain the CO -

man f.action which corresponds to a decimal equivalent whenat kno 
that the numerator and denominator are comparatively email Such 
oases occur in connection with distribution of orl-well income, royalties. 

and the like. 

Operations: Decimals: Upper Dial 0. Middle Dial 5, Keyboard Dial S. Use any 

Marchant model. 

— 2ZX&?. JS 

or 33333 increase Upper Dial respectively to 10. 5, 4, or 3 times 
reading. The numerator of the desired fraction then appears in Midd 

Dial; the denominator appears in Upper Dial. 

Example A; What common fraction has the decimal equivalent .53846? 

reads "13". 
The desired common fraction is 7/13. 

Example B; What common fraction has the decimal equivalent .5625? 

121 " ™ jdonX 

multiplying by 12, (or on D mod^y bulld 'nS %^ 
reads 16). at which point the Middle Dial reads 9.00000. 

The desired common fraction is 9/16. 

Submitted by: 
W. H. Miller, Houston. Texas. 

MARCHANT CALCULATING MACHINE COMPANY 
PRINTED IN u. 8. A. 
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fflARCHANT—s»t*§— fflETHODS 

DIRECT INTERPOLATION AND SUB-TABULATION 
(IF FOURTH DIFFERENCES DO NOT EXCEED lOUO) 

EXPLANATORY APPENDIX TO MARC1IANT METHOD MM-189 

A NOTE ON OBTAINING 4TH DIFFERENCES 
FOR USE WITH "COMRIE THROW—BACK"• IN EXAMPLE IV 

R e f e r e n c e ,  w a s  m a d e  i n  t h e  s e c o n d  p a r a g r a p h  o f  t h e  " R e m a r k s "  s e c t i o n ,  P a g e  i ,  o f  M a r -
c h a n t  M e t h o d  M M - i 8 g ,  t o  t h e  f a c t  t h a t  i n  s u b — t a b u l a t i o n  i t  i s  n o t  n e c e s s a r y  t o  o b t a i n  
t h i r d  a n d  f o u r t h  d i f f e r e n c e s ,  e x c e p t  a t  i n f r e q u e n t  i n t e r v a l s ,  a n d  t h e n  o n l y  i n  o r d e r  
t o  o b t a i n  t h e i r  g e n e r a l  r a n g e  a s  a  g u i d e  t o t h e  s e l e c t i o n  o f  m e t h o d  o r .  a s  a  m e a n s  o f  
o b t a i n i n g  t h e  4 t h  d i f f e r e n c e  c o r r e c t i o n  o f  E x a m p l e  I V .  

Inasmuch as  a  4 th  d i f fe rence  must  be  known before  the"4 th  d i f fe rence  cor rec t ion"  can  
be  de te rmined ,  i t  might  appear  tha t  the  s ta tement  i s  incons is ten t ,  because  obvious ly  
4 th  d i f fe rences  wi l l  normal ly  vary  somewhat  f rom in te rva l  to  in te rva l .  

Actua l ly ,  however ,  inord inary  comput ing  p rac t ice ,  i t  wi l l  be  found  tha t  the  4 th  d i f ­
fe rence  cor rec t ion  genera l ly  can  be  ob ta ined  wi thout  the  necess i ty  of  comple te ly  t ab­
u la t ing  the  3rd  and  4 t h  di f fe rences .  This  i s  because  the  l a rge  major i ty  of  func t ions  
which  a re  tabula ted  to  the  number  o f  p laces  used  in  ord inary  comput ing ,  -  ra re ly  more  
than  7  p laces  -  wi l l  have  no  grea t  var ia t ion  in  4 t h  di f fe rences ;  tha t  i s  to  say ,  a  
smal l  5 t h  di f fe rence .  

By fo l lowing  the  procedure  be low,  the  tabula t ion  of  4 t h  di f fe rences  for  every  in te r ­
va l  may usua l ly  be  avoided .  

A p lan  tha t  does  th i s  i s  to  ob ta in  4 th  d i f fe rences  a t  about  every  f i f th  or  t en th  in ­
te rva l  and  observe  the i r  t rend ,  p lo t t ing  them graphica l ly  and  ob ta in ing  the  4 t h  di f ­
fe rences  for  the  in te rmedia te  in te rva ls  f rom the  curve  so  drawn.  

This  wil l  o rd inar i ly  g ive  qu i te  as  accura te  a  4 t h  di f fe rence  as  would  ac tua l  d i f fe r ­
enc ing  a t  each  in te rva l ,  because  the  graphica l  method  e l imina tes  the  e r ror  forced  in ­
to  the  4 t h  di f fe rence  due  to  rounding  up  of  the  r igh t -hand  d ig i t  of  the  tabula ted  
func t ion .  Such  round-ups  can  a f fec t  the  r igh t—hand d ig i t  o f  the  4 t h  di f fe rence  by  as  
much as  g .  

In  cons ider ing  the  prec is ion  of  th i s  approximat ion ,  i t  i s  to  be  noted  tha t  in  the  
computa t ion  of  the  in te rpola tes  only  "0 .184  x  4 t h  di f fe rence"  i s  used .  This  i s  addi ­
t iona l  jus t i f ica t ion  for  the  procedure  of  e l imina t ing  4 t h  di f fe renc ing  for  every  in ­
te rva l  when the  work  fa l l s  wi th in  the  c lass  of  Example  IV.  

MAR CHANT CALCULATING MACHINE COMPANY OAKLAND. CALIFORNIA 
PRINTED IN U.  8 .  A.  
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M A T H E M A T I C S  

R e v r - s e d  F e b . ,  1 9 4 2  

mfllKHAIIT -•**- mCTMODS 
TO RAISE A DECIMAL FRACTION TO AN ODD POWER 

R E M A R K S :  T h e  i n t e r e s t i n g  m e t h o d  s u b m i t t e d  h e r e i n  w a s  d e v e l o p e d  b y  M i s s  
E m i l y  T .  H a n n a n .  I t  i s  m a d e  a v a i l a b l e  t o  o t h e r  c o m p u t e r s  b y  
c o u r t e s y  o f  t h e  c o m p a n y  b y  w h i c h  s h e  i s  e m p l o y e d ,  w h i c h  h a s  r e ­
q u e s t e d  t h a t  i t s  n a m e  b e  w i t h h e l d .  T h o u g h  t h e  m e t h o d  i s  s i m ­
p l e ,  i t  e x e m p l i f i e s  a  u n i q u e  M a r c h a n t  o p e r a t i o n ;  v i z . ,  t h e  e n ­
t r y  o f  a  m u l t i p l i e r ,  a  p o r t i o n  o f  w h i c h  i s  n e g a t i v e ,  a n d  a  
p o r t i o n  p o s i t i v e .  M a r c h a n t  i s  t h e  o n l y  c a l c u l a t o r  t h a t  p e r ­
m i t s  a u t o m a t i c  m u l t i p l i c a t i o n  o f  t h i s  t y p e .  

E X A M P L E :  To f ind .9754 .285714 

O P E R A T I O N S :  Decimals;  Upper  Dial  7 ,  Middle  Dial  13,  Keyboard Dial  o« Use 
any model  of  Marchant .  I f  id models  are  used,  have Upper  Green 
Shif t  Key depressed.  

(1)  Set  up in  Keyboard Dial  the exponent  ( .285714)  ar id* with carr iage 
in  8th posi t ion,  reverse  mult iply by the absolute  value of  the 
character is t ic  (-1)  and then mult iply by the decimal  port ion 
(mantissa)  of  the logari thm of  .9754 ( .9891828) .  

Mantissa  of  logari thm of  .9754- 2 8 5 7 1 4  ( .99(39094)  appears  
in  Middle  Dial  a t  r ight  of  decimal .  

Character is t ic  of  logari thm is  indicated by the f igure a t  
lef t  of  Middle  Dial  decimal .  In  this  case,  i t  is  "9",  the 
character is t ic  i s  thus l . ,andthe ent i re  logari thm is  thus 
1.9969094.  

N O T E :  I f  f i g u r e  a t  l e f t  o f  M i d d l e  D i a l  d e c i m a l  i s 8 ,  7 ,  e t c . ,  
t h e  c h a r a c t e r i s t i c  i s  c o r r e s p o n d i n g l y  3 ,  3 ,  e t c .  

( 2 )  A table  of  logari thms shows that  the amount  which has  logari thm of  
1.9969094 is  .99291.  

Funct ion 

.09754 ' 2 8 5 7 1 4  

•00009754 .2& 5 7 1 4  

OTHER SAMPLE CALCULATIONS 

Log of  Whole No.  Log of  Funct ion Funct ion 

2.9891828 1.7111954 .514275 

5.9891828 2.8540534 .071458 

S u b m i t t e d  b v •  

E. V. Lawrence,  

A l b a n y ,  N .  Y .  

MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
P R I N T E D  I N  U .  S .  A .  
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REMARKS: 

E X A M P L E :  

O P E R A T I O N S :  

MILNE METHOD OF STEP-BY-STEP INTEGRATION OF ORDINARY 

DIFFERENTIAL EQUATIONS WHEN STARTING VALUES ARE KNOWN 

i  
T h e  M i l n e  M e t h o d  i s  h i g h l y  r e g a r d e d  b e c a u s e  i t  u s e s  t a b u l a r  v a l u e s  i n s t e a d  o f  

snIlTreZ'rf V?" A' aslsocxaUd Steffcnsen integration formulas have 
s m a l l  r e p e a t e d  c o e f f i c i e n t s  w h i c h  r e a d i l y  l e n d  t h e m s e l v e s  t o  t h e  p r e p a r a t i o n  
m e  t h o l  /  f a c t o r s  f o r  u s e  t n  c o n n e c t i o n  w i t h  a n y  p a r t i c u l a r  p r o b l e m .  T h e  
m e t h o d  a l s o  p r o v i d e s  m e a n s  f o r  e s t i m a t i n g  t h e  e r r o r ,  p r o v i d e d  t h e .  o r d e r  o f  

f f e r e n c e s .  t h a t  t e n d  t o  d i s a p p e a r  i s  k n o w n .  T h e  e x a m p l e  c o m p u t e d  h e r e i n  i s  
e  s a m e  a s  t h e  d i f f e r e n t i a l  e q u a t i o n  t h a t . w a s  c h o s e n  f o r  c o m p a r i n g  p r o c e s s e s  

l e t i n V o °  > T s 0 "  " U m e , r i C a l  ^ t e g r a t i o n ,  R a t i o n a l  R e s e a r c h  C o u n c i l  ( B u i -
e n c l  I  t h 9 V '  S ™ 1 " *  6 ;  ^  s u M a » t » a i J y  l a r g e  h i g h e r  o r d e r s  o f  d i f f e r -
W i r e d  T h e  U S \ ° 1  r '  V t n t e r m e d T a t e  f ^ m s  o f  t h e  M i l n e  M e t h o d  i s  r e -
u* h A AZA exempt if i cation of the method, which is suitable for 
u s e  w h e n  4 t h  d i f f e r e n c e s  t e n d  t o  d i s a p p e a r ,  i s  d e s c r i b e d  i n  t h e  a p p e n d e d  < • * -
p l a n a t o r y  N o t e s , - w h i c h  a l s o  d i s c u s s  o t h e r  p e r t i n e n t  m a t t e r s .  

' I  h o u g h  t h i s  c o m p u t a t i o n  a p p e a r s  f o r m i d a b l e  i n  r e v i e w ,  i t  i s  a c t u a l l y  e x t r e m e l y  

f o r  t h e  p u r p o  f  S . C h e m a U c .  d l a ? r « ™  ™ r k  s h e e t s  h a v e ,  b e e n  d e v e l o p e d  
P u r p o s e  o f  r e d u c i n g  t h e  c o m p u t a t i o n  t o  s i m p l e  s y s t e m a t i c  p r o c e d u r e .  

Integrate  dy/dx  -  -xy from x  = 0 .5  to  x  =  1 < 0 ,  wi th  in i t ia l  value  y =  1 „l .on  
x  = 0 ,  and with  s tart ing  values  as  fo l lows?  1  

dy/dx  *  u a  -xy  
0  
0 . 1  
0 . 2  
0,3  
0 .4  
0.0 

y -5  

y -3  
y- 2  

y-i 
y o 

1.000 000 00 
0.905 012 48 
0 .980 198 07 
0 .955 997 48 
0 .92.9  110 95 
0 .882 490 90 

- 5  
i  

J -3  
' - 2  
i  -1  

-0 .000  000 00  
-0 .099 50. i  25  
-0 .190 039 73 
-0 .280 799 24 
-0 .309 240 54 
-0 .441 248 15 

l\lrTAh0d °A 0btaininS above "starting values" or determining how many 
s tart ing  values  are  needed in  any case  i s  beyond the  scope  of  th is  method.  

>e  subject  i s  br ie f ly  touched upon in  the  Explanatory  Notes .  

The  comput ing  p lan for  th is  example  comprises  the  use  of  the  r . - term "open-
,  y P. :  ormula  for  integrat ing  ahead and the  5- term "closed-type" formula  for  
back-checks ,  wi th  a  f inal  ref inement  o f  the  ent ire  group of f ive  values  by  
use  of  the  n- term "closed-type" formula .  

Dec imals )  Upper  Dia l  8 ,  Middle  Dia l  1 6 ,  Keyboard Dia l  8 .  Use  any Jo-eo lumn 
M model  wi th  Upper  Green Shi f t  Key down.  

( 1 )  Compute  the  factor ,  that  are  ,»  the  three  r ight  row of  the  Upper  and Lo.er  Arrays  
v ! V V „  I f includi  a -  0  to  a  -0 .0 ,  set t ing  up e .eh  
value  of  u  from the  example  and mult ip ly ing  i t  success ive ly  by  11  14  2 ( i  

32 ,  and 12  insofar  as  the  arrays  show that  i t  i s  necessary  to  use  the  fac-
t C T;!  [ ° r  e X a m p l e '  j t  l s  n o t  necessary  to  mult ip ly  u  ( ( >, o g g  5 0 i  a 6 )  b v  a n y  

mult ip l ier  except  "11" ( for  the  s ingle  entry  in  the  upper  array) .  

( o v e r )  COPYRIGHT i9 4 2  
MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 

PRINTED IN U.  S .  A.  
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COMPUTING TRIAL VALUES OF Ry" AND »u» 

(2) The first step in obtaining the trial value of y for x = 0.6 (y+1) is to integrate 
u from u c to u+, by using its values from u to u„ inclusive (not using 
the end values of and u+l). This is done by summing the factors of the 
upper array diagonally, as indicated by the line with the arrows; thus, the 
sum of these "u" functions, as per formula at upper left of section "0.6" 

Work Sheet (Page 6) is 1.094 513 75 " 2.744 556 22 4 7.456 780 24 ~ 5,169 
451 56 + 1,853 732 35 — 5.191 019 16, which appears in Middle Dial. It is 
negative as all of the u»s are negative. 

(3) Transfer the Middle Dial amount to Keyboard Dial, clear Middle Dial and multiply 
by Length Factor (.03). 

Increment in y from x = q to x = 0,6 (0.164 730 57), which is also nega­
tive, appears in Middle Dial. 

(4) Transfer the Middle Dial amount (0.164 730 57) to Keyboard Dial, clear Middle Dial, 
and subtract. Set up y ̂  (1.000 000 00) and add. 

Trial Value y (0.835 26!) 43) appears in Middle Dial. Copy to Work Sheet 
(Page 6). 

(5) Next, proceed with the calculation of dy/dx when x = 0,6 from its equation, both 
the y and x being known. In this case, the value of dy/dx = u is obtained 
by multiplying the known "y" by the known "x" (-0.6); thus, Transfer Middle 
Dial amount (0.835 269 43) from Middle Dial to Keyboard Dial, clear Upper 
Dial and multiply by "0.6." 

Trial Value u, (0.501 161 66) appears in Middle Dial. Copy to Work Sheet 
(Page 0)• 

(6) Transfer the Middle Dial amount (0.501 161 66) to Keyboard Dial and multiply by 11. 

Copy Trial Value u (0.501 161 66) to Work Sheet (Page 6) and to the 
Lower Array of Factor Sheet (Page 5). 

Copy Middle Dial amount (3.508 131 62) to Lower Array of Factor Sheet. 

COMPUTING CHECK VALUE OF "y" AND "u» 

(7) The first step in obtaining the Check Value of y+1 is to integrate u from u_ to 
u , using these values as well as those that are in-between. This is done 
by summing the factors of the Lower Array diagonally, as indicated by the 
line with the arrows; thus, the sum of these "u" functions as per formula at 
lower left of section "O.G" of Work Sheet (Page 6) is 1.372 278 11 4 9.177 
575 68 4- 4.430 958 48 4- 14.119 950 40 4- 3.508 131 62 = 32.G08 894 29, which 
is negative. 

( 8 )  Move Upper Dial decimal from 3 to 9 and Keyboard Dial decimal from 3 to 7, set up 
reciprocal of the common multiplier (225) and divide. 

Increment in y from x = 0.3 to x = 0.6 inclusive (0,144 928 842) appears 
In Upper Dial, which enter in Work Sheet (Page 6) as negative. 

( g )  Move Middle Dial decimal to 17 and Keyboard Dial decimal to s> set up y (0.980 
198 07) in Keyboard Dial, depress Add Bar, and then depress Subtract Bar. 
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( 1 0 )  Set up "1» in nth column of Keyboard Dial and reverse multiply by Upper Dial amount, 

except use rounded figure of "2'' In 2nd dial instead of »19» as appears in 
2nd and 1st dials. 

Check value of y+1 (0.835 270 25) appears in Middle Dial. 
Upper Dial shows all ciphers, or all 91s, in every dial, except 1st dial 
will show effect of rounding. Copy to Work Sheet. 

CORRECTING THE CHECK VALUE 

( 1 1 )  The Check Value is usually more nearly correct than the Trial Value, because it is 
obtained as an integration of only four "sections" (0.3 to 0.0), using five 
"ordinates," The difference Sy between the Trial and Check Values is ob­
tained and given such sign that when it. is added to the Check Value their sum 
equals the Trial Value (see Explanatory Notes); thus, 

0.835 270 25 - 0.835 200 43 = 0.000 000 82 recorded as negative. 

( 1 2 )  For the conditions of this example (see Explanatory Notes) the Check Value should 

be corrected by £y/35 '«= -0.000 000 02, reducing y+i to 0.835 270 23. 

(13) Substitution in the formula for dy/dx is then made (in this case multiplying 0.835 
270 23 -X - 0.0, producing the Check Value of u+1 - 0,501 102 1-1, which is 
entered in the Upper Array of the Factor Sheet. The value previously entered 
in the Lower Array is corrected, as shown, arid again multiplied by 11, 14, 
end 20, to produce the corrected factor in the "11" column and also the values 

in the other columns. The Lower Array is, likewise, completed by mult.lpl ying 
by 7, 32, and 12. 

( 1 4 )  The above cycle from Steps 2 to 13 is repeated for the remaining values, dropping 
off values "at the top" as new ones are obtained at the bottom, all as per 
Work Sheet (Page 5). 

In preparing this Work Sheet, it Is found convenient to reproduce the 
formulas used, as shown, and to place the symbol number that identifies 
the term in the Factor Arrays directly below each term. This provides 
"pattern" of calculating that serves to clarify and expedite the pro-a 

cess. 

The checked y's are tabulated below; 

X y 

0.6 0.835 270 23 
0.7 0.782 704 55 

O
 

•
 

cc
 

0.726 149 06 
0.9 0.666 976 83 
1.0 0.606 530 69 

FINAL REFINEMENT OF VALUES 

By the preceding process, there has been obtained the first group of five values beyond 
the starting values. Before calling the work complete, however, we may make an overall 

check by using the 9—term closed formula for integrating the differential "u" in the eight 
sections from x= 0.2 to x a L.o inclusive, thus 

(over) 



MM-2i6 
Page 4  

x 

0,2  -0 ,106  030  73  0801 
• 0 .3  0 .286  700  24  5888  
0 .4 .  0 .309  210  54  —928 
0 .5  o ,  m  248 45  10196/  
0 .0  0 ,501  102  11  -4540 
0 .7  0 ,547  803  19  1 0196  
0 .8  0 .586  010  25  -028  
0 .9  0 .600  270  15  5888 
1 .0  0 ,000  530  00  Wj 

i s  .000  000  01  l ess  than  the  prev ious ly  found 

•13241.86039 X P . ->  
28350 

•0  ,  3  7  3  6(58  02  
which  added  toy  for  x  
p roduces  new y  fo r  x  
o f  0 ,006  530  65 ,  

0,2 
1,0 

a lue ,  the  amount  be ing  the  accumula-
t ion  of  in tegra ted  d i f fe rences  tha t  occur red  dur ing  the  ca lcu la t ion  of  these  va lues ,  L 'he  
d i f fe rence  of  " i "  should  be  d i s t r ibu ted  among these  5  va lues  of  y ,  as  be low,  and  new "n"  
ca lcu la ted .  

Dis t r ibu ted  Sew "y"  New "u"  

0 .6  0 .S35  270  23  
.7  .782  704  55  
.8  .720  140  06  
,y  ,060  976  83  

1 ,0  ,600  530  60  

•  ,S  
-1.6 
•2 .4  
-3 .2 
-4 ,0  

0 ,835  270  22  
,78-  701  53  
,720  149  04  
,666  076  80  
,606  530  65  

-0 .501  102  13 
-0 ,547  803  17  
-0 ,580  010  23  
-0 .000  270  12  
—0,606  530  65  

These  row va lues  of  "u"  should  be  subs t i tu ted  in  the  - - te rm formula ,  above ,  bu t  to  avoid  
repe t i t ion ,  on ly  the  e f fec t  of  the  d i f fe rence  in  u t s ,  as  found  above ,  and  those  shown on  
the  upper  par t  of  Page  f » ,  i s  c a l c u l a t e d ,  thus  ob ta in ing  a  f ina l  re f inement  of  y  •5  

x  

0 .0  
,7  
.8  
.0  

1 . 0  

Difference  in  "u"  

+ ,000  000  t i l  •4516  
I (MOO 

5888 
080 

15?  

28350 
+.UOO 000 01  

/ 

This  increase  in  "y  "  i s ,  l ikewise ,  an  accumula t ion  of  in tegra ted  d i f fe rences  through,  
ou t  5  te rms ,  so  i t  i s  d i s t r ibu ted  as  fo l lows!  

0.6 
0.7  
0 ,8  
0.0 
1.0 

Correc t ion  of  
y  ( rounded)  

,000 000 00 
0 
1  
1 

,000 000 01 

Pina l  "y"  

0 .83u  270  22  
.782  704  53  
.720  140  05  
.006  970  S i  
,006  030  ££> 

I f  addi t iona l  va lues  beyond x  -  1.6  were  to  be  ob ta ined ,  a  new co lumn of  va lues  of  u  cnr .  
responding  to  the  '  ;  1  s  of  y  would  be  ob ta ined  in  the  cus tomary  way.  
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FACTOR SHEET MILNE-STEFFENSEN 5 POINT (6 ORDINATE) FORMULA 

FOR INTEGRATION BY STEP-BY-STEP METHOD 

ORIGINAL CALCULATION: h = o.l 

un 

0 

O.l 

0 . 2  

0.3 

0.4 

0.5 

0 . 6  

0.7 

0 . 8  

0.9 

1.0 

BACR 

u -5 

u -4 

-3 

u 
- 2  

u -1 

u. +1  

u + 2 

u +-3 

u +-4 

U  + 5 

u = -xy 

0.000 000 00 

-0.099 501 25 

-0.196 039 73 

-0.286 799 24 

-0.369 246 54 

-0.441 248 45 

-0.501 162 14 

-0.547 893 19 

-0.580 919 25 

-0.600 279 15 

-0.606 530 69 

-CHECK CALCULATION: h=0.1 

u 

0 . 2  

0.3 

0.4 

0.5 

0.6 

0.7 

0 . 8  

0.9 

1 . 0  

u 
-3 

u 
- 2  

U -1 

U ,  

u 

u 

u 

+1 

42 

43 

u 

u 

+4 

45 

u = 

-0.196 

-0 .286 

-0.369 

-0.441 

-0.501 

-0.547 

-0.580 

-0 .600 

-0 .606 

-xy 

039 73 

799 24 

246 54 

248 45 
2 14 

161-66-
3 19 -

892~»: 
9 2d -

918—42-
9.15 -

278-24 
30 69 

g o n rf a KJJS*.7 rr 

Length Factor: 3 h/10 = .03 

—  C o l u m n  M u l t i p l i e r s  —  

11 -14 26 

1.094 513 75 

2.156 437 03 

3.154 791 64 

4.061 711 94 

4.853 732 95 

5.512 783 54 

6.026 825 09 

6.390 111 75 

6.603 070 65 

2.744 556 22. 

4.015 189 36 

5.169 451 56' 

6.177 478 30 

7.016 269 96 

7.670 504 66 

8.132 869 50 

7.456 780 24 

9.600 410 04 

11.472 459 70 

13.030 215 64 

14.245 222 94 

Length Facto: 2 h/45 = 1/225 
—  C o l u m n  M u l t i p l i e r s  —  

32 

9.177 575 68 

11.815 889 28 

14.119 950 40 

3.508 133^-62-^-^16.037 188 48 
52 33 —v 

3.835 247-57- W 17 532 582 08 
* 34 75 —\ 

4.066 428 04 ^ 18.589 416 00 
•• 54 05 -v 

4.201 947 47 *->-19.208 932 80 

4.245 708 18 

12 

1.372 278 11 

2.007 594 68 

2.584 725 78 

3.088 739 15 
• 4 98 

4.430 958 48 

5.294 981 40 

6.013 945 68 

6.574 718 28 

6.971 031 00 

( o v e r )  
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EXPLANATORY NOTES 

The diagram 
relates to 
a typical 
function, 
not to the 
one used in 

the example. 

Curve of"y" 
u = Judx + OM 

Curve of"u"= — ̂  
dx j 

D 

i B' 

-5 -4 

V" h 4*' 

-3 -2 

4*' h 

-/ 

•4- •h 
+/ 
—i 

PRINCIPLE OF STEP-BY-STEP SOLUTION OF DIFFERENTIAL EQUATIONS: Let it be assumed that in 
the case of any given ordinary differential equation of first order dy/dx = u = f (x,y) , 
the values of y and u are known for several "starting" values of x at equally spaced in­
tervals (x_ ~ v 

5 >  x - 4  -j- —H. *0) • Assume that these values are plotted as the solid curved 
lines of the diagram in which AEB represents the known values of dy/dx, and MN repre­
sents the corresponding known values of y when the initial value is OM. From the rela­
tionship shown, it is apparent that the area OABCO is a measure of the increment in y 
(PN) above the initial value MO, ot^NC; that is to say, any point on the curve MN cor­
responding to any value of x may be obtained by measuring the area" ̂  %he differential 
curve up to that value of x and adding the result so obtained to the initial value of v. 
OM. 

If, now, we have means of determining the area OAB'C'O, when given only the solid-line 
curve AEB, it is apparent that the area so obtained is likewise a measure of the incre­
ment in y, P'N', which when added to the initial value OM would give a new y correspon­
ding to a point x+1« By substituting the new y, so found, in the given differential equa­
tion, x of course being known, the new value of dy/dx = u, or the point B' becomes known. 

The cycle is now complete, and by like means we can compute other values at the right of 
NN' and BB', thus continuing the solution to any desired point. 

The crux of the solution rests, of course, in the determination of the area OAB'C'O when 
given only the values of u from A to B. The process is essentially one of extrapolation, 
and various ways exist for performing this "extension." It is obvious that errors made 
in computing the first extension steps are cumulative, just as if one were constructing 
a cantelever bridge, so any process, to be successful, must have means of reducing these 
errors to a minimum. Also, if possible, it must provide over-all checks to correct a 
series of values so that the completed structure will have dy/dx = u for every value of 
x and y. 

TRIAL COMPUTATION OF THE MILNE METHOD: The area OAB'C'O is obtained by using only the or-
dinates of the curve AB at points such as x_4, x_3, x_2, x_x and xQ, for example, which 
values are known as they comprise all but one of the assumed starting values. If these values 

(ove r) 
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of u are differenced (see Marchant Method MM-100) and it is found that fourth differences 
are negligible, then it would not be necessary to divide the length AB into five sections 
(six ordinates). It would be satisfactory to divide it into three sections (four ordi-
nates); the sections would be larger, and the work would proceed that much faster. If it 
is desired to take account of 7th differences of u (corresponding to 8th differences of 
y), the curve AB should be sectionalized still further into 7 sections (8 ordinates), 
etc. In any case, the number of ordinates should be even, because the accuracy of the 
computation based upon any such even number of ordinates is substantially equal to the 
case if the next higher uneven number of ordinates is used. 

Consideration of the above matters provides a hint for proper choice of interval (h) and 
of the number of ordinates to be used for the solution of any equation. The subject will 
not be further explored here. 

In the example of this method, six starting values are known, corresponding to the solid-
line ordinates of both curves. The area OAB'C'O is then obtained by applying the proper 
Steffensen "open—type" integration formula. In the case diagrammed, the area OAB'C'O, 
spanning seven ordinates, is found by using five of the known ordinates, excluding the 
end ordinates for x, and x _. The formula is: 1 —5 

Area OAB'C' = lenRth OC (nu - 14U -|-26U - 14u -h Uu0) 
20 ^ ^ 

which will be recognized as that which was used in the example, because length OC equals 
Oh and 6 X 0.1/20 = 0.03. 

The general formula for various numbers of terms is given below; 

Coefficients to Central Value Divisor Remainder 
No. of 
Terms 

3 2 -1 3 0.000 
5 11 -14 26 20 0.000 
7 460 —954 2196 -2459 945 0.000 
9 4045 -11690 33340 -55070 67822 9072 0.000 

•(6) 

fa) 
7 

The use of the above coefficients and divisors will be apparent by analogy from what has 
been previously described. The remainder of the '3-term formula contains the expression 

(Xi), which designates the 4th derivative of u (or the 5th derivative of y) with 
respect to x for some value of x (unknown) that is found within the entire length OC . 
This amount makes it possible to determine the maximum error if we know the maximum 4th 
derivative. The actual error, however, may be less than this, and usually is. The com­
puter rarely needs to pay attention to this matter because the Milne Method offers a sim­
plification of this point, as will be later explained. 

The Milne computation of the error is also to be preferred because the above expressions 
for the Remainder apply to the case when the length OC is taken as "l"<. If it has any 
other value, the above Remainder Coefficients must be multiplied by the length raised to 
the r th power, in which "r" equals "no. of terms of formula used, plus 2;" i.e., if the 
length OC is G units long and the 5-term formula is used, the Remainder Coefficient (0. 
000 001 1) is to be multiplied by 67- It therefore equals 0.31. 

We have now obtained the area OAB'C'O which, as stated, is a measure of the increment in 
y. This increment, P'N', added to the initial value OM, gives the new value y^, corres­
ponding to x . It then only remains to substitute the now known y and the known x. in 
the given differential equation and thus obtain u^, or the point B'. 
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; r  ~  F r r ~ ~ ~ »  
valu! ofV in y so found to the value of y.,, thus producing the nexT 

THE MILNE CHECK-BACK: The first refinement of the value of u and v for v •>* „ 

r;• is :zzzr y  zz,r t h g t  
is ooramed by finding the area DEB'C'D of the riiffoi-nn+toi ^ 

tween and including the values y f l n H v -  o  n  ri j . ,  .  '  i ^ l  C U F V 6  b G - "  tween and including the values v J ^ umerentiai curve be-
This could be done by Simpson's n7AZZ°btalned to • 
this example because it would not UKe intf.4"VZ ML™'!."0"" SUffl" f<"" iz zrzzzz ::r,̂  '"to Tount 5t" aiff~ -example takes into account such 5th differences; thus, 

Are. DEU.C.D = lengthDC. ̂  + ̂  + ̂  + ̂  + ̂  

inasmuch as the length DC. in the example is 4h, the multiplier is 4 X 0.1/D0 = 1/225. 

The general formula for various numbers of terms is given below; 

No, of 
Terms Coefficients to Central Value Divisor 

Remainder 

3 1 4 
5 7 32 12 
7 41 216 27 
9 989 5888 -928 

6 -0.000 35 F<4) £Xi) 
90 -0.000 000 52 F<6) rxi) 

272 840 -0.000 000 000 64 F* ®) (Xi) 
\A (in ^ ̂ ̂ _ .. > 

10406 -4540 28350 -0.000 000 000 000 59 F̂ O) (xl) 

whltTmŝ been prevLusirdL̂ rJbed'1̂ ^̂ ^̂ '1 i"1 ** apparent anal°gy from 

when compared ,1th that of the Trial formula,'if used"" ̂ ^"^07 i?:;™n0^T1!,' 
a comparison of coefficients indicates Thi<= i* .u „Z Wethod' ls smaller than 
area with a shorter base line, it bein- A- o/? a etc8* of th f®™"1* integrates an. 
3. 5, and 7 terms respective!^ and hig^'p^s'1 ̂  ^! 

Because the above formula uses the outside ordinates which close the area it i «= h x ' 

The formula for 3 terms will be recognized as Simpson's 1/3 Rule. 

SH^HK?rs'a: «« 
. . . . . . . . „ . . . . . . i T i s ~ • » »  

^ eVldent tHat thG lnte«ral calculated from the open-type formula win 
less than its true value because the Remainder is positive Bv simile n ] 

i s  seen that the closed-type formula produces a value ?h« s ̂r.fLr t^n Its tru^ 
The true value then lies between the values obtained by the 4 forLlas " 

inasmuch as in most cases the differences of any order and the derivatives of the same 

exceptions Zt\\vaM^^Jhr̂ rvaVueT î̂ J 

(over)  
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than  iden t ica l ,  because  the  two 5—t e rm formulas  do- to t  use  a l l  of  the  Ident ica l  l ive  te rms ,  
^^mt  i f  these  ad jacent  d i f fe rences  shof t ld  be  of  oppos i te  s igns  we would  know tha t  they  

would  be  subs tan t ia l ly  non-exis ten t  because  of  the  assumpt ion  tha t  seventh  d i f fe rences  
tend  to  vanish) .  

The  above  reasoning  has  been  appl ied  to  the  case  where  the  d i f fe rence  tha t  cont ro ls  the  
e r ror  ( in  th i s  case ,  the  c>th)  i s  pos i t ive .  By s imi la r  reasoning ,  i t  wi l l  be  seen  tha t  
the  t rue  va lue  of  the  in tegra l  l i es  be tween  i t s  lopen  type"  and  "c losed  type '  •"  va lues  when 
the  d i f fe rence  tha t  cont ro ls  the  e r ror  i s  nogat .  ive ,  and  a l so  tha t  th i s  genera l  conc lus ion  
appl ies  to  any  of  the  formulas ,  p rovided  tha t  the  n  •+* 2  d i f fe rence  of  any  n  te rm formula  
i s  assumed to  vanish .  

By re fe rence  to  the  or ig ina l  expans ion  f rom which  the  remainders  were  computed ,  Mi lne  de­
ve lops  the  fo l lowing  conc lus ion  for  the  amount  o f  the  e r ror ,  the  s ign  of  which  becomes  
known when i t  i s  remembered  tha t  the  e r ror  must  be  such  as  to  modi fy  the  va lue  of  the  
in tegra l  when ob ta ined  by  the  c losed- type  formula  so  the  t rue  va lue  comes  be tween  i t  and  
the  va lue  when ob ta ined  by  the  open- type  formula .  

Under  the  assumpt ions  g iven ,  the  t rue  va lue  d i f fe rs  f rom the  va lue  as  ob ta ined  by  
the  c losed—typo formula  by  the  fo l lowing  f rac t ion  of  the  d i f fe rence  be tween  the  
va lues  ob ta ined  by  the  open- type  and  c losed—type  formulas :  3 - te rm,  1 / 2 0 ;  5 - te rm,  
1 /355  7- te rm,  i / 4 4 ;  p- te rm,  1 / 5 4 .  The s ign  of  th i s  d i f fe rence  i s  such  as  to  make  
the  t rue  va lue  l i e  be tween  the  c losed- type  and  open- type  va lues .  

In  apply ing  the  above  pr inc ip le ,  I t  i s  to  be  remembered ' tha t  the  cor rec t ion  i s  to  be  ap­
p l ied  to  the  va lue  ob ta ined  by  the  c losed- te rm formula .  

Somet imes  examples  a re  found in  tex ts  in  which  the  t rue  va lue  does  no t  l i e  be tween  the  
open—term and  c losed- te rm va lues ,  bu t  i f  these  be  examined ,  i t  wi l l  be  found  tha t  h igher  
o rders  of  d i f fe rences  ex is t  than  permi t ted  by  the  above  assumpt ion .  Inasmuch as  the  
choice  of  the  number  o f  s to r t ing  te r rns  o f  the  so lu t ion  and  of  the  in te rva l  a re  usua l ly  

uch  tha t  d i f fe rences  of  u  subs tan t ia l ly  vanish ,  as  ou t l ined  above ,  i t  i s  seen  tha t  the  
l ine  Error  Check  i s  as  sound,  as  i t  i s  easy  to  apply .  

PPLICATION TO DIFFERENTIAL EQUATION'S  OF HIGHER ORDER,  ETC:  Sys tems  of  d i f fe ren t ia l  
qua t ions  of  the  f i r s t  order  may a l so  be  so lved  by  th i s  method .  Each  equa t ion  i s  so lved  
ndependent ly  for  i t s  s tep  in  y ,  bu t  these  y  va lues  a re  subs t i tu ted  in  the  s imul taneous  

equa t ions  to  g ive  new va lue  of  u  fo r  each  equa t ion .  

Di f fe ren t ia l  equa t ions  of  h igher  order  or  sys tems  thereof  a re  reduc ib le  to  a  sys tem of  
equa t ions  of  the  f i r s t  order  which  i s  then  so lvable ,  as  above  ou t l ined .  Mi lne  has  de­
ve loped  spec ia l  means  o f  so lv ing  second order  equa t ions  in  which  f i r s t  der iva t ives  a re  
absent .  

REFERENCES:  The  fo l lowing  l i s t  wi l l  be  o f  ass i s tance  to  those  who wish  to  s tudy  th i s  
subjec t  fu r ther :  

iv .  E .  Ai i lne ,  n u m e r i c a l  I n t e g r a t  i o n  o f  O r d i n a r y  D i f f e r e n t i a l  E q u a t i o n s ,  
Am. Math .  Mo.  33 :  455-460  (1026) .  

V\ .  E .  Ai i lne ,  O n  t h e  n u m e r i c a l  I n t e g r a t i o n  o f  C e r t a i n  D i f f e r e n t i a l  E q u a t i o n s  
o f  t h e  S e c o n d  O r d e r ,  Am. Math .  Mo.  40 :  322-327  (1033) .  

Nat iona l  Research  Counci l ,  No.  02 ,  N u m e r i c a l  I n t e g r a t i o n  o f  D i f f e r e n t i a l  
Equat ions  (Repor t  o f  A.  A.  Bennet t ,  W.  E .  Mi lne ,  11 .  Ba teman)  (1033) ,  

J .  F .  S te f fensen ,  In terpola t ion ,  p.  158-150 ,  170-177 ,  Wi l l iams  & Wi lk ins  Co.  
(1927) .  

J .  L .  Scarborough,  N u m e r i c a l l l a t h e m a t i c a l  A n a l y s i s ,  P.  280-282 ,  The  Johns  
Hopkins  Press ,  Bal t imore  (1030) .  
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mARCHflnT HMfts- mETHODS 
INVERSE CURVILINEAR INTERPOLATION 

SHORT METHOD IN WHICH CONSTANT 2ND DIFFERENCES ARE ASSUMED 

REMARKS: This method is an adaptation to the Marchant of the Comrie Process which is 
described in the British Nautical Almanac for 1937. It is very satisfactory 
for. inverse interpolation in the ordinary table which usually has tabulated 
values s 0 close together that differences greater than the second canbe ig­
nored. The method requires the use of a pre-calculated table of B" (dnQ + 
d"1), or that slide-rule be used for this auxiliary calculation. 

A supplemental Note Provides information as to the size of 3rd difference 
that maybe ignored without its affecting the last place of the interpolate 
by more than £. 

EXAMPLE: In the following table find "x" which corresponds to y = 0.984 63? 2* Dif­
ferences are also shown which were computed as per Marchant Method MM—100. 

X y d'  d"i  

1 .0  0 .993 377 5  
-65 787 (d' .p  

0
 .
 

CM 0.986 798 8  (V + 436 (d" 0 )  (V 
-65 351 (d' t )  

3 .0  0 .980 263 7  < f l>  +  433 (d" A )  < f l>  
-64 918 <d'u) 

4.0  0 .973 771 9  ( f 2 )  
<d'u) 

OPERATIONS: Decimals; Upper Dial 7, Middle Dial 14, Keyboard Dial 7. Use any Marchant 
model (As Model "D" is very suitable for this work, the problem is exempli­
fied on Model ACR-8 D). As this is a decreasing function, set Manual Coun­
ter Control toward the operator. If it were increasing, it would be away 
from operator. 

(1) Set up (fQ) (0.986 798 8) in Keyboard Die! Lnd, with carriage in 8th position, de­
press Add Bar, 

(2) Set up (d1p (0.006 535 1) and touch Short-Cut Bar once. 

(f^ (0.980 263 7) appears in Middle Dial as proof. 

(•3) Depress X Bar once and clear Upper Dial. 

(f.J (0.986 798 8) is restored in Middle Dial. 

(4) Shift to 7th position and hold down Short-Cut Bar until Middle Dial amount falls 
just below (fx) (0.984 637 2)> and then tap X Bar once. 

Left figure of approximate interval ratio "n" (0.3) appears in Upper Dial. 

(5) Shift to 6th position and hold down Short-Cut Bar until Middle Dial amount falls 
just below (fx) (0.984 637 2), and then tap X Bar once. 

Left figures of approximate interval ratio "n" (0.33) appear in Upper 
Dial. Middle Dial shows "0.984 642 217" but the amount need not be se­
parately noted. 

MABOUMT CALCULATING MACHINE COMPANY OATLAND, CALIFORNIA (over) 
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(6) Consult Chart of Bessellian Coefficients (see Marchant Method MM-189) and note that 
for n = O.33 the coefficient *Bn is 0.055 for Direct Interpolation. How­
ever, for inverse interpolation the s tgn is f. The approximate correction 
to be applied is + 0.055 X <436 + 433) = 47.8, which value is obtained from 
pre-calculated table of B" (d"<0 + d"^) or by slide rule. This amount (47.8), 
being positive, is added to yx to produce the desired corrected Middle Dial 
reading; thus, 0.984 637 2 + 0.000 004 78 = 0.984 641 98. 

(j) By suitable shifts and use of X and Short-Cut Bars, adjust Upper Dial reading un­
til Middle Dial reads as close as possible to the above amount (0.984 641 
98), using only one more figure than contained in d'. 

Approximate "n" (0.330 036) appears in Upper Dial and "0.984 641 981.«" 
appears in Middle Dial. 

It is now necessary to note whether this alteration of "n" from its approx­
imate value of 0.33 will alter the amount in Step 6. In this case it does 
not. If it aid so, it would be necessary to revise the correction of 47.8 
and slightly alter the Upper Dial reading to reflect the effect of this re­
vision upon the Middle Dial reading. 

The desired x is 2.330 04 

No more places can be taken in the change of x (0.330 04) than occur in d' 
and if the latter begins with 1, 2, or 3, take one less. There will still 
be an uncertainty in the final figure, because of rounding and possibly also 
because of the existence of the 3rd difference which was disregarded (See 
Note below). 

CHECK 

Using Marchant Method MM-189, Example Ila, we have: 

f„ 0.986 798 8 
0.330 04 X (-.006 535 1) -.002 156 8 

0.984 642 0 
-0.055 X (0.000 086 9) -.000 004 8 

0.984 637 2 = 

NOTE 

The fact that the tabular values are rounded prec ludes taking more figures in 

than exist in d'. However, it is advisable to check to see now large the 3rd dif­

ference can be before it affects the interpolate. Inasmuch as the method applies 

to the Bessel formula, the following relation holds, assuming that the function 

tabulated is the usual sort with progressively smaller differences of higher order. 

60 d' , 
d 1'' should not exceed 

10 

in which "a" is the number of figures taken in the change of argument "n". 

In this case "n" is taken to 5 figures, hence d'>' will affect the value only if 
it is greater than 

60 X 0.006 535 1 
^ — ,ooo 003 9 

10 

It is actually 1 / 1 3  of this, so it does not affect the amount. If we could depend 
upon the tabulated values as being exact instead of rounded, the change of argu­

ment could be t aken to 6  figures; i.e., 0 . 3 3 0  0 3 6 .  

/ 0x4 7 
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to ARCH ANT METHODS ™ 
THE BIRGE-VIETA METHOD 

of 

FINDING REAL ROOTS OF RATIONAL INTEGRAL FUNCTION 

Few realize the extent that classical mathematical methods have evolved under 

the control of the "parameter" (to use a mathematician's word) that pencil-

and-paper shall be used in the calculations required by such methods. If the 

modern calculating machine had been available to the mathematicians of the 

Renaissance, it is possible that even such a familiar tool as the Briggs Log­

arithm might not have been developed. Certainly the art would have Progressed 

along far different lines if from the start there had been available a machine 

that could multiply or divide as raPidly as one could enter amounts in a key­
board. ' 

The disclosure herein is an interesting example of how an early method, which 

was discarded because it involved so much numerical computation that was "unfit 

or a Christian," to quote from a writer of that day, has now been found to 
possess decided advantages when compared with methods that displaced it. This 

is because present-day calculating machines remove the drudgery element which 
caused the method to be relegated to the shelf over 200 years ago. 

The method to which we refer was originally proposed by Francis Vieta (isd0-

i6oq). Raymond T. Birge, Ph.D.. Professor of Physics and Chairman of theDe­

partment . University of California, is responsible for re-establishing it as 

a modern computing tool. Dr. Birge has noted that it possessed many advantages 

over the methods that have been developed to take its place (merely because of 
the excessive amount of penc1l-and-paper work that it entailed). 

In applying the Vieta method to the modern calculating machine, Dr. Birse has 

reduced it to simple systematic procedure that permits speedy determination of 
the root under conditions of controlled accuracy. 

USES OF THE BIRGE-VIETA METHOD: The method is ideal for finding a real root of the usual 

algebraic equation when rough approximation of the root is known, particularly 

if the equation is of higher degree than the second. It is also excellent for 

solving transcendental equations (those that involve logarithmic or trigonome­

tric functions in combination with analytic functions), particularly when the 
equations are In such for. that substitutions of odd amounts In the equations 

or in their first derivatives are difficult. Inasmuch as the usual problem of 

inverse curvilinear interpolation is one of finding the root when the value of 

I* & glV6n am°Unt' ltW111 be Seen that the Birge-Vieta method is 
ptedtosuch work, assuming of course that the tabular values are first ex­

pressed as an interpolation Polynomial of degree "n" that fits n 4- 1 equidis­

tant values of such tabulated function (See Marchant Method MM-226). 

In the case of solving equations involving transcendental functions, tabular 

I^valne!' "^1Se' °btalned* An Interpolation Polynomial is then fitted to 
the values and then solved for the desired root. If, however, the equation 

has a simple first derivative and substitution of amounts in the original equa-

f ohtlli : r "" f difficult, the Newton-Raphson Meld 
01 obtaining the root is to be preferred. 

( over) 

MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
PRINTED IN U. S. A. 
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OUTLIME:  

EXAMPLE:  

It is assumed that the reader is familiar with the usual Horner Synthetic Di­
vision process which is described in most College Algebra texts. However, a 
Note is appended which describes this procedure in a way that will enable it 
to be understood by a computer who is not familiar with it. (See top of Page 4). 

An algebraic statement of the sample computation is given. This is followed 
by detailed instructions for performing the work on a Marchant Silent-Speed 
calculator. An Appendix then states the particular advantages of the Birge-
Vieta Method, as compared with methods that are ordinarily used for such work. 

The symbolism of the Horner Method is employed insofar as possible. 

Find correctly to nine figures the real root nearest to x = 1 . 0  of the fol­

lowing equation: 

y  —  g  ( * )  =  x 5  -  X  - 0.2 (true value is 1.044 761 700Q7) 

Assume x = + 1 = P i  as first approximation of the root. 

I Transfer from g (x) 
Transfer factor, P j ^  

to g' 
- 4-1. 

(x - P j ^ )  = g* (x - 1) = g' (u) 
Apply Horner Shift for AQ and A: (See Note A, Page 4). 

Coefficients 
X 5  

1 
x 4  X 3  x 2  x 1  x °  

0 0 0  - 1  - 0 . 2  

1 1 1 1 0  

1 1 1 1 0 —0 .2 A. g  
12 3 4 

1 2 3 4 4 = 

Therefore u — — ~ + 0.05 = x - px 

or X  =  :  -  - ^  =  1. 0  +  0. 0 5  = 1 . 0 5  =P 2» as second approximation. 

It will be noted that the above represents the first steps of an ordinary Horner syn 

thetic division. Only AQ and At need be found. 

II Transfer from g(x) =  g"  ( x  - P2) = g"(x - 1.05) = g"(v)-

It is a characteristic of this method that the calculations need be carried onlx to 
the reliability that the ratio of the next coefficients (in this case, B0 and is 
likely to have. A practical rule is to carry twice as many decimal places in all 
sums and products used in obtaining B0 as there are decimal places in the transfer 
factor. Hence, since 1.05 is the transfer factor, carry BQ calculations to four de­
cimal places. We find, in this problem, three significant figures for B0, and hence 
carry all calculations for B1 to at least three significant figures (it is really 

simpler to carry four and round off to three) . 

We now return to the original coefficients, an essential of the method, and one of 

its best features from the viewpoint of accuracy control. 
p = 1.05 transfer factor. 

Coefficients 

5  
X "  X 4  X 3  X 2  X 1  

x° 

1 0 0 0 - 1 - 0.2 

1.05 1.1025 1.15762 + 1.215501 + 0.226276 

1 1.05 1.1025 1.15762 4 0.2155C1 4- 0.0263 = B 

1.05 2.2050 3.472 4.860 

1 2.10 3.307 4.629 5.075 = Bt 
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By inspection v=-R/Rwinu 
should be correct  to Jwo'signlf lZt  f lgura" ' '  T h" e r°™> h* *>*<> given,  the rat io 

Therefore v  = -  — +0.0263 
B, To7 0.005187 

rounded to -  0.0052 

cL""Lbeg:;:eBa T^ZITJIT ». -iculatlons were suffl-
B /B t  is  correct ly calculated to t .o  s lg^fUant ' f lSJes^l^ " f  '0  " e  S U r e  t h a t  

two Ciphers with which i t  s tar ts) .  '  a d d l t ion to the 

Therefore x  = p2  ~~ = 1.05 -  0.0052 =1.0448 = p ? ,  as  second 
approximation.  

Transfer  from g(x) to g "  '  ( x  -  p3)  =  g . .  .  ( x  _  1 > 0 4 4 8 )  =  g .  .  .  ( w )  

P3  — 1.0448 transfer  factor  

As before,  s ince there are four decimal places in v = -  B /B or in n f h  

t ransfer factor, we carry eight decimal places in getting C ° Ue., closet'o mVcT TCh Th ^n~k e y  c a l c u lator ,  so for  s implici ty the ful l  ten-key capacity is  ut i l -
2 6  " from t h e  C 0  r esult ,  carry only s ix signif icant  f igures in computing C .  

x1  Yo X* 
0  0 o -  ^ 
1 , 0 4 4 8  1 , 0 9 1  6 0 7  0 4  1-1*0 511 035. 1- 1 ,191 605 929.  + oiaQO 189 874,  
1.0448 1.091 607 04 1.140 511 035.  + 0.191 605 929,  + 0.000 189 875 = C. 

—1,04:4:8 2.183 21  ̂ 3.421 53 ?  -f  4 .766 41,  

2.0896 3.274 82 4.562 04 4.958 02 =C1  

There wil l  be four ciphers in C/C,,  therefore carry f ive or  s ix signif icant  f igures.  
P 

Therefore ±1*111® _ -  „.0 0 0  0 3 8  2 9 6  6 <  

f ive l° f°U r  s l«n l f l"n t  f l8""s.  However,  we retain as this  is  to be the f inal  approximation.  

co _ 
~ P3 "jT -  1-0448 -0.000 038 2965 4  = 1.044 761 7034 6  = p4  

9thSdlglt .S h°U l d b e  a C C U r l t e  t o  n l n e  I t  is  seen that  the errorls0.3 In the 

00rMTUandOD°- tfS ( P , r O C er  ' r a n S f e r  f a o t<"- 1-044 761 703 gives +0.000 ui i j  and _  Cx  (closely enough) =4.958 

Therefore -  D/D^ -  0.000 000 002,  or  p5= p,  -  d/DJ = 1.044 761 700.  

which is  correct  to ten f igures.  

An al ternate continuation process is  to use p4 =  1.044 761 7 as  t ransfer  factor  and 
y ouble multiplication (see Merchant Method MM-85) carry all products to full 20-

( o v e  r )  

Therefore x = 0 =  
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digit capacity of the calculator, thus producing p5 correct to 18 or 19 digits (1.044 
761 700 075 552 795). 

Note that the actual error in p^^ is -0.045, in p2 is-t-0.0052, in p3 is f 0.000 038, 
and in p^ is+0.000 000 003. Thus, each approximation is correct to about double 
the number of digits of its predecessor. This is a characteristic feature of the 
present method. For this reason, p5 should be correct to about 18 digits. 

* 

NOTE A - THE HORNER SHIFT 

For those not familiar with the Horner Shift, the procedure is easily understood by 
reference to the calculation for BQ/on Page 2, with factors manipulated as below: 

Transfer factor p 

x5 x4 x^ x2 x1 
x° 

Coefficients a b c d O f 
of xn pa pm pn po pq 

a m n 0 q r — B 

in which m = b +pa, n = c + pm, o = d + pn, etc. and similarly for the next row that 
produces B.. 

MATHEMATICAL BASIS OF METHOD 

The Birge-Vieta process obtains the value of the function and of its first derivative 
when the approximate roots (the transfer factors) are substituted for "x." That part of 
the process which obtains AQ, BQ, CQ, etc., obtains successively more accurate values of 
the function, and AQ, BQ, and Cc, etc. are these successive values. The step that ob­
tains A1? B1, C., etc., similarly obtains successively more accurate values of the first 
derivative when the transfer factors are substituted for "x." This is done, however, 
not by duplicating the first step with respect to the equation of the first derivative 
of the function but by taking advantage of partial products and sums developed during 
the first step. This makes it unnecessary to set up the equation of the derived func­
tion. 

The successive transfer factors may have the same or different signs. Under some condi­
tions they may alternate in sign. 

COMBINING SUBSTITUTION METHODS WITH THE BIRGE-VIETA PROCESS 

Inasmuch as AQ, BQ, CQ, etc are the values of the function when the transfer factor is 
substituted for "x^andA^ Bi? Cj, etc., are the first derivatives of the function with 
respect to "x" when the transfer factor is likewise substituted for "x," there will be 
cases in which the first two steps of the computation may be more easily done by taking 
advantage of these facts, using a Table of Powers for direct computation of these amounts. 
This plan reserves the Birge-Vieta process for cases in vrhich direct substitution is not 
easy and where the' first derivative also is not easy to compute, which by the premise at 
bottom of Page lis its indicated use, anyway. These conditions usually are met when the 
transfer factor exceeds three figures if a Table of Powers of three-figure amounts is 
available. It is met with two-digit transfer factors if a Table of Powers is not avail­
able, (assuming, of course, tha.t the usual small powers of integers 1 to 9 are known) . 

A readily available table of "First Ten Powers of the Integers from 1 to 1000" is that of 
Works Project for Computation of Mathematical Tables, Table MT-1, Information Section, 
National Bureau of Standards, Washington, D. C.; price 50 cents. 
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aid of a Table of Powereof' th^eLftgiie'tm^L'the '""''""I " ln SUCh f°™ that "ith the 

tltr: ~̂ 1?""- <The tL tiZ' 
"rat noZihaT the^owers^of de'cilis^LeV'^^lrea^nd "0"0n' 
(these are the only powers needed for substituting i ,h -1.8763 and x = 1.2155, 
rivative). substituting in the equation or in its first de-

From this, we have i.055 - 1.05 - 0.2 = 0.0263 = B0 

and its first derivative 

5 x 1.054 - 1 = 5.0775 = B1 

APPLICATION OF THE BIRGE-VIETA METHOD TO THE MARCHANT CALCULATOR 

The skilled computer who prefers to add or subtract mentally, or who wishes to use aux 

fer factor"as a"" afdltlon or subtractlon doubtless would prefer to set up the trans-

d 1 11 .I" thS Keyb°ar<i Mal a"d mUltl"1>' factors as 
alysis' amounts are the" catered on a work sheet exactly as shown in the above an-

Others will wish to perform all additions and subtractions on the Marchant. The detailed 

follows^ °perltl°ns fdr thlS P-ccdure, when applied to the calculation of p.^re ̂  

0PERATI0HS: Decimals: Upper Dial 9, Middle Dial 18, Keyboard Dial 9. Use any 10 coluim 
Model M Marchant with Upper Green Shift Key down. 

Inasmuch as the cosfficisnt of* 1 c in f 1 , o + + ̂  ̂ ^ , OI * is 1-°5 the calculator computation is 
started for development of the x3 column; thus, 

(1) Set up 1.0448 and multiply by transfer factor (1.0448). 

Copy 1.091 607 04 from Middle Dial to x3 column. 

(2) As there is no amount to add to this, the normal adding step is skipped. Shift 
to 10th position, clear Upper and Keyboard Dials, and copy Middle Dial amount 
(1.091 607 04) into Keyboard Dial, clear Middle Dial and multiply bv trans­
fer factor (1.0448). 

Copy 1.140 511 0354 from Middle Dial to x2 column. 

(3) Repeat Step (2) with Keyboard Dial setup of i.i40 5H 035. 

(4) Clear Keyboard Dial, shift to 10th position, set up 1.0, and subtract. 

Copy 0.191 605 9294 from Middle Dial to x1 column. 

(5) Repeat Step (2) with Keyboard Dial setup of 0.191 605 929. 

(6) Clear Keyboard Dial, shift to i0th position, set up 0.2, and subtract. 

Copy CQ (0.000 189 875) to x° column. 

(7) Clear all dials, set up 1.0448, and multiply by 2.0. 

Copy 2.0896 from Middle Dial to x4 column. 

(8) Shift to 10th position, clear Keyboard Dial and transfer Middle Dial amount (2.0896) 
to Keyboard Dial, clear Upper and Middle Dials, and multiply by transfer 
factor (1.0448)• 

(  ove r)  
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(9) Shift to 10th position, clear Keyboard Dial, set up 1.091 607 04, and add. 

Copy 3.274 82 from Middle Dial to x3 column. 

(10) Transfer Middle Dial amount (3.274 82) to Keyboard Dial, clear Upper and Middle 
Dials, and multiply by transfer factor (1.0448) • 

(11) Shift to 10th position, clear Keyboard Dial, set up 1.140 511 035, and add. 

(12) Transfer Middle Dial amount (4.562 04) to Keyboard Dial, clear Upper and Middle 
Dials, and multiply by transfer factor (1.0448) • 

(igj Shift to 10th position, clear Keyboard Dial, set up 0.191 605 929, and add. 

Copy 4.958 03 from Middle Dial as C1. 

(i4) Clear dials, set up CQ (0.000 189 875) and add. 

(xx) Set up Ci (4.958 03) and divide. 

_ w = 0.000 038 296 appears in Upper Dial. 

h6) Clear Middle and Keyboard Dials, shift to 10th position, set up 1.0448, and add. 

(n) Set up 1.0 and reverse multiply by Upper Dial amount that is at right of decimal 
(.000 038 296), reducing it to ciphers. 

Root (1.044 761 704) appears in Middle Dial. 

That the error is "4" in the 10th significant figure, whereas the analysis on Page 3 shows 
it to be "3," comes about because the Marchant does not drop off right-hand figures in 
producing 4.766 41, of Step (12). Slight variations of this sort from the 
to be expected. The root, however, is still accurate to 9 figures, which is 
this stage of the computation is expected to obtain. 

The continuation of the process with transfer factor 1.044 761 704, if it is desired to 
go so far, may be done in the same manner as above. 

Reference is made in the analysis to "double multiplication" with carrying all Products 
to 20 digits. This is assisted by the means mentioned in Marchant Method MM-85, Multi­

plication of Large Factors." 

APPENDIX — ADVANTAGES OF THE BIRGE-VIETA METHOD 

Dr. Birge gives the following reasons why the Vieta process, when adapted to a calculator, 
is to be preferred, as compared with the more commonly used Ruffmi-Horner Method. These 
advantages are in addition to the extra speed of the Vieta process because of there being 

fewer steps. 

(1) One always deals with the same original coefficients (which often contain rela­
tively few significant figures), instead of with constantly new sets of coefficients, 
which inevitably get more complex, as in the R-H method. 

(2) Any error in the calculation affects only the particular transfer being made, and 
can never affect the final result. The same thing is true for the Newton iteration me­
thod, and constitutes the greatest advantage of that method. Thus, due to an error, a 
certain approximation may be poorer than the preceding approximation, but this fact imme­
diately shows up in the next approximation. In other words, p: p2 P3 should constitute 
a series of numbers that rapidly settles down to a constant value, just as x: x2 x? etc. 
in Newton's iteration method (for square roots, etc.) rapidly become constant. 
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But in the R-H method, any error makes the new function incorrect, and since we 
then proceed to get the root of the new function, the final result is necessarily incor­
rect. In other words, any such error carries through to the end. This advantage of the 
Vieta method over the R-H method can scarcely be overemphasized, and should be alone suf­
ficient to make the R-H method completely obsolete. 

(3) In the Vieta method the transfer factors p, p2 etc., are all approximately the 
same size, a^d since the original coefficients are always used (advantage (l) , all cor­
responding products and sums appearing in successive Horner shifts are approximately the 
same. Hence we do not need to figure the position of the decimal point, after the first 
Horner shift has been made. This fact is of great advantage in avoiding errors, and it 

results in much time saved. 

(4) As already stated, one needs to calculate only the first two coefficients of each 
new function, whereas all coefficients must be calculated in the R-H method. 

(5) In calculating these first two coefficients, we do not need, at first, to get the 
various sums and products to the final desired accuracy (as is necessary in the R-H me­

thod) . 
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M A T H E M A T I C S  

A u g . ,  1 Q 4 2  fflARCHAHT —8*1*5- fflETM0ps 
THE BIRGE-VIETA METHOD 

of 

FINDING REAL ROOTS OF RATIONAL INTEGRAL FUNCTION 

P R E F A C E :  F e „  r e a l , z e  t h e  e x t e n t  t h a t  c l a s s , c a l  m a t h e m a t i c a l  m e t h o d s  h a v e  e v o l v e d  u n d e r  
t h e  c o n t r o l  0  t h e  P a r a m e t e r • , t o  u s e  a  i c i a n  
and paper shall  be used ,n the calculat ions required by such methods I f  the 

TetaTssZc t "ad """ maiUiU *° •ethemluc'ans of the 

'hhe7-

P0SS,SS tz: 

T h e  m e t h o d  t o  w h i c h  w e  r e f e r  w a s  o r i g i n a l l y  p r o p o s e d  b v  F r a v r i *  v  +  ,  

jetsSK 
t h e  e x c e s s i v e  a m o u n t  o f  P e n c i l - a n d - P a P e r  w o r k  t h a t  i t  e n t a i l e d )  

pressed as an Interpolation folynowal of degree "n' tjaj ™tH TV 
tant values of such tabulated function (SeeVarchantMethodL226> . 

values are" iVwTVbVTnVT VTT"8 tr—functions, tabular 
the values and then solved for'the desL^root" fitted to 

-n^r r ~zz-oZ;zzz 
of obtaining the root is to be preferred UU' Be"ton-RaI>hs»» <*»U>°d 

( o v e r )  

MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
PRINTED IN U.  S .  A.  
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OUTLINE: 

EXAMPLE: 

,, .. rpa(ier is familiar with the usual Horner Synthetic Di 
It is assumed that the reade 11oo.p Alo-pbra texts. However, a 

ic described in most College Algebra texL&. 

The symbolism of the Horner Method is employed insofar as possible. 

Fi„d correctly to nine figures the real root nearest to * - 1.0 of the fol-

lowing equation: 

y _ g (x) = x5 - x - 0.2 (true value is 1.044 761 700Q7) 

Assume x = + 1 = Px as first approximation of the root. 

Transfer from g <x) to g' ^^ Zr\0^X (See Note 1. Page 4). 
Transfer factor, p. = +1* appiy 

o 9 „1 v U 

Coefficients 
x 
1 

x" 
0 
1 

x-' 
0 
1 

X' 
0 
1 

X 
-1 

1 

X 
-0.2 
0 

1 
1 

1 
2 

1 
3 

0 
4 

-0.2 = A, 

Therefore 

1 

u 

4 = A, 

An - _ -0.2 _ 4- 0.05 = x ~ Pi 
" A .  4  

x = pi _ Aa =1.0+o.05=1.05=P2, assecond approximation. 

4 ivipbirst steps of an ordinary Horner syn-
„ Sill he noted that the ̂ V^'Thl found 
thetic division. Only A0 and l nee 

-  cr" ( X  - P ) = g" (x - t-05) = g" (v) • 
H Transfer from 2 calculatlons need be carried ojOi to 

,t is a characteristic of this method that »®fficlents (1„ thls case, b0 and Bi) is 

the reliability that the ratJ° of' *h tQ carry twlce as many decimal places m a.l 
likely to have. A practical there are decimal places in the transfer 
sums and products used in °fer fact0r, carry B, calculations to four de-

/ factor. Hence, since 1.05 is ' three -significant figures for B , and hence 
cimal places. We find, in significant figures (it is really 
carry all calculations for B, to at leas 
simpler to carry four and round off to three; 

i pfficients an essential of the method, and one of 
We now return to the original coe*£C£ accuracv control. 
its best features from the viewpoint of accur j = transfer factor. 

x w  

Coefficients 1 

x4 

0 

1.05 

x? 

0 
1.1025 

x2 

0 
1.15762 + 

1 1.05 1.1025 1.15762 4-

1.05 2.2050 3.472 

1 2.10 3.307 4.629 

+ 0.226276 

4.860 
5.075 = Bi 
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By inspection v = - B0/B1 will have two ciphers. Therefore, by rule given, the ratio 
should be correct to two significant figures. 

Therefore v = - = - ~l~0,0263 =- 0.005187 
Bx 5.07 

rounded to - 0.0052 

It will be noted that four decimal places carried in the B0 calculations were suffi­
cient to give B0 to three significant figures, as is desired in order tote sure that 
B0/B is correctly calculated to two significant figures (i.e., in addition to the 
two ciphers with which it starts). 

g 
Therefore x = p2 - —= 1.05 - 0.0052 = 1.0448 = P3> as second 

Bi approximation. 

Ill Transfer from g (x) to g' ' ' (x - p^) = g' ' ' (x - 1.0448) == g* * ' (w) 
P3 — 1.0448 transfer factor 

•"£»nc:As before, since there are four decimal places in v = — B Q/B J^ or in p^, the next 
transfer factor, we carry eight decimal places in gettipg CQ, i.e., close to full ca­
pacity of a ten-key calculator, so for simplicity the full ten-key capacity is util­
ized. Then from the C0 result, carry only six significant figures in computing C^. 

x 5 x 4 x 3 x 2  X 1  X° 

00 0 " 1 " °»2 

1.0448 1.091 607 04 1.140 511 0354 1- 1.191 605 9294 + 0.200 189 8746 

1.0448 1.091 607 04 1.140 511 0354 + 0.191 605 9294 + 0.000 189 875 — CQ 

1.0448 2.183 214 3.421 532 + -4.766 419 — 

2.0896 3 .274 82 4 .562 04 4 .958 02 -Cj  

There will be four ciphers in Cp/Ct, therefore carry five or six significant figures. 

Therefore w = - +°-Q00 199 875 = _ 0i000 038 296 ̂  
• . C1 4,958 02 

This ratio should be satisfactory to four significant figures. However, we retain 
five as this is to be the finai approximation. 

Therefore x = p^ — = 1.0448 -0.000 038 296s4— 1.044 761 7034g P4 
c, 
CJ 
:i 

This root should be accurate to nine digits. It is seen that the error is 0.3 in the 

9th digit. 

A continuation of this process with transfer factor 1.044 761 703 gives DQ = -f-0.000 
000 0143 and (closely enough) =4.958 

Therefore - DQA»1= - 0.000 000 002, or p5= p4 - Dq/D1 = 1.044 761 7001 

which is correct to ten figures. 

An alternate continuation process is to use p4= 1.044 761 7 as transfer factor and 
by double multiplication (see Marchant. Method MM-85) carry all products to full 20-

(over)  

• brio') 
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digit capacity of the calculator, thus producing P5 correct to IS or 19 digits (1.044 

761 700 ̂  ̂ 796' • ± ls 0 045 ln p is + 0.0052, in p, lslO.000 038, 
Note that the actual error In p1 is -0. , - ^2 correct to about double 
and in p, is+0.000 000 003. Thus, each approtimatf.ature of the 

the number of digits of its predecessor. ct t0 about 18 digits, 
present method. For this reason, p5 should be correct 

NOTE A - THE HORNER SHIFT 

1- „ o. shift the procedure is easily understood by 
For those not familiar «ith the Horner Sh , factors manipulated as belo«: 
reference to the calculation for BQ/B1 on Pag , 

- -f* a r* 4" /-V Y* Ti Transfer factor p 

Coefficients 
of xn 

5 v4 X X 
a b 

x* 
c 

x2 

d 

x1 

e 

x° 

f 

pa pm pn po pq 

a m n o q r Bo 

c + pm, o = d + pn, etc. 
and similarly for 

produces B^. 

MATHEMATICAL BASIS OF METHOD 

j uc first derivative 

The Birge-Vieta process obtains the value^the ̂ ^bstituted for «x." That part of 
when the approximate roots (the trans e Qbtains successively more accurate values of 
the process which obtains A0, BC0, etc , successive values. The step that ob-

the function, and A0, B0, and 0, successively more accurate values of the f rs 
tains A,, B. , C., etc., similarly obtains > „x>B This is done, however, 

derivative when the transfer factors are su s equation of the first derivative 
not by duplicating the first step with products and sums developed during *. — - - — — 
r—~—~ signs-Dnd-
tions they may alternate in sign. 

COMBINING SUBSTITUTION METHODS WITH THE BIRGE-VIETA PROCESS 

inasmuch as AQ, B0, C0'QtC^e the nrs^derivltive^of the function with 

eases in which the first two ^eps of the comp^ ̂  compUtation of these amounts. 

advantage of these facts, using^a T caSes in which direct substitution is not 
This plan reserves the Birge-Vieta PTOcess to compute, which by the premise at 
easy and where the first derivat ve a * These conditions usually are met when the 
bottom of Page 1 is its indicated use, anyw y.^ ̂  Qf three_figure amounts is 

transfer factor exceeds three figur eactors if a Table of Powers is not avail-
available. It is met with two-digit transfer factoryi ̂  ^ x t<> Q &re ̂  . 
able, (assuming, of course, that the usual small p 

4-V10 Tntp^ers from 1 to 1000" is that of 
A readily available table of "First Ten Powers Table MT-1, Information Section, 
Works Project for Computation of 'rice 5<> cents. 
National Bureau of Standards, Washington, D. C., pr 
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It happens that the example used to illustrate this method is in such form that with the 
aid of a Table of Powers of three-figure amounts the results of the second section may be 
obtained somewhat faster by substitution. (The work of the first section is obviously 
merely a matter of inspection.) 

As an example of this straight substitution, let us apply it to this second section. We 
first note that the powers of 1.05, to four decimals, are x5 = 1.2763 and x4 = 1.2155, 
(these are the only powers needed for substituting in the equation or in its first de­
rivative) . 

.5 > 

and its first derivative 

From this, we have 1.05 - 1.05 - 0.2 = 0.0263 = BQ 

5 x 1.054 - 1 = 5.0775 = Bx 

APPLICATION OF THE BIRGE-VIETA METHOD TO THE MARCHANT CALCULATOR 

The skilled computer who prefers to add or subtract mentally, or who wishes to use aux­
iliary means for such addition or subtraction doubtless would prefer to set up the trans­
fer factor as a constant in the Keyboard Dial and multiply by the various factors as 
needed. The amounts are then entered on a work sheet exactly as shown in the above an­
alysis . 

Others will wish to perform all additions and subtractions on the Marchant. The detailed 
Marchant operations for this procedure, when applied to the calculation of p^, are as 
follows: 

OPERATIONS: Decimals: Upper Dial 9, Middle Dial 18, Keyboard Dial 9. Use any 10 column 
Model M Marchant with Upper Green Shift Key down. 

Inasmuch as the coefficient of x5 is 1.0, the calculator computation is 
started for development of the x3 column; thus, 

(1) Set up 1.0448 and multiply by transfer factor (1.0448)• 

Copy 1.091 607 04 from Middle Dial to x3 column. 

(2) As there is no amount to add to this, the normal adding step is skipped. Shift 
to 10th position, clear Upper and Keyboard Dials, and copy Middle Dial amount 
(1.091 607 04) into Keyboard Dial, clear Middle Dial and multiply by trans­
fer factor (1.0448)• 

Copy 1.140 511 0354 from Middle Dial to x2 column. 

(3) Repeat Step (2) with Keyboard Dial setup of 1.140 511 035. 

(4) Clear Keyboard Dial, shift to 10th position, set up 1.0, and subtract. 

Copy 0.191 605 9294 from Middle Dial to x1 column. 

(5) Repeat Step (2) with Keyboard Dial setup of 0.191 605 929« 

(6) Clear Keyboard Dial, shift to 10th position, set up 0.2, and subtract. 

Copy CQ (0.000 189 875) to x° column. 

(7) Clear all dials, set up 1.0448, and multiply by 2.0. 

Copy 2.0896 from Middle Dial to x4 column. 

(8) Shift to 10th position, clear Keyboard Dial and transfer Middle Dial amount (2.0896) 
to Keyboard Dial, clear Upper and Middle Dials, and multiply by transfer 
factor (1.0448)• (over) 
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( g )  Shift to 10th position, clear Keyboard Dial, set up 1.091 607 04, and add. 

Copy 3.274 82 from Middle Dial to x3 column. 

(io) Transfer Middle Dial amount (3.274 82) to Keyboard Dial, clear Upper and Middle 
Dials, and multiply by transfer factor (1.0448)• 

(n) Shift to 10th position, clear Keyboard Dial, set up 1.140 511 035, and add. 

(12) Transfer Middle Dial amount (4.562 04) to Keyboard Dial, clear Upper and Middle 
Dials, and multiply by transfer factor (1.0448)• 

(15) Shift to 10th position, clear Keyboard Dial, set up 0.191 605 929, and add. 

Copy 4.958 03 from Middle Dial as C^. 

(14) Clear dials, set. up CQ (0.000 189 875) and add. 

(15) Set up C, (4.958 03) and divide. 

- w = 0.000 038 296 appears in Upper Dial. 

(26) Clear Middle and Keyboard Dials, shift to 10th position, set up 1.0448, and add. 

(17) Set up 1.0 and reverse multiply by Upper Dial amount that is at right of de^imaj 

(.000 038 296), reducing it to ciphers. 

Root (1.044 761 704) appears in Middle Dial. 

That the error is "4" in the 10th significant figure, whereas the analysis on Page 3 shows 
it to be "3," comes about because the Marchant does not drop off right-hand figures in 
producing 4.766 41, of Step (12). Slight variations of this sort from the analysis are 
to be expected. The root, however, is still accurate to 9 figures, which is all 

this stage of the computation is expected to obtain. 

The continuation of the process with transfer factor 1.044 761 704, if it is desired to 
go so far, may be done in the same manner as above. 

Reference is made in the analysis to "double multiplication" with carrying all products 
to 20 digits. This is assisted by the means mentioned in Marchant Method MM-85, "Multi­

plication of Large Factors." 

APPENDIX — ADVANTAGES OF THE BIRGE-VIETA METHOD 

Dr. Birge gives the following reasons why the Vieta process, when adapted to a calculator, 
is to be preferred, as compared with the more commonly used Ruffini-Horner Method. These 
advantages are in addition to the extra speed of the Vieta process because of there being 

fewer steps. 

(1) One always deals with the same original coefficients (which often contain rela­
tively few significant figures), instead of with constantly new sets of coefficients, 
which inevitably get more complex, as in the R—H method. 

(2) Any error in the calculation affects only the particular transfer being made, and 
can never affect the final result. The same thing is true for the Newton iteration me­
thod, and constitutes the greatest advantage of that method. Thus, due to an error, a 
certain approximation may be poorer than the preceding approximation, but this fact imme­
diately shows up in the next approximation. In other words, pA p2 p^ should constitute 
a series of numbers that rapidly settles down to a constant value, just as x: x2 x3 etc. 
in Newton's iteration method (for square roots, etc.) rapidly become constant. 
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But in the R-H method, any error makes the new function incorrect, and since we 
then proceed to get the root of the new function, the final result is necessarily incor­
rect. In other words, any such error carries through to the end. This advantage of the 
Vieta method over the R-H method can scarcely he overemphasized, and should he alone suf­
ficient to make the R-H method completely obsolete. 

(3) In the Vieta method the transfer factors p: p2 etc., are all approximately the 
same size, a^d since the original coefficients are always used (advantage (1), aU cor­
responding products and sums appearing in successive Horner shifts are approximately the 
same. Hence we do not need to figure the position of the decimal point, after the first 
Horner shift has been made. This fact is of great advantage in avoiding errors, and it 

results in much time saved. 

(4) As already stated, one needs to calculate only the first two coefficients of each 
new function, whereas all coefficients must be calculated in the R—H method, 

(5) In calculating these first two coefficients, we do not need, at first, to get the 
various sums and products to the final desired accuracy (as is necessaiy in the R—H me 

thod) . 
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APPROXIMATING POLYNOMIAL FROM DIFFERENCE ARRAY (STIRLING METHOD) 

REMARKS: It is often desired to obtain an algebraic expression for a function that is 

determined by the relation that a series of tabulated amounts bears to corres­

ponding values of the independent variable. When values of the latter are 

taken at equidistant points so that an array of differences may be set up. an 

equation m the form of an Approximating Polynomial may be readily obtained. 

If the nth difference of the array is constant, the Approximating Polynomial 

mil represent the function correctly provided differences up to, and inclu­

ding those of the nth order are taken into account. If there are differences 

in the array which are of higher order than those taken into account, the Ap­

proximating Polynomial will approximate the function insofar as it can be done 
by a polynomial of degree "n". 

Obtaining an Approximating Polynomial by means outlined herein provides the 

most rapid method of fitting an equation to non-periodic tabulated data of 

scientific and statistical computations. It is assumed that the data are 

"smoothed"; that is to say, the obvious errors of observation are eliminated 

as is the case when the tabulated values are taken from a curve or determined 

y least-squares methods. If functions appear in periodic form, the Approxi­

mating Polynomial found by the method herein is generally suitable only for 

showing one quarter-period (approximately) of the Periodic function. Fourier 

Series analysis is generally employed for obtaining equations of periodic func-
V I OTIS * 

OUTLINE: The Approximating Polynomial described herein has the form 

(1) y = aQ +• axu + a2u2 +- a3u5 + anu' 

in which the "a" values are coefficients to be determined, and "u" represents 
the independent variable reduced to the initial condition that u = 0 when y = a 
and that the difference between tabulated values of the independent variable" 
in terms of «u«, is "1". For example, in the table showing the relation be-

ai?? y' bel0W' the values of -u- are shown in the middle column assuming 
that the 0 point of «u» is to be at x = 0.3. It is obvious that if an Approxf 
imating Polynomial in the form of (1) is obtained, it is easy to convert it to 

This simple transformation is not dis-
one that shows y as a function of x. 
cussed herein. 

EXAMPLE: Function 

X u y 1st 2nd 

0. -3 1.00000 
-4865 

0.1 -2 0.95135 1547 
-3318 

0.2 -1 0.91817 1248 

0.3 
-2070 (d> _,) 

0.3 0 0.89747 
"" 2 

1049 (d" 

-1021 (d^) 
0.4 +1 0.88726 918 

- 103 
0.5 +2 0.88623 823 

Differences 

3rd 

-299 

-199 (dm_i) 

-131 (d^) 

- 95 

4th 5th 

100 

68 (d™1 0) 

36 

-82 (d*^) 

-32 (dvp 

0.6 +3 
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Using these principles, the coefficients are obtained as follows: 

al = "0.015 455 - (-0.000 275) + (-0.000 Oil) = -0.015 191 
a2 = +0.005 245 - 0.000 028 3 = +0.005 216 7 

•a3 = -0.000 275 - (-0.000 013 33) = -0.000 261 67 

a4 = +0.000 028 33 

a5 = -0.000 002 667 

The Approximating Polynomial, accordingly, is 

(7) y = 0.89747 - 0.015191u + 0.0052167u2 - 0.00026167u3 + 0.000028333^ - 0.000002667u5 

To show how closely this approximates the tabulated function, when u varies from 
-3 to +3, its values are computed to six places. 

X u y Computed to 6 places Tabulated y 6th place 
0 -3 1.000 000 1.000 00 0 
0.1 -2 0.951 351 .951 35 1 
0.2 -1 0.918 170 .918 17 0 
0.3 0 
0.4 +1 0.887 260 .887 26 0 
0.5 +2 0.886 229 .886 23 1 
0.6 +3 0.893 429 .893 43 1 

MARCHANT CALCULATOR APPLICATION 

No exemplification of the details ofMarchant application to this work is given 
because it embodies the simplest of calculator manipulation. Because work of 
this sort is usually infrequently done and because some of the factors of equa­
tions (2) to (6) inclusive are repetitions or bear simple numerical ratios to 
others, it is usually advisable to evaluate each factor individually, copying 
the amounts to work sheet and summing them afterwards. For these reasons, the 
accumulation of partial products is not recommended, though this procedure 
should undoubtedly be followed if there is a great volume of the work to be done. 

In nearly all cases, except where it is desired to obtain an empirical formula 
(see below), it is usually satisfactory to use the function in terms of "u"; 
thus, for direct interpolation and related work the "x" is converted to the cor­
responding "u" before applying the formula, and in cases of inverse interpola­
tion and the like, the "x" is obtained after the "u" has been found. 

APPROXIMATION OF FUNCTIONS BY POLYNOMIALS 

Polynomials of the type considered herein for the representation of a tabulated 
function have not been given the consideration in mathematical literature that 
their importance warrants. It is believed that this is due to the usual com­
paratively laborious process of setting them up by solving systems of linear 
equations, which has long been the conventional method of converting n tabu­
lated values into a power series of degree n. Now that it is recognized that 
they are much more easily obtained from their difference arrays, more and more 
uses are certain to be found for them. 

One principal use of these polynomials is to provide means of handling compli­
cated analytical or transcendental functions in which substitution is difficult 
owing to the complexity of the terms. Equidistant values are established, suf­
ficient to determine the Approximation Polynomial. A few intermediate values 
are obtained for a later check of the error. The Polynomial is then used in 

(over) 
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Note- The following article is reproduced for inclusion in the Marchant-Method 
series because it describes the proper computing procedure for obtain,ng the P™b 
Frmr or Standard Deviation of a function when the Probable Errors or Stand 
Deviations of its elements are known. Functions that differ from the ordinary 
formula-type as shown herein, are handled according to tlx principles used in this 
tZTleXt care must be taken in applying them Information wiI be given to 

cover such rases if we are supplied with the tyffe of functions involved 
Marchant Calculating Machine Company 

HOW MANY FIGURES FOR THE ANSWER? 
Business figures usually involve money and consequently must be exact to ''nearest 

_i. " w/.iU scientific figures, on the other hand, it is sometimes not so simple to 
e p essThe degree of accuracy of the result. Unless the Marchanter understands this 
he is at a disadvantage when he tries to present authoritative figure information to 
uf \ Lonc-IU +-U'ic class of work The object of this article is to outline means of 
%£$£££ -1' encountered col. of thisso,,: vi, how should the onswe, 
be written when the Probable Error of each of its factors is known? 

The solution for such cases is somewhat time-consuming. However, because ot the 

be expressed? 3.14159 X 4.9623 X 0.0343_ _ , 

L623 X 3.0502 

SttttZX OTS U below: 

(a) 
Factor 

(U 
(?) 
(3) 
(4) 

4.962 
.0343 

1.623 
3.050 

(b) , 
Probable 
Error ot 

(a) 
.018 
.0012 
.024 
.011 

(c) 
Relative 

P. E. 
(b) - (o) 

.00363 

.03499 

.01479 

.00361 

( d )  
Square 
Col. (c) 

(e) 
(d) x Square 
of Exponents 

All constants are omitted. 

.000117 (mult, by 3") 

.001224 

.000219 
,000052 (mult, by 2s) 

.001612 

.000013 

.001224 

.000219 

.000013 

Total of Col. ( 
Al l  cons iu iu s  U ic  

«.«.«<*-«»,...... 
•LI • LU I' *+c /-,-f N FH7 nnd 0 907 as that it lies outside of these limits. 

Y1̂  a relative Z of the Constant of such 

Standard Deviation, so when one is known the other is easily found. 

Reprinted from MATH-MECHANICS, August, 1942 

MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
PRINTED IN U. 
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12 
13 

1°) 
Factor 

4.962 
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1.623 
3.050 

lbV, Probable 
Error of 

1°) 
.018 
.0012 
.024 
.OH 

(c) 
Relative 

P E -  ,  
lb) -4" 1°) 

00363 
.03499 
.01479 
.00361 

Id) 
Square 
Col. 1c) 

.000013 
.001224 
.000219 
.000013 

Total of Col. le) 

(e) 
(d) * Square 
of Exponents 

000117 (mult, by 3*) 
.001224 

£00052 (mult, by 2!) 

SoTMT 
\ i )  - 050 Total 
141 A,i constants are omitted ^ ̂  0 Q016,2 ar 0.040. 
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REMARKS: 

INVERSE CURVILINEAR INTERPOLATION 

THE COMRIE "TWO-CALCULATOR" METHOD 

Zlt7thi°dA,deSCribeji herein WaS introduced by Dr. L. J. Comrie at the British 
thod A!man7 / ln 1934' AS applied t0 ^ever-set calculators the me­
thod was described in the British Hautical Almanac for i937. The principles 

at govern this method are subject to numerous variations. Practice with the 
method will disclose them to the skilled computer if he will observe the hints 
given m the Motes which follow the description of the method. 

OUTLINE. The Bessel interpolation formula for cases in which 4th differences do not ex­
ceed 1000 may he expressed in the form 

(D f =• f 
n *0 + nd'^ 4 B" (M"0 +M"1)+Bm dm^ 

in which (M"0 +M"J) represents (d»0 + d»1) -0.184 (d»" + d» -.) according to 
the Comrie Throw-Back, as described in Marchant Method MM-189, and with nomen­
clature as described in MM-189a. 

For purposes of inverse interpolation, this formula is put in the form 

(2) FN - B" (M"0 + M"J) - Bm D'^=F0 + ND'^ 

From this, it will be seen that all values are known except "n," B" and B"'. 

Inasmuch as B" and B"'vary according to "n," it is seen that if each side of the 
above equation is evaluated so that they are equal, and if in doing so the B" 
and B"' values of the left-hand side correspond to the "n" of the right-hand 
side, the value of »n" that satisfies this condition will be the desired »n" 
for the inverse interpolation. 

Because of the dependence of B" and B"» upon "n", the former cannot be had un­
til "n" is known. However, if we start with an approximate "n" and apply cor­
responding approximate B» and B'» to the left-hand side, and then revise B» and 
Bm and their consequent effects on the left-hand side to correspond to the ne­
cessary variation of "n" of the right-hand side to produce equality, we are 
able by this converging process to establish a final value of "n" that satis­
fies the conditions stated in the previous paragraph. 

It will be seen in the following example, how this may be done by the use of 
two Marchants, side by side. The left-hand Marchant develops the value of the 
left-hand side of equation (2), and the right-hand Marchant develops the right-
hand side of the equation. The desired "n" appears in the Upper Dial of the 
right-hand Marchant upon completion of the work. 

The exact process of solving the example used herein applies to cases in which 

4th differences do not exceed 1000. If they are greater than this amount, pro­
ceed as in Note E. 

EXAMPLE: Given: the function with differences tabulated as on next page. 

MARCHANT CALCULATING MACHINE COMPANY OAKLAND. CALIFORNIA 
PRINTED IN U. 8. A. 

(over) 



MM—221 
Page 2 

Differences 
1st 2nd 3rd 4th 

0.2 4-0.91817 (f0) 4-1248 (d"0) +100(d""0) 
-2070 (d'i/) -199 (dm^) 

0.3 4-0.89747 (fj) 4-1049 (d'^) 4-68(dwn1) 

M"0 4M" j =0.02297 -(0.184 x 0.00168)= 4-0.02266. 

Find; x when y = 0.91546. As y has 5 places, x will not be obtained to more 

than 5 places at most, or "n" taken to 4 significant figures. Influences that 

do not affect 5th place in "n" will, therefore, be disregarded. 

OPERATIONS:Decimals on each Marchant: Upper Dial 6, Middle Dial 11, Keyboard Dial5^ 
Upper Green Shift Key down on left-hand Marchant (LHM) and Non-Shift Key down 

on right-hand Marchant (RHM) • It is assumed that some form of M model Marchant 

is used, though the method is easily adapted to the D models. Inasmuch as 

values of y decrease as x increases, move Manual Counter Control on RHM toward 

operator. 

(,) On Mil, set up f„(0.91817) In Keyboard Dial and, .1th carriage In 6th position, 

touch Add Bar. Clear Upper Dial. 

(2) 
(n npn7n> in Kevboard Dial and reverse multiply by such two 

°" ̂ rjou^.0;'".in'causeTddle Dial to read as close as possible to f. 

(0.91546) . 

First approx. "n" (0.13) appears in Upper DJftl-

Corresponding approx. f„ (0.916479) 0283 Md B« is+0.0070. 
From curve or table, corresponding B" is -0.0283 and u 

(3) on LHM set up f„(0.91546) and, .1th carriage In 6th position, touch Add Bar. Clear 

Upper Dial. 

,4, On LHM set up d-,(0.00199) and ,multiply by B» <(0.0070, In such =er « .Ill 

form product B* d» ̂ and slmu t.neous y deduc.; « ls re» 

qulred^a^irect^multlpllcation Is made (In case of a .reverse, multiplication 

move Manual Counter Control to.ard the operator). See Note c. 
First approx. f„ - B- V"%(0.91547393) appears In Middle Dial. 

(„ on LHM clear DPPer and Keyboard Dials set up ' ]!£> 

and multiply by B" (0.0263) in d"C idd^*: Dial amount. Inasmuch as M"0+M.i 1S 

plus^MidB^i^minus^ their product is minus so because deduction is required, 

a direct multiplication is made. 

First approx. of left side of Eq. 8(0.916 115 206) appears in Middle Dial. 

• i m,.iHi,iv bv such amount as will show an Upper 

!6J °" SSi reading STr'ee figure's (n, , and Middle Dial reading as close as possi-

ble to that of LHM, as developed in Step 5. 

second approx -n. ̂ appears « 'ulddle Dial. 

Corresponding 10 + na ̂  . anso 
_ i rv AQOQ onH R XS T U • OU OU • 

Corresponding B" is -0.0223 ana t> 



( g )  

o )  

P a g e  3  

111 on rreverse »um-=-r — -
Middle  Dia l  reads  0 .915  979  248 .  

(8)  On RHM, wi thout  c lear ing  any  d ia l s  mul f ln ivw c ,  u  
Dia l  read ing  to  f ive  p lace . ,  ( „ , ' „ fMiddle  Bi^ l  TZSTMIITZ *?  ° fT  
of  LHM as  deve loped  in  S tep  7 .  poss ib le  to  tha t  

Thi rd  approx .  »n '<  (0 .10583)  appears  in  Upper  Dia l .  

CO"-™ B! i s" -  ^ ,0237^and^B" '^ l s >  + 7™ """*  M U * 

on rs: ™ 
Middle  Dia l  reads  0 .916  010  972  

On RHM,  w i thout  c lear ing  any  d ia l s ,  ad jus t  Upper  Dia l  bv  r i i r^ t  
p l ica t ion  un t i l  i t  reads  a s  Q C :  d i rec t  or  reverse  mul t i -
S tep  9 .  ° 1 0 "  "  P« s s l »la  to  tha t  of  LHM as  deve loped  in  

czzzz-ci yTUpzvn opper mai-
Corresponding  „«  i s  -  Ld  b-  TSL!"  ° i ' 1 -

1 )  On LHM, wi thout  c lear ing  anv  d i a l s  .Hi i .o t  r r  ,  
t ip l ica t ion  un t i l  i t  reads  the  new B » (0 .0234)?  & 1  b y  d l r 6 C t  ° r  r e v e r s e  ®ul-

Middle  Dia l  reads  0 .916  004  174 .  

o n  TiiuTir opzD i a i  b y d i - a t»™ « l t l .  Step  11 .  a s  c l ° s a  a s  paaa ib ie  to  tha t  of  LHM as  deve loped  in  

Corresponding  ^  « * 
"n"  i s  t . i roS  + % ( ° . 9 1 6  004 159)  appears  in  Middle  Dia l  

n  i s  taken  to  four  p laces  as  n  m/ ic  U l a 1 ,  
peaces  as  0 .1046,*  o r ,  x  =  0 .21046.  s\\pWiL\nLWdbseim?i0at:idyr B",G COBer?oS?e°n?h1eng fron that °f 

however ,  i t  i s  necessary  t o^  whether  Tr  na t  ^  ?! a S  C ° m p l e t e '  
va lue  in  S tep  4  (0 .0070)  t i vc  the .  a l t e ra t ion  of  B m  f rom i t s  

be" Tn7httVh\TC'e TZTlfllel 
cessary  a t  th i s  po in t  to  c lear  f i rme r  «na  »-  v  !  affec ted ,  i t  would  be  ne-
and  mul t ip ly  by  the  d i f fe rence  be tween  the  t  D e a l S  ° f  S G t  U p  ° - 0 0 1 9 9  

c in .1  va lue ,  and  then  proceeda ,^  in  S tep  l 2  of™ fh"  "*?  ^  ̂  4  a " d  i t a  

board  Dia l s  on  LHM ,  s e t  un  n  nppf ie  a  c lear  Upper  and  Key-

las t  B"  used  (0 .0234)  andi t s 'new va lue  foun^af te r  t fT  d l f f e r e n n e  b e tween  the  
RHM mus t  then  be  ad jus ted  to  produce  what  wi l l  d  h t i  6 S 6  a d J u s t m e n t s  a r e  made,  
necess i ty  of  do ing  th i s  grea t ly  s lows  the  d o u b t l ess  be  a  f ina l  "n» .  T h e  

I ty  of  i t s  happening  i t  i s  impor tan t  to  see r < th? t S th°  t 0  p r 6 V e n t  t h e  Poss ib i l -
4  i s  so  c lose  to  the  f ina l  va lue  tha t  no  f , t  fu  o r ig ina l  B m  used  in  S tep  
This  sub jec t  i s  fu l ly  d iscussed  in  Note  C .  a d J u s t ment  of  i t  i s  necessary .  

(  o v e r )  
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M O T E S  

(A) It will be observed that the tabulated function has a rejected 5th difference of 
(Jhh, -dnno =-0.00032. It is important to know if this will affect accuracy of 

"n" by more than £ in 4th place, and if so, how many places may be retained. 

The largest 5th difference that may be retained without its affecting 4th place 

of "n" by more than £ is shown by the following formula: 

500 d g ln which "a" is number, of decimals in "n" not to be affected. 
10 a 

Applying it to this case, we have. 

500 x 0.02070 , .. 
- = 0.0010 absolute value. 

104 

inasmuch as this is greater than the absolute 5th difference of 0.00032, it is 
evident that "n" may be taken to 4 places, or n - 0.1046, or x 0.21046. 

The coefficients of Eq. (3) applying to rejected differences, other than the 

5th, are 
3rd, 60; Mean 4th, 20; Mean 6th, 100. 

(B) According to the conventions of the mathematics of inverse interpolation, it is 
assumed that the values of y are exact; that is to say, their final digits do not 
represent rounded figures. In practice, however, such amounts are rounded and at 
times this fact materially affects the number of figures that may be retained in 
"n". The rule is to take the number of places of the change in x to no more than 
the number of significant figures in the first difference of the y, and if the 
latter begins with 1, 2, or 3 to take one less place. For example, in this case 
there are four significant figures in the d'^ and it begins with 2. The number 
of figures of the change in x that may be taken is, therefore, 3. Inasmuch as the 
change of argument is »n" (0.1046), this may be taken only as 0.105 from which, 
if rounding errors are to be considered, x should not be indicated to more places 

than x = 0.2105. 

(C) The reason that the first multiplication in LHM is by Bm instead of B" is because 
in most cases it is not necessary to make subsequent adjustments of the effect of 
B"' though adjustments of B" are nearly always required. The work is greatly sim­
plified if reasonable assurance is had at this point that no further adjustment 
need be made because of the convergence of Bm to its final value. For example, 
in this case d"' is 0.00199 and Bm is 0.0070 for the first approximation of "n". 
inspection of the Chart of values of B"' shows that a wide variation of "n" (from 
.10* to .20) may be made with a variation of B"" of only 0.001. Inasmuch as such a 
variation would cause only 0.000002 in the adjusted fft in Middle Dial, it will be 
seen that quite wide variation of "n" would not affect fifth place of the adjusted 
f . The computer, therefore, has reasonable assurance that fn will not require 
further adjustment (as referred to in Note at end of Step 12) and, therefore, the 
first approximation of B'" (0.0070) may be used at this step. 

However, if the function has a large third difference so the above relationship 
does not hold, it is better to make an estimate of about what the final Bm is 
likely to be and to use such estimated value as the multiplier in Step 4, rather 
than to use the value which corresponds to the first approximation of "n". Such 
an estimated B"' could be obtained in this case, if desired, as follows: With aid 
of slide rule (M"0 + M"1) is multiplied by first approx B" and found to be about 
-0.00064. By the reasoning stated in Step 5, a modified "n" in RHM may be ob-
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Performing thic " "ot using more than t»n t 1uals about 0.91548 
sho.s TrrJ 'LZT,'? » . V fnt'V" th<S 

; ; 6  -  -  vzrzzx: £r-r 

~:S£rr <* 

4th differences instead of left~hand side of the eauati 
(*", + a-Y • Addltlona! stlrdlfled 2n" Uffe™«- The ^ 
term and its cnh. steps are required on Tmi extra term is b"" X 

- Dound iSrSnSS^J-HJ-- I" " thlS 

This is ilkely tQ qccu °llow the process exactly, owins to !? S°rt U Wl11 

exist in the fnv,. 1 * cases where the x is tn u slow convergence. 
decrease materially fr V'th °r Where the differences of^ many m°re places than 
approximate ^ ^ lower order In OMerS d° »«t 
which the desired x is iP°rtion of the flgures of\£ S»ch ™«es, obtaining an 
a new difference array llT^ZTT^ ̂  *» 

in cases of large 4th differences " ^ ̂  m&y be applied^6 e r,\i*rthrwrns 
°

r th-»» r̂tht.hrf:4rferences -»• -
Details as to thi™ ̂ ^ 

ID tables „f ... a„d "11 ^PUed upon aPpllc.tlon. * -

provides aPpro*imate values. "* "" """*»«> «. chant on nevense side heneof 

» la often convenient to chech the aorh by dinect int 
f = „ , " U* Uirect Interpol, 

* ° asfollo.s 

nd' 'A °* 10463 x (-0.02070) 

8"(M"0 +M»1) = -0.0234 x 0.02266 

B"'d""% = 0.0062 x (-0.00199) 

= 0.91817 

: -0.002166 

-0.000530 

-0.000012 

0.91546 fn ~ 0.91546 
In practice, this check would h 

performed by accumulative multiPlicatlon 
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SIMPLIFIED METHOD OF EXTRACTING CUBE ROOT 

T h e  m e t h o d  d e s c r i b e d  b e l o w  q u i c k l y  o b t a i n s  t h e  C u b e  R o o t  o f  a n y  n u m b e r  t o  f i v e  
s i g n i f i c a n t  f i g u r e s .  T h e r e  i s  a l s o  d e s c r i b e d  a  s i m p l e  m e t h o d  o f  e x t e n d i n g  t h i s  
f i v e - f i g u r e  r o o t  t o  o n e  o f t e n  s i g n i f i c a n t  f i g u r e s .  T h i s ,  l a t t e r  m e t h o d  w a s  o r i g i ­
n a t e d  b y  L . J . C o m r i e ,  P h . D . ,  P r e s i d e n t  a n d  M a n a g i n g  D i r e c t o r  S c i e n t i f i c  C o m p u t i n g  
S e r v i c e  C o . , L t d . ,  L o n d o n ,  » .  C .  I . ,  f o r m e r l y  S u p e r i n t e n d e n t .  H .  M .  N a u t i c a l  A l m a ­
n a c  O f f i c e ,  G r e e n w i c h .  I t  a p p e a r s  i n  t h e  T h i r d  E d i t i o n  o f  B a r l o w ' s  T a b l e s .  

TO OBTAIN A CUBE ROOT TO 5 SIGNIFICANT FIGURES 

Finding Proper Number in Column A 

Column A contains a single sequence of numbers from 100 to 1,000 and the decimal 
place may be set at any desired position in any of these numbers. In finding the 
Cube Root of any given number, the first step is to find in Column A the nearest 

number to the given number, in doing which the decimal place is to be set to cor­

respond to that of the given number. 

Example: For instance, if it is desired to find the Cube Root of 10.1357, the near­
est number in Column A is found in the second line of the table in which it is 

recorded as 102, but is to be used in working the problem as 10.2. 

Decimal Point Determines Selection of Column 1.—2_,—or 3 

If the given number, of which the Cube Root is to be found, has more than three 
figures before the decimal place, it should be divided into groups of three figures 
each by commas, just as is ordinarily done in writing large numbers. If it has no 
figures before the decimal place, the figures after the decimal place should simi­
larly be divided into groups of three by means of commas beginning counting from 
the decimal place. The number of significant figures appearing before the decimal 
ppint, or before the first comma that has significant figures preceding it, deter­
mines whether Column 1, Column 2, or Column 3 is to be used. If there is one fi­
gure before the decimal point or comma, Column 1 is used; it two figures, Column 2; 

and if three figures, Column 3. 

Example: Thus, if the given number is 23,475,260, Column 2 is to be used, while 
if the given number is 0.004,152,27 Column 1 is to be used. 

Calculation of Cube Root to 5 Significant Figures 

To calculate the Cube Root of a given number, add the given number into the Mar-
chant Middle Dial; findinColumn A the nearest number to the given number, set it 
up in the Keyboard Dial and multiply by 2, considering it decimally as described 
above. The number now appearing in the product register is approximately three 
times the given number. Set up on the Keyboard Dial the number appearing in Column 
1, 2 or 3, opposite the number taken from Column A, choosing the proper column as 
outlined above. With the carriage in the proper position with relation to the key­
board setup for performing division, depress the Automatic Division Key, whereupon 
the cube root, correct to at least five significant figures, will appear in the 
Upper Dial. (For locating decimal in root, see Illustrative Example on reverse 
side hereof.) 

EXTENSION OF FIVE-FIGURE ROOT TO ONE OF TEN SIGNIFICANT FIGURES 

Divide the number whose ten-figure root it is desired to obtain by the square of its 

C o p y r i g h t  i g 4 o  ( o v e r )  

MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
PRINTKD IN U. S. A. 
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five-figure root, noting the quotient to ten figures. Add twice the five-figure 

root to this quotient. One third of this sum will be the desired root accurate to 

ten significant figures. 

ILLUSTRATIVE EXAMPLES 

in determining 5-figure roots the decimal point of the root is determined after 

solution, so all calculations should be started with the carriage shifted to 9th 

position on 10-column models and to 7th position on 8-column models. All amounts 

are set up in the Keyboard Dial with left-hand digits in the 8th or 10th position, 

depending upon whether an 8 or 10-column Marchant is used. 

EXAMPRR T: Find Cube Root of 2.865,637: 

With carriage shifted to the extreme right (lacking one), set up in Key­

board Dial 2,865,637 and touch Add Bar. 

Note from Table of Divisors (Column A) that 288 is the :nearest number to 
2865, etc. Set up 288 in Keyboard Dial directly below 286 that is 

Middle Dial and multiply by 2 .(depressing Add Bar and No. 2 Multip er 

Key simultaneously on M Model Marchant). 

Clear Upper and Keyboard Dials (the former on early models only) 

Middle Dial now shows 8625637. 

( c )  Note that 2,865,637. has one digit at left of the first comma, so select 

divisor 6.07272 from Column 1 corresponding to 288 in Column A. Se 
up in the extreme left of Keyboard Dial and divide, stopping division 

after six digits of quotient are formed. 

(d) Inasmuch as 2,865,637. has three groups in front of the decimal, there will 

be three digits of the root in front of the decimal. 

The root correct to five figures is 142.04. 

EXAMPLE II: Find Cube Root of .00094271: 

The number is pointed off with commas thus: .000,942,71. Pr«3ceedsm« above 
setting it up as if it were 942,71. and adding it into the Middle Dial. The 
"nearest" number from Column A is 948, which is then added twice, and as the 

number of significant digits at the left of the first comma which has 

digits preceding it is three, the divisor is taken from Column 3 and is 289,508. 
Since the first'significant digit of the original number is in the second group 
right of the decimal point, the first significant digit of the root is the se­
cond figure at right of the decimal point. The root is therefore .098053. 

KYAMPT.E TTT: Extend the Cube Root of Example 1 to 10 Significant Figures: 

The square of its 5-figure root (142.04) is 20175.3616. Dividing 2,865,637 by 
this amount gives a 10-digit quotient of 142.0364629. Adding to this twice the 
5-figure root (2 x 142.04, or 284.08) gives 426.1164629. Dividing this by 3 

produces the 10-figure root of 

142.0388210. 

NOTE- In the two divisions of this process the Upper Dial may develop only 9 
digits. In such cases the ioth digit is obtained by reference to the 
"remainder fraction" that appears in the Middle and Keyboard Dials isee 

Marchant Instruction Book, 1942 Edition, Page 38). 
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C U B  E  R O O T  D  I  V  I  S  0  R  S  

A  Col .  1  Col .  2  Col .  3  A Col .  1  Col .  2  Col .  3  

100 3 .00000 13.9248 64.6330 200 4 .76220 22.1042 102.599 
102 3 .03987 14.1098 65.4920 203 4 .80971 22.3247 103.622 
104 3 .07948 14.2937 66.3453 206 4 .85698 22.5441 104.640 
106 3 .11883 14.4763 67.1932 209 4 .90402 22.7624 105.654 
108 3 .15793 14.6579 68.0358 212 4 .95083 22.9797 106.663 

110 3 .19681 14.8383 68.8731 215 4 .99743 23.1960 107.666 
112 3 .23544 15.0176 69.7054 218 5 .04381 23.4113 108.666 
114 3 .27384 15.1959 70.5328 221 5 .08998 23.6256 109.660 
116 3 .31202 15.3731 71.3554 224 5 .13594 23.8389 110.650 
118 3 .34999 15.5493 72.1732 227 5 .18170 24.0513 111.636 

120 3 .38773 15.7244 72.9864 230 5 .22725 24.2627 112.618 
122 3 .42527 15.8987 73.7952 233 5 .27260 24.4733 113.595 
124 3 .46260 16.0720 74.5995 236 5 .31777 24.6829 114.568 
126 3 .49974 16.2443 75.3995 240 5 .37769 24.9610 115.859 
128 3 .53667 16.4158 76.1953 244 5 .43728 25.2376 117.143 

130 3 .57342 16.5863 76.9869 248 5 .49654 25.5127 118.419 
132 3 .60997 16.7560 77.7745 252 5 .55548 25.7863 119.689 
134 3 .64635 16.9248 78.5581 256 5 .61412 26.0584 120.952 
136 3 .68254 17.0928 79.3379 260 5 .67244 26.3292 122.209 
138 3 .71855 17.2600 80.1138 264 5 .73047 26.5985 123.459 

140 3 .75440 17.4264 80.8860 268 5 .78821 26.8665 124.704 
142 3 .79007 17.5919 81.6545 272 5 .84567 27.1332 125.941 
144 3 .82557 17.7567 82.4194 276 5 .90284 27.3985 127.173 
146 3 .86091 17.9208 83.1808 280 5 .95973 27.6626 128.399 
148 3 .89609 18.0841 83.9388 284 6 .01635 27.9255 129.619 

150 3 .93111 18.2466 84.6933 288 6 .07272 28.1870 130.833 
152 3 .96598 18.4085 85.4444 292 6 .12882 28.4474 132.041 
154 4 .00069 18.5696 86.1923 296 6 .18466 28.7067 133.245 
156 4 .03526 18.7300 86.9370 300 6 .24025 28.9647 134.442 
158 4 .06967 18.8897 87.6784 304 6 .29560 29.2216 135.634 

160 4 .10395 19.0488 88.4168 308 6 .35070 29.4773 136.822 
162 4 .13807 19.2072 89.1520 312 6 .40557 29.7320 138.004 
164 4 .17205 19.3650 89.8843 316 6 .46020 29.9856 139.181 
166 4 .20591 19.5221 90.6136 320 6 .51460 30.2381 140.353 
168 4 .23963 19.6786 91.3400 325 6 .58229 30.5523 141.811 

170 4 .27321 19.8345 92.0634 330 6 .64963 30.8649 143.262 
173 4 .32333 20.0671 93.1434 335 6 .71663 31.1759 144.705 
176 4 .37317 20.2985 94.2171 340 6 .78329 31.4853 146.142 
179 4 .42273 20.5285 95.2847 345 6 .84964 31.7932 147.571 
182 4 .47200 20.7572 96.3466 350 6 .91566 32.0996 148.993 
185 4 .52101 20.9847 97.4025 355 6 .98136 32.4046 150.409 
188 4 .56976 21.2109 98.4525 360 7 .04676 32.7082 151.818 
191 4 .61826 21.4360 99.4970 365 7 .11186 33.0103 153.220 
194 4 .66648 21.6598 100.530 370 7 .17666 33.3111 154.616 
197 4 .71446 21.8826 101.570 375 7-24117 33.6105 156.007 

C o p y r i g h t  1 9 4 0 .  M a r c h a n t  C a l c u l a t i n g  M a c h i n e  C o m p a n y ,  O a k l a n d ,  C a l i f o r n i a  
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A Col .  1  Col .  2  Col .  3  

380  7 .30540 33 .9086 157 .390  

386  7 .38208 34 .2646 159 .042  

392  7 .45839 34 .6188 160 .686  

398  7 .53431 34 .9712 162 .322  

404  7 .60984 35 .3217 163 .949  

410  7 .68500 35 .6706 165 .568  
416  7 .75979 36 .0178 167 .180  

422  7 .83423 36 .3633 168 .783  

428  7 .90831 36 .7071 170 .379  

434  7 .98205 37 .0494 171 .968  

440  8 .05545 37 .3901 173 .549  

446  8 .12851 37 .7292 175 .124  
452  8 .20125 38 .0668 176 .691  
458  8 .27367 38 .4030 178 .251  
465  8 .35776 38 .7933 180 .063  

472  8 .44143 39 .1817 181 .865  
479  8 .52468 39 .5681 183 .659  
486  8 .60753 39 .9527 185 .448  
493  8 .68999 40 .3354 187 .220  
500  8 .77206 40 .7163 188 .988  

507  8 .85374 41 .0954 190 .748  
514  8 .93505 41 .4728 192 .500  
521  9 .01598 41 .8485 194 .243  
528  9 .09656 42 .2225 195 .979  
535  9 .17678 42 .5948 197 .708  

342 9.25666 42 .9656 199 .429  
550  9 .34752 43 .3874 201 .386  
558  9 .43794 43 .8071 203 .334  
566  9 .52794 44 .2248 205 .273  
574  9 .61751 44 .6405 207 .203  

582  9 .70666 45 .0543 209 .124  
590  9 .79541 45 .4663 211 .036  
598  9 .88376 45 .8764 212 .939  
606  9 .97171 46 .2846 214 .834  
614  10 .0593 46 .6910 216 .721  

622  10 .1465 47 .0957 218 .599  

i 

« 

Col .  1  Col .  2  Col .  3  

10 .2441 47 .5489 220 .703  
10 .3413 48 .0000 222 .796  
10 .4380 48 .4490 224 .880  
10 .5343 48 .8959 226 .954  
10 .6301 49 .3407 229 .019  

10 .7254 49 .7835 231 .075  
10 .8205 50 .2244 233 .121  
10 .9151 50 .6634 235 .159  
11 .0093 51 .1005 237 .187  
11 .1030 51 .5357 239 .207  

11 .1964 51 .9690 241 .219  
11 .2894 52 .4007 243 .222  
11 .3922 52 .8781 245 .438  
11 .4947 53 .3534 247 .645  
11 .5966 53 .8266 249 .841  

11 .6981 54 .2978 252 .028  
11 .7991 54 .7668 254 .205  
11 .8998 55 .2339 256 .373  
12 .0000 55 .6991 258 .532  
12 .1098 56 .2085 260 .897  

12 .2190 56 .7156 263 .250  
12 .3278 57 .2204 265 .594  
12 .4361 57 .7231 267 .927  
12 .5439 58 .2235 270 .250  
12 .6512 58 .7219 272 .563  

12 .7581 59 .2180 274 .866  
12 .8646 59 .7122 277 .160  
12 .9803 60 .2490 279 .651  
13 .0954 60 .7833 282 .131  
13 .2100 61 .3154 284 .601  

13 .3241 61 .8451 287 .059  
13 .4378 62 .3725 289 .508  
13 .5603 62 .9415 292 .148  
13 .6823 63 .5079 294 .777  
13 .8038 64 .0717 297 .394  

13 .9248 64 .6330 300 .000  

A 

631  
640  
649  
658  
667  

676  
685  
694  
703  
712  

721  
730  
740  
750  
760  

770  
780  
790  
800 
811 

822 
833 
844  
855  
866 

877 
888 
900 
912  
924  

936  
948  
961  
974  
987  

1000 

I  v JL i ,  £ ¥ ^ 4  6  
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Speed 
700 counts 
per minute. 

Speed 
1300 counts 
per minute. 

Capacity 10x11x20. 

Automatic Multiplication, Division, Addi­
tion, and Subtraction. 

Add and Subtract Bars separate from Mul­
tiplying Mechanism. 

Complete Capacity Carry-Over. 

True-Figure Dials for all 3 factors including 
the keyboard factor. 

Instant and Selective Automatic Clear-Tab 
Carriage Tabulation in either direction 
trom any position to any position. 

Speed 
1300 counts 
per minute. 

'alculating Machinf 

REMONT STREET 
>STON, MASS. 

Printed in U. S. A. 

Copyright 1943 Me-chant Calculating Machine Company 

MARCHANT CALCULATING MACHINE COMPANY 
Home Office: Oakland, California, U.S. A. 

Sales Agencies and Manufacturer' s Service Stations Give Service Everywhere 



Operating Advantages of fflflRChflUT#^ Calculators 
DIALS FOR 

ALL 3 
FACTORS 

(Including the 
Keyboard Factor) 

Gives instant straight-line proof of both operator 
set-up and calculator-produced factors. Eliminates 
zig-zag search for hidden keyboard figures. 

SELECTIVE 
AUTOMATIC CLEAR 

CLEAR-TAB-

RETURN 
OF CARRIAGE* 

The carriage automatically re­
turns to the next starting posi­
tion after each division, simul­
taneously clearing dials for the 

CLEARANCTKEYS entry of next amounts. 
After each multiplication, carriage is electrically returned 
to any desired position, with or without simultaneous 
clearance of any or all dials. 
( * )Illustration shows ACT-IOM. Other models somewhat similar. 

CARRIAGE 
POSITION KEYS 

ONE HAND 
KEYBOARD 
CONTROL 

E v e r y  o p e r a t i o n  c o n ­
trolled from this keyboard 
—a II keys conveniently 
grouped for simple operation 

under the fingertips of one 
hand — left as easy as right. 

Reduces hand and finger travel. 

ADD AND 
SUBTRACT BARS 

Separate from Multiplying Mechanism 

(Marchanl needs no repeat key) 

A separate set of adding 
and subtracting bars is 
provided which is wholly 

independent of the multiply­
ing mechanism. No repeat 
keys or levers to pre-set to 

make the bars suitable for 
adding. 

POSITIVE 
ELECTRIC CLEARANCE 

Conveniently grouped 
Clearance Keys permit in­
stant and complete electri­

cal clearance of the key­
board and all dials simulta­

neously or individually — by 
a single one-hand operation 

—with the carriage in any po­
s i t i o n .  P a r t i a l l y  c l e a r e d  d i a l s  

are impossible. 

COMPLETE CAPACITY CARRY-OVER 

All dials active re­
gardless of carriage 
position — no dead 
spot at left of car­
riage — no figures 
dropped. Accuracy 
to the limit by any 
method. 

FLEXIBLE 
SINGLE KEY 
DEPRESSION 

No keys will remain par­
tially depressed. Not more 

than one key can be set in 
the same column. 
Instant Dial-Proof is provided 

for each key as it is set. 

f 

OPTIONAL 2-WAY 
CARRIAGE SHIFT* 

In multiplication, the car­
riage glides in either di­

r e c t i o n  —  a u t o m a t i c a l l y  
controlled by green Direc­
tional Shift Keys. 
Regardless of how the carriage 

is set to shift during multipli­
cation, it always shifts in the 

proper direction during division. 
(*) On ACR-8M and ACT-IOM only. 

AUTOMATIC SIMULTANEOUS MULTIPLICATION* f The extreme ease and simplicity of Marchant multiplication is shown by noting the few 
V things that are necessary to do in order to complete any multiplication. 

TO MULTIPLY: Set one factor in multiple keyboard—(easily checked in Keyboard Dial.) Enter 
other factor in single-row keyboard-(easily checked in Upper Dial.) The Right Answer auto­

matically appears in the Middle Dial—IN A FLASH! 

There is no waiting for multiplication to take place after the two factors are set up Both 
factors and the answer remain in plain sight in straight-line dials upon completion of every 

multiplication. No factor disappears. (*) On ACR-8M and ACT-IOM only. 



mflKCHf l r iT—mETHODS ™SS 
Jan., ig43 

NOGRADY METHOD FDR SOLUTION OF CUBIC EQUATIONS 

REMARKS: ItlTnlTr/TZ""irge-Vieta '«» »*-"!> of a 
cubic (third degree) equation gives the real root that is nearest to the fir,t 

approximation. The work must then be repeated for other real root u in rn r/°mi- sp-'°i ̂  zn%nnt: 
Coin : n'"1 r00tS <" SUCh '1"""-'. "'Ureal oUiZg,„ary ar mi:; °z:nns 

the .orb is greatly sifpUflTt " °' " ""l"d'd U" »<""• 

zz:nmnn znmnnnn nnznnr— 
nnn:;nrn:n z 

roots, as veilas titsfor reZ'n Ur" ""»><« 
comes, is fully covered in the UZ classification any equation 

Possession of tHe reader " "" "'"xd '' " '» 

OUTLINE: The general cubic equation 

(1) ax3 + bx2 4- cx -+- d = o 

where a, b, c, and d are any numbers, is transformed into 

(s) y3 + py + q = Q 

by substituting 

(3) 
3ac - b 

3a2 
= p and 

2b 

27aJ 3a 

be d 
2 + ~ =q 

(2) then becomes 

(4) z5 + nz + n = 0 

by substituting 

(5) J ~ n 
q 

If " tl reH1' Gq" l4) haS &t l6aSt °ne real root" Its value ls tabulated in the 
0/^; yaren°graPh aS Zl* 57 SUbstitutlons not outlined herein, the other roots 

(6) z2 = —- -1 + 
zl " 3 

zl + !/ 

1 
(7) and z. = — -1 -

zi " 3' 

Z! + 1; 

0 T""d Ur th' Solution of Cubic Equations" by Henry A. o„ -
Hichiea"-F°r sau ne >«" * • *  

"ARCHAOT CMXVLATmo OAKLAND, CAUFORNIA 
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When zlf z2, and z3 are found, the corresponding y's are found by multiplying 

the z's by the ratio q/p. 

The corresponding x's are found by subtracting b/3a from the y's. 

The computation is expedited if the follo.ing terms are evaluated in the order 

named: 

3a, 3ac, 3a*, 27.*, ^lisU^ 

thl bettering Of the table value 

of z\ (see Eq. 6) . 

EXAMPLE I 

Find roots to 5 places of x3 + 2x + 10x - 3 0 

By substitutions outlined above 

y3 + 8.66667y - 9.07407 = 0 

and 

z3 + 7.90592Z + 7.90592 = 0 
4. _ _ n Q114.R2 for which the corres 

From Nogrady Table, Page XXIV, the nearest n -7.91146 

ponding root zl is -0.906. 

This value is improved to six figures by the follo.ing process: 

( 8 )  Six-figure value of z^ = 
2z, - n 

3z,2 +• n 

A'OTE: A four-figure value requires only 

linear interpolation except at 

certain extremes of table. 

in .hich z, = -0.906 and n - 7.90592, or Six-figure z, - -0.905950 

from which z, = .45298 + 2.91919 i and z, = .45298 - 2.91919 i 

Multiplying these z's by q/p, we have 

= 0.94854; y 2  = -0.47427 + 3.05642 i; 

Subtracting b/3a, we have 

v = -0.47427 - 3.05642 i 
*3 

X, = 0.28187, x; = 1.14094 + 3.05042 1, X, = 1.14094 - 3.05642 i 

tL latter t.o roots, because of symmetry, are termed Conjugate Complex Roots. 
The symbol "i" indicates "V— 1 • 

n. , R utddie Dial 11, Keyboard Dial 5. Use any Marchant 8 
OPERATIONS:**If "«• model is used, have Opper Oreen Shift Key down. 

The details below apply to Model M. 

NOTE: «.««». «. 



P a g e  3  

(1) Set up in Keyboard Dial "a" (l.00000) and multiply by 3. 

Copy "3a" (3.00000) from Middle Dial to Work Sheet. 

(2) Clear Upper and Keyboard Dials, transfer Middle Dial amount to Keyboard Dial, 
clear Middle Dial, and multiply by "c" (10.00000). 

Copy "Sac" (30.00000) from Middle Dial to Work Sheet. 

(3) Clear Upper and Middle Dials, and multiply by "a" (1.00000). 

Copy "3a2" (3.00000) from Middle Dial to Work Sheet. 

(4) Clear Upper and Keyboard Dials, transfer Middle Dial amount to Keyboard Dial, 
clear Middle Dial, and multiply by "a" (1.00000). 

(5) Clear Upper and Keyboard Dials, transfer Middle Dial amount to Keyboard Dial, 
clear Middle Dial, and multiply by 9. 

Copy "27a3" (27.00000) from Middle Dial to Work Sheet. 

(6) Clear all dials, set up in Keyboard Dial "3ac" (30.00000), shift to 7th position, 
and depress Add Bar. Then depress Subtract Bar, set up "b" (2.00000) in Key­
board Dial, and reverse multiply by "b" (2.00000). 

(7) Change Keyboard Dial to read "3a2" (3.00000), and divide. 

Copy »p" (8.66667) from Upper Dial to Work Sheet. 

(8) Clear all dials, set up in Keyboard Dial "b" (2.00000), and multiply by "c" 
(10.00000). 

Copy "be" (20.00000) from Middle Dial to Work Sheet. 

(9) Clear Upper and Middle Dials and multiply by "b" (2.00000). 

(10) Clear Upper and Keyboard Dials, transfer Middle Dial amount to Keyboard Dial, 
clear Middle Dial, and multiply by "2b" (4.00000) . 

"2b3" (16.00000) appears in Middle Dial, but it need not be copied to Work 
Sheet. 

(11) Change Keyboard Dial to read "27a3" (27.00000) and divide. 

(12) Clear Keyboard and Middle Dials, set up in Keyboard Dial "be" (20.00000), shift 
to 7th position, depress Add Bar and then depress Subtract Bar, change Key­
board Dial to read "3a2" (3.00000), move Manual Counter Control toward the 
operator, and depress Division Key in the manner that will not cause Upper 
Dial to clear. 

(13) Clear Keyboard and Middle Dials, set up in Keyboard Dial "d" (3.00000), shift to 
7th position, depress Add Bar, and then depress Subtract Bar, change Keyboard 
Dial to read "a" (1.00000), and inasmuch as "d" is negative the Manual Coun­
ter Control will be left as it was in Step 12; i.e., toward the operator. De­
press Division Key in the manner that will not cause Upper Dial to clear. 
Move Manual Counter Control away from operator. 

N 0 T E :  : t  w i L l  n o u  b e  o b s e r v e d  t h a t  U p p e r  D i a l  s h o w s  a  n e g a t i v e  a m o u n t .  
T h i s  i s  e v a l u a t e d  a s  a  p o s i t i v e  a m o u n t  a n d  c o p i e d  t o  W o r k  S h e e t  a s  " a "  
(-9.07407). H 

(14) Clear all dials, setup "b" (2.00000), and, with carriage in 7th position, depress 
Add Bar. ^ 

( o v e r )  
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( i 5 )  Change Keyboard Dial  to  read »3a« (3.00000)  and divide.  

Copy Bb/3a" (0.66667)  f rom Upper  Dial  to  Work Sheet .  

( x 6 )  Clear  a l l  dials ,  set  up -q-  (9.07407)  and mult iply by »q" (9 .07407) .  

Copy "q 2"  (82.33875)  f rom Middle  Dial  to  Work Sheet .  

( 1 1 )  Clear  a l l  dials ,  set  up -p-  (8.66667)  and mult iply by -p-  (8 .66667) .  

( 1 8 )  Clear  Upper  and Keyboard Dials ,  t ransfer  Middle  Dial  amount  to  Keyboard Dial ,  
c lear  Middle  Dial ,  and mult iply by "p" (8 .66667) .  

(1 9 )  Change Keyboard Dial  to  read "q 2 « (82 .33875)  and divide.  
Copy "n" (7.90592)  f rom Upper  Dial  to  Work Sheet .  

h o )  From Table  of  Nogrady Roots ,  Page XXIV, the  nearest  -n-  i s  7.911462 for  which 
corresponding root  "z^" i s  -0.906.  

N O T E -  T h e  c o m p u t a t i o n  f o r  i m p r o v i n g  t h i s  r o o t  t o  o . 9 0 5 9 5 0  b y  f o r m u l a  8  i s  
o b v i o u s .  I t  i s  t a k e n  t o  5  p l a c e s  a s  - 0 . 9 0 5 9 5 -

v n-ioi  "n"  (q 07407)  and,  with carr iage in  7th 
C 1"Ll 1 tLn! ,de;reS tsULd nBa^ Change Keyboard D i«l  to  read "0" (8.66667)  and di -

vide.  

( 2 2 )  

Copy "q/p" (1.04701)  f rom Upper  Dial  to  Work Sheet .  

dear  a l l 'd ia ls ,  set  up in  Keyboard Dial  " ' l" 3"  ®^ "" + lUo'oMOW 
7th posi t ion,  depress  Add Bar .  Change Keyboard Dial  to  read z .+ (0.09 
and divide.  

Copy (Zj-^/fZj t l )  or  (-41.53057)  from Upper  Dial  to  Work Sheet .  

Extract  Square Root  of-41.53057 by Marchant  Table  No.56,  producing a  f ive-f igure 
3  root  of  6 .4444 which i s  expressed as  6.4444 i ,  indicat ing that  i t  is  the square 

root  of  a  negat ive number.  

N O T E :  T h i s  s q u a r e  r o o t  m a y  b e  i m p r o v e d ,  i f  d e s i r e d ,  b y  t h e  m e t h o d  o n  t h e  
r e v e r s e  s i d e  o f  T a b l e  N o .  5 6  t o  6 . 4 4 4 4 2  i .  

( 2 4 )  Clear  a l l  dials ,  set  up in  Keyboard Dial  "z /2"  (0.45298)  andmult iply by square 
root  from Step 23 (6.44442)  .  

Copy coeff ic ient  of  i  (2.91919)  f rom Middle  Dial  to  Work Sheet ,  thus com­
plet ing a l l  f igures  from z 2  and z  

, 2„ Clear  a l l  dials ,  set  up in  Keyboard Dial  
(0 .90595)  and the real  and imaginary par ts  of  z 2  and z 3  (0 .45298)  and (2.9 .  
producing „  . .  

y :  (0 .94854);  y 2  ( -0 .47427 + 3.05642 i )  ;  

and y ?  ( -0 .47427 -  3.05642 i ) .  

Clear  a l l  dials .  With carr iage in  7th posi t ion,  set  up y ,  (0.94854)1 ,  and add.  
Set  up "b/3a" (0.66667)  and,  with Non-Shif t  Key down,  reverse  mult iply by 1 .  

x (0.28187)  appears  in  Middle  Dial .  

( 2 7 )  Clear  Middle  Dial  and touch Add Bar .  Set  up the real  par t  of  y 2  and y ?  (0 .47427)  
and add,  thus complet ing values  for  

x 2  (1 .14094 + 3.05642 i )  
x 3  (1 .14094 -  3.05642 i )  

( 2 6 )  



Page 5 
EXAMPLE II 

Find roots  to  5  p laces  of  x 3  -  7x +  6  =  0  

This  i s  in  the  form of  v '  +  nv +  n — n  * i ,  
nee ,  onl y  b e  d o n e  „ l t h  J. ," ,  SSSf . 'Z'V »  

n =  p 3 /q 2  = _ 343/36  =  -9 . 5 2 778.  

From Table ,  nearest  »n» i s  -9 .516913 for  which Z j _ i s  -1 .169 .  
This  va lue  i s  improved by  ( 8 )  to  

z ,  =  j__l - l«169 3 )  +  9 .52778 _  6 .33276 .  
1  .  =  -1 .16667 

3  ( -1 .1690  -  9 .52778 -5 .42810 

q/p  =  6 / -7  =-0 .85714 

V(z 1  -  3 ) / ( z i T ~ l )  -  Y25 =  5  

z 2  = -0 .58333 •  4  =  -2 .33333 

z 3  = -0 .58333 •  -6  =  3 .50000 

X 1 =  y t  = -0 .85714 •  -1 .16667 =  1 .  

x 2 =  ̂ 2 ~  "0.85714 •  -2 .33333 =  2 .  

x 3 — y 3  = -0 .85714 •  3 .50000 =  -3  

2lTllT.nt 0P"atl0nS Sre slmn" ^ose following Step 16 of 



OUTLINE: 

(1)  
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MATHEMATICS 
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REMARKS: 

NOGRADY METHOD TOR SOLUTION OF CUBIC EQUATIONS 

"Wrox,mat ,on.The ueorkmust  then be r ath "  " "  f ' r s t  

>nar,  roots  are found.  Special  s tuds hi  I  U r  o t h e r  r" l  roots .  Ho ,mag-
the problem of obtaining al l  roots  of  sui t  by A ,  „  \  
Complete  euPostUon o/ the method , s  g Z n  Z h l  ""'**< """ *-""r , .  s SW-
Ztzztrtzz tz'tzz-htzZhZ tr-* -
ea root  and.  two conjugate  complex roots  Mod . i l  r °° t s '  o r  h aving one 

real  roots ,  one real  and two n a n  conjugate  c o l l  ™  * °  f i *  C a S £ S  ° f  ' * »  
roots ,  as  wel l  as  tes ts  for  reconniJna* roots ,  and three complex 
comes.  i s  ful ly  covered m the Nogrady monoerathL a S S l f l c a t i o n  any equat ion 
P ssession of  the reader.  °  which ls  assumed to  be in  

The general  cubic equation 
ax ;  bx2  + cx+ d 0 

•»« b. e ,  a„d  d  a ,a  a„y  n u m l e r s ,  l s  t r i n s f o m e a  

Y }  + py + q.= 0 

by substituting 

(3)  3ac 
3a ;  

_ 2b3  be d —  p  a n d  — — — —  4. _ _ „ 
27 0} 3a2  a  q  

( 2 )  then becomes 

( 4 >  + nz 4- n = 0 

by substituting 

( 5 )  = n 

If  n is  real ,  eq.  (4)  has at  least  one real  root *rt !  
Nogrady monograph as z ,  .  By substitution!I * 1 8  t a b u l ated in the 
o f  < 4 )  are 1  Y  b s t l t u t i°ns not outl ined herein,  the other roots 

16)  z„ = -1 + 

Barbara Dri ls f l i tre ' t  ^For by '  " th"  * '1? M° g r a d y '  *«9«7 
S Lor sale  by the author,  price $ 1 . 1 5  p o s tpau 

~T C™K "S? ~ «™— (  over)  



M M - 2 3 5  
P a g e  2  /  •  • ;  

When z,, z2, and z3 are found, the corresponding y's are found by multiplying 
the z's by the "ratio q/p. 

The corresponding x's are found by subtracting b/3a from the y's. 

The computation is expedited if the following terms are evaluated in the order 

named: 
" 3a, 3ac, 3a2, 27a?, p ,  be, q ,  b/3a, q 2 , n, q/p,  (z t  - 3)/^ +1). Extract 

root of previous amount, and then evaluate the y's and x's. This listing o 
elements of the computation does not comprise the bettering of the table value 
of Zy (see Eq. 6). 

EXAMPLE I 

Find roots to 5 places of x3 + 2x2 + 10x -3=0 

By substitutions outlined above 

and 

y 3  + 8.66667y -  9.07407 =  0  

z 3  + 7.90592 z 4-  7 .90592 =0  

From Nogrady Table, Page XXIV, the nearest n - 7.911462 for which the corres-
ponding root z^ is -0.906. 

This value is improved to six figures by the following process: 

2z 3 - n M O T E :  A  f o u r - f i g u r e  v a l u e  r e q u i r e s  o n l y  
( 8 )  Six-figure value of z ^  =  -  l i n e a r  i n t e r p o l a t i o n  e x c e p t  a t  

3 z  2  +  n  c e r t a i n  e x t r e m e s  o f  t a b l e .  

in which z: = -0.906 and n = 7.90592; or Six-figure z4 = -0.905950 

from which z2 = .45298 + 2.91919 i and z3 = .45298 - 2.91919 i 

Multiplying these z's by q/p, we have 
r >  4 7ao7 _i_ nl=>fi42 i• V — -0.47427 — 3.05642 i yi = 0.94854; y2 = -0.47427 + J.Ubt>4«s i, y3 

Subtracting b/3a, we have 
Xl = 0.28187! x2 = 1.14094 +3.05642 1; x, = 1.14094 - 3.05642 1 

The latter two roots, because of symmetry, are termed Conjugate Complex Roots. 
The symbol "i" indicates "V— 1 • 

tt n j -1 u-Mrile Dial 11, Keyboard Dial 5. Use any Marchant 8 
0PEflirlOA'S."Decimals^JUpper^Diai 6, Middle^ ^ ̂  ̂  ̂  ̂  ̂  ̂  ̂  

The details below apply to Model M. 
K H T d  B e c a u s e  t h e  c o e f f i c i e n t s  a r e  s i m p l e  i n t e g e r s ,  c e r t a i n  o p e r a t i o n s  l i s t e d  
b e l o w  n o r m a l l y  w o u l d  b e  o m i t t e d .  F o r  s a k e  o f  c o m p l e t e n e s s ,  h o w e v e r ,  t h e y a  
l i s  t e d  W h e t h e r  a  m u l t i p l i c a t i o n  o r  d i v i s i o n  i s  p o s i t i v e  o r  n e g a t i v e  d e p e n d s  
u p o n  t h e  s i g n  o f  t h e  f a c t o r s  a n d  w h e t h e r  t h e i r  p r o d u c t  i s  t o  b e  a d d e d  c  s u  
t r a d e d .  T h e  p r o c e d u r e  g i v e n  b e l o w  r e q u i r e s  t h i s  o b v i o u s  m o d i f i c a t i o n  . n  . . e  
c a s e  o f  e x a m p l e s  t h a t  h a v e  d i f f e r e n t  s i g n s  f r o m  t h e  e q u a t i o n  c o n s i d e r e d  h e r e i n .  
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Set  up in  Keyboard  Dia l  "a"  ( i .ooooo)  and mul t ip ly  by 3 .  

Copy "3a"  (3 .00000)  f rom Middle  Dia l  to  Work Sheet .  
(  2 )  

( 4 )  

Clear  Upper  and Keyboard  Dia ls ,  t ransfer  Middle  Dia l  amount  ,  
clear  Middle  Dia l ,  and mul t ip ly  by "c"  (10.00000)!  ^  D l a 1 '  

Copy "Sac"  (30.00000)  f rom Middle  Dia l  to  Work Sheet .  

<3> Clear  Upper  and Middle  Dia l , ,  and mul t ip ly  by "a"  (1 .00000) .  

Copy " 3 a 2 "  (3 .00000)  f rom Middle  Dia l  to  Work Sheet .  

Clear  Upper  and Keyboard  Dia ls ,  t ransfer  Mir tHin -•  
dear  Middle  Dia l ,  and mul t ip ly  by "a"  ( !  OOOOO) "  * ^  

(5) Clear  Upper  and Keyboard  Dia ls ,  t ransfer  Middle  Dia l  amount  to  v  *  
c lear  Middle  Dia l ,  and mul t ip ly  by 9.  Keyboard Dia l ,  

Copy "27a 3 "  (27.00000)  f rom Middle  Dia l  to  Work Sheet .  

( 6 )  Clear  a l l  d ia ls ,  se t  up in  Keyboard  Dia l  "3ac"  (30 OOnnnl  <=vh e t -  t-
and  depress  Add Bar .  Then depress  Subtrac t  T I  00000^7 '  
board  Dia l ,  and reverse  mul t ip ly  by "b« (2 .00000) .  y "  

( 7 )  Change Keyboard  Dia l  to  read "3a 2 "  (3 .00000) ,  and d iv ide .  

Copy "p"  (8 .66667)  f rom Upper  Dia l  to  Work Sheet .  

( 8 )  Clear  a l l  d ia ls ,  se t  up in  Keyboard  Dia l  "b"  ( 2 .  nnnnn^ o ^  
(10.00000) .  (2 .00000) ,  and mul t ip ly  by "c"  

Copy "be"  (20.00000)  f rom Middle  Dia l  to  Work Sheet .  

(9)  Clear  Upper  and Middle  Dia ls  and mul t ip ly  by "b"  (2 .00000) .  

Clear  Upper  and Keyboard  Dia ls ,  t ransfer  Middle  Dia l  amount  to  v  * 
clear Middle Dial, and multiply by "2b" (4.000S0) y 

Sheet .  < 1 6 • 0 0 0 0 0 ,  W" l n  M l d d l e  «»1.  i t  need not  be  copied to  Work 

( 1 1 )  Change Keyboard  Dia l  to  read "27a 3 "  (27.00000)  and d iv ide  

bqard  Dial  to  read "3a 2 "  Cx nnonn)  ouDtract  Bar ,  change Key-

DT:i-T(ier.--sDV~ 

Dial  to  read "a"  (1 .00000) ,  and inasmuch a s  "d"  i s  negat ive  t^eT '  K ^ M r d  

te r  Control  wi l l  be  le f t  as  i t  was  in  Step 1 2 -  i  e  n ® g a t l ^^ h e  M a n u a l  Coun-
press  Divis ion Key in  the  manner  tha t  i  toward the  opera tor .  De-
Move Manual  Counter  Con^T^o^e^ D l a l  * 

n1,!'' is ' 'eZtlLTa^ lll'ult ^ *'/'•' " »•*>»« 
( -9 .07,09) .  * and c°*"d *° "ork Sheet as 

( 1 4 )  Clear  a l l  d ia ls ,  se t  up w b w  ( 2  onnnn^ ok*/-} .  
Add Bar .  2 .00000)  ,  and,  wi th  carr iage  in  7th  posi  t  i  on ,  depress  

( 1 0 )  

( o v e r )  
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(15 J Change Keyboard Dial to read "3an (3.00000) and divide. 

Copy "b/3a" (0.66667) from Upper Dial to Work Sheet. 

(16) Clear all dials, set up »q" (9.07407) and multiply by "q" (9.07407). 

Copy "q2" (82.33875) from Middle Dial to Work Sheet. 

t,y) Clear all dials, set up "p" (8.66667) and multiply by "p" (8.66667). 

tlS) Clear Upper and Keyboard Dials, transfer Middle Dial amount to Keyboard Dial, 
clear Middle Dial, and multiply by "p" (8.66667). 

(to) Change Keyboard Dial to read "q2" (82.33875) and divide. 
Copy "n" (7.90592) from Upper Dial to Work Sheet. 

(go) From Table of Nogrady Roots, Page XXIV, the nearest "n« is 7.911462 for which 

corresponding root is -0.906. 

NOTE: The computotion for improving this root to 0.90595° by formu 
obvious. It is taken to 5 places as -0.90595. 

vide. 
Copy "q/p" (1.04701) from Upper Dial to Work Sheet. 

/ . «M dials set UP in Keyboard Dial "z.-3" (3.90595) and with carriage in 
22 7th position', depress Add Bar. Change Keyboard Dial to read + 1" (0.09405) 

and divide. 
Copy (*t-8)/(ct+l) or (-41.53057) from Upper Dial to Work Sheet. 

(amJ Extract square Root of-41.53057 by Merchant Table No.56, producing a five-figure 
root of 6.4444 which is expressed as 6,4444 i, indicating that it is the square 

root of a negative number. 

NOTE: This square root may be improved, if desired, by the method on the 
reverse side of Table No. 56 to 6.4444s i• 

tl4) Clear .11 dials, set up In Keyboard Dial •«,/»' (0.45208) Mid multiply by square 

root from Step 23 (6.44442) . 
Copy coefficient of i (2.91919) from Middle Dial to Work Sheet, thus com­
pleting all figures from z2 and z?. 

/ *i p1o«p «n dials set up in Keyboard Dial «q/p" (1.04701) and multiply by zt 
2 (0.90595) and the real and imaginary parts of z2 and zg (0.45298) and (2.91919) 

producing - „ JS 
y l  (0.94854)} y2 (-0.47427 + 3.05642 i) ; 

and y3 (-0.47427 - 3.05642 i). 

(26) Clear all dials. With carriage in 7th position, set up y, (0.94854), and add. 
Set up "b/3a" (0.66667) and, with Non-Shift Key down, reverse multiply „ 

x (0.28187) appears in Middle Dial. 

(27) Clear Middle Dial and touch Add Bar. Set up the real part of y2andy3 (0.47427; 
and add, thus completing values for 

x (1.14094 + 3.05642 i) 
x3 (1.14094 - 3.05642 i) 
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EXAMPLE II 

Find roots to 5 places of x3 - 7x + 6 = 0 

This is in the form of y3+py+q = 0, so the operations following Step No. 15 
need only be done with certain obvious deletions. The outline is below: 

n = p3/q2 = - 343/36 = -9.52778. 

From Table, nearest "n» is -9.516913 for which z is -1.169. 

This value is improved by (8) to 

z 2 (-1.1693) + 9.52778 _ 6.33276 _ 1-166e? 

3 (-1.1692) - 9.52778 -5.42810 

q/p = 6/-7 =-0.85714 

V(z1 - 3)/(z1 + 1) = Y25 = 5 

z2 = -0.58333 • 4 = -2.33333 

z3 = -0.58333 • -6 = 3.50000 

x1 = yl — -0.85714 • -1.16667 = 1. 

x2 = y2 = -0.85714 • -2.33333 = 2. 

x3 = y^ = -0.85714 • 3.50000 - -3 

The Marchant operations are similar to most of those following Step 16 of 
Example I. 

/ 



t 

I moRuiAM mrrnopx MM- 2 1 6.4 
MATHEMATICS 

January, 1943 

REMARKS: 

EXAMPLE: 

MILNE METHOD OF STEP-BY-STEP DOUBLE INTEGRATION OF SECOND ORDER 

DIFFERENTIAL EQUATIONS IN WHICH FIRST DERIVATIVES ARE ABSENT 

(A Supplement to Marchant Method MM-216) 

Dr. V. E. Milne* calls attention to the frequency of problems in dynamics and 
astronomy that are of the type discussed herein. For their rapid solution, he 
has published the formulas given below. Application of this method to the 
Marchant is shown in outline form. A knowledge of MM - 2 1 6  is assumed. 

Integrate twice d2y/dx2 = (x2 - 1)y = u, with initial value y = 1 and dy/dx 
=0 when x = 0, and starting values with differences as below. Seven-place 
accuracy of "y" is desired. 

5 th X y u 1st 2nd 3rd 4th 

0 1.00000000 -1.00000000 
1493764 

0.1 0.99501248 -0.98506236 
4407164 

2913400 
-217263 

0.2 0.98019807 -0.94099072 2696137 , -128177 

0.3 
7103301 -345440 

0.3 0.95599748 -0.86995771 2350697 -104750 

0.4 
9453998 -450190 

-104750 

0.4 0.92311635 -0.77541773 1900507 

0.5 
11354505 

0.5 0.88249690 -0.66187268 

The published Milne formulas applying to this work are below: 

23427 

OUTLINE: 

3-TERM FORMULAS, exact if third differences of u are constant (fourth differences vanish) 
and with known error-factor of Sy/l3 if fourth differences are constant (fifth 
differences vanish). 

Open type for integrating ahead: 

' 1' +1 ~ n-2 ~ ̂ n-3^ 2un—1 n-2^ 

Closed type for recalculating by back-check: 

yn = 2yn_1 - yn_2 + (h2/l2) (un + 10un_1 + un_2) 

5-TERM FORMULAS, exact if fifth differences of u are constant (sixth differences vanish) 
and with known error-factor of & y/26 if sixth differences are constant (seventh 
differences vanish). 

Open type for integrating ahead: 

yn+1 =yn-t-yn-4 - yn-5+(h2/48> <67un - 8un-i+122un-2 - 8un-3 + 67un-4) 

Closed type for recalculating by back-check: 

<4) Yn =yn-i-|-yn-3 - yn-4 + (h2/240) (17un + 232un_1+222un_2 +232un_3+17un_4) 

(*) V. E. Milne, On the Numerical Integration of Certain Differential Equations 
of the Second Order, Am. Math. Mo. 4 0 : 3 2 2 - 3 2 7  ( 1 9 3 3 ) ,  also National Research 
Council, No. g 2, Numerical Integration of Differential Equations (Report of 
A. A. Bennett, W. E. Milne, H. Bateman) ( 1 9 3 3 ) .  

(over) 

MABCHANT CALCULATING MACHINE COMPANY 
PRINTED IN U. S. A. 

OAXLAND. CALIFORNIA 
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WILL THE INTERVAL CHOSEN FOR STARTING 
VALUES PROVIDE DESIRED ACCURACY? 

The need of making an intelligent guess as to the interval (h) to be used for 
any desired accuracy of the result occurs in any work of this sort. This mat 

ter was only touched upon in Merchant Method MM-216, so an analysis of t is 
case may be helpful in suggesting an approach to the problem. 

( a )  inasmuch as the six tabulated values of "u" provide only a 5th difference, is 
it possible to infer what the higher differences might be? We can do so only 
in very broad terms, and inasmuch as reasoning with regard to these matters 

is often required, the subject is gone into at length. 

( b )  It is most unlikely that the function "u" has a constant 5th or 6th difference 
that would enable the 5-term formula to be used with results accurate the 
number of places of the tabulated "u" . We know this because a 7th or 8th de 
gree power series (which would have constant 7th or 8th differences of (x)) 
could*not have its second derivative "u" in the algebraic form of "u«. It is 
probable that "u» has higher differences and most certainly has a 6th and 7th 

difference. 

(c) inferences as to the size of 6th and 7th differences are made from the fol­
lowing. The descending differences show the following ratios: 

Ratio 1st difference to function .015 
n 2nd " " 1st diff. .195 
» 3r<i " " 2nd " .075 
it 4th " " 3rd " .590 
« 5th " "4th " .181 

The ascending differences similarly show the following ratios: 

Ratio 1st difference to function .122 
» 2nd " " 1st diff. .245 
" 3rd " " 2nd " .146 
n 4th " " 3rd " .400 
n 5th " " 4th " .223 

Plotting these ratios against orders of difference shows that these fluctua­
ting differences show a trend, and that the amplitude of the fluctuations de 
creases as "x" increases. This is proved by the fact that the ascending dif­
ferences have smaller amplitudes than the descending. If the trend of the 
tops and bottoms of these "swings" is plotted and extended to 6th and 7th or­
ders of difference, it appears that the ratio of 6th ascending difference to 
5th is about .47 and of 7th to 6th is about .33. Applying these ratios, it 
appears to be a good guess that the ascending 6th difference will not exceed 
.00011 and the ascending 7th difference will not exceed .00004. 

( d )  The Milne 5-Term Formulas supply an exact "y" if 6th differences in "u" vanish 
and use of the Milne Error Factors provide means of obtaining an exact "v" if 
7th differences of "u" vanish. In functions of the type considered herein, 
however, neither 6th or 7th differences may be expected to vanish. A good 
guess as to the ascending 6th difference is made in the above as that it is 
0.00011 at x = 0.5. What error in "y" may be expected from this difference? 

/ C t 3 £  1  
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To estimate this,  i t  is  necessary to study the error formulas in the l ight of 
the derivatives of tabulated u 's .  These are:  

(5) Error of (1) is  (17/240) h6u(4)(X p)  

( 6 )  " (2) t» ( -1/240) h6u(4)(x ) H 
( g )  " " (3) n (7870/120960) h8u ( 6 )  

( 8 )  " (4) (-318/120960) h8u(6 '  (v 
In which u ( 4 ) ( x  )  V  Dy  is  the fourth derivative of u with respect to x when x is  
some value (x )  that  P is  within the range of al l  x 's  that  determine the 4th 

— - -  -  - -  — _ ^ one: vaiuc ul  a  i  ui W11J.C11 t r ie error is  
desired.  For example,  i f  i t  is  desired to estimate the error of y at ,  say x ,  
the fourth central  difference corresponding tox_. is  determined by the 5 values 
o1 x  from x_j to x+ j  inclusive.  The upper bound of error at  point  x will  
thus be controlled by the greatest  4th derivative of u for any of the x^s from 
x_j to x + 1  inclusive.  

The expression u '6 ' (xp)  is  similarly defined, and, l ikewise,  for those with 
subscript  q.  

As i t  is  dit  t icult  to obtain the derivatives of u because y is  involved impli­
ci t ly,  the derivatives may be estimated from the difference array of tabulated 
u,  as follows: 

(g) u W (x) = (l /h4)  (d'" '0  -  (1/6) dv l  Q  +(7/240) dv l l l Q  . . . )  

(10) u(6 ' (x)  = (l /h6)(dv l 0  -  (1/4) dv l  1 1  0  +• (13/240) dx  )  

in which d'm ,  d '  ,  etc. ,  are 4th,  6th,  etc. ,  central  differences of u corres­
ponding to any tabulated x,  using the nomenclature of Marchant Method MM-189a. 

i t  is  one of the beauties of the Milne Method that  by correcting the result  of 
the check formulas (2) or (4) by means of the Milne Error Correction $y/l3 or 
by/2o,  respectively,  the error is  eliminated if  5th and 7th differences res­
pectively,  vanish.  When there are differences higher than the 4th and 6th 
respectively,  however,  the Milne Error Correction does not el iminate the entire 
error because the »x» value for the open-type formula is  not necessari lv the 
same as that  for the corresponding closed-type formula.  The derivatives,  there-
applyin^' the^i!  8 0  t h e r e  l s  s m a 1 1  residual error that  is  not el iminated by 
applying the Milne Error correction to (2) or (4).  Just  what this is ,  in anj  
to dPt • v  6 X p l o r e d  u s '  a n d  " appears that  i t  would be difficult  
to determine because there is  no means of knowing which of the values of x in 
the6 error.° v ues is to be taken for determining the derivative th^clroJs 

A working rule which has as i ts  support  only the fact  that  i t  is  satisfactorv 

& :zb:zrz 
to differences of higher order When t h  *  error due 
of differences as in (a) and (io) this d e r i»«ives are expressed In terns 
Plying the Mine Erro Correct  on' , '  h "  "  e r r° r  l n  < 2> or correction is  perhaps of the order of 

<"> (-1/240) hi  <-(l /0)dV,0  + (7/240) d»M '0  

( o v e r )  



MV-2i6A 

Page 4 

and, similarly, in (4) it perhaps may be taken as 

(12) (-318/120960) h2 (-(1/4)d v 111Q+(13/240) dx )#-

the upper bound in either case being the largest value in the range of "x" 
values corresponding to the u's that determine d"" in (9) or dvl Q in (10) . 

Applying this analysis to the problem at hand, it is noted that if when ap­
plying (1) and then applying the Milne Error Factor of <5)/l3, and the largest 
6th difference of u is 0.00011, as above estimated, we have for the error by 
applying (11) 

e = (-1/240) (.01) (-.00002) = .000000001 approx. 

(h) It will thus be observed that if only one value of y is desired beyond starting 
values, the 3-term formulas (1) and (2) would probably supply a result accur­
ate to 8 places. However, the propagation of this error as additional values 
are computed results in an accumulation of errors. Exploration of this propaga­
tion of error in any case is not a difficult mathematical task, but even if 
we ignore the effect on the terms involving u, it is seen that each new y in­
volves the addition of two previous y's and the subtraction of but one. When 
the computation has proceeded so that the starting values no longer enter the 
determination, the error in the example considered herein is at least 55e if 
we use (2) after 10 values subsequent to starting values. This assumes that 
all errors have same sign. We have no right to assume otherwise, based upon 
the available data at this point. 

From this, it is seen that use of the 3-term formulas should be satisfactory 
to establish 7-place accuracy if only a few values are required, but the 5-terra 
formulas should be used if 7-place accuracy is desired in the vicinity, roughly, 
of values beyond the 5th new value. 

(1) By this reasoning, we decide to use the 5-terra formula under the assumption 
that values up to and beyond those for x = 1.5 are desired. It now remains to 
be determined what interval should be used. 

By reasoning similar to that in (c), we guess that a rough ascending 8th dif­
ference of tabulated u's is .000026, from which error of (4) after applying 
Milne Error Factor of Sy/26, by using (12), is 

(318/120960) (.01) (-.000026/4) = .00000000017 approx. 

When applied for ten values, it will be, roughly, .000000009, which assures 
7-place accuracy with interval h = 0.1. 

(j) We, therefore, conclude that the best procedure is to use interval h =0.1 and 
the 5-terra formulas (3) and (4) . This will doubtless provide 8-place accuracy 
in the range up to x = 1.5, instead of the 7-place accuracy desired. Any rea­
sonable attempt to cut the work to obtain 7-place accuracy up to x = 1.5 and 
no more, such as by using an odd interval, is not warranted. 

(k) The next five values are determined by the method of MM-216, according to work 
sheets attached. Calculations are carried to 8 places, with final rounding to 
seven, developing the following values (Only the first computation is shown 
completely. The others are obvious as the subscripts advance by 1): 

(*) If 5th differences of u from (2) or 7th differences of u from (4) are constant, (9) and (10) are not effec-
a "sable (ll) and (12). In such cases, estimate derivatives from formulas similar to 

(9) and (10) obtained from ascending or descending differences, which contain both odd and even orders of 
difference. These 'lead to formulas similar to (11) and (12), which contain only 5th and 7th differences 
respectively. ' 
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x Symbol y to 8 places Final y 

0.6 
.7 
.8 
.9 
1.0 

1 
2 
3 
4 
5 

0.83527021 
.78270454 
.72614903 
.06697680 
.60653065 

0.8352702 
0.7827045 
0.7261490 
0.0669768 
0.6065307 

DISCUSSION 

Ihe computation shows that after applying the Milne Error Correction, the change was not 
enough to affect last place of the 8-place answer obtained from (4) for any of the values 
to x =1.0. This might have been predicted and would indicate that if we wished to stop 
the calculation at x - 1.0, it might have been possible to use (3) without any back-check. 

We did not do so, as the supposition was that at least ten values beyond starting values 
would be obtained. 

The actual differences of u, insofar as we can tabulate them, show them to be less than 
estimated; thus, 

The trend of these differences, however, shows the likelihood that there are larger ones 
than the above "highest actual" values that are in the complete range of values of x, for 
it must be realized that tabulation of the ten values of u supplies only four 6th differ­
ences and two 8th differences. 

The reader is cautioned not to accept the fact that if the Milne Error Correction does 
not produce any alteration in the right-hand digit of y as obtained from (4) , it is evi­
dence that the result is thereby accurate to the number of places of y so computed. This 
is only true if 7th differences vanish if (4) is used. If such difference does not vanish, 
as stated in (g), there is a residual error in each y believed to be expressed by (12) 
which accumulates and compounds as the number of values of computed y's increases. In 

the present case, it is unlikely that 8th place would be affected by the Error Correc-
tion, even for five more values, but by considerations outlined in (h) and (i) , we see 
that only 7-place accuracy of y can reasonably be expected. 

The function used in this example is, of course, the second derivative of 

which is much used in Quantum Mechanics. A study of its 6th and 8th derivatives, after 
giving effect to eliminating the effect of 6th and 8th differences in those derivatives, 
as in (g), provides reasonable support for the conclusions reached above by the somewhat 
rough predictions made from the first five tabulated values. 

As predicted Highest Actual 

6th diff. "u 
8th diff. "u 

00011 
000026 

000065 
000012 

( o v e r j  
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FACTOR SHEET: MILNE 5-POINT (6 ORDINATE) FORMULA 
FDR DOUBLE INTEGRATION BY STEP-BY-STEP METHOD 

ORIGINAL CALCULATION: h=0.1 Length Factor: h2/48 = 0.01/48 

- Column Multipliers -

67 -8 X u u = (x2 *- 1) y 

0 n = -5 -1.00000000 

0.1 -4 -0.98506236 

0.2 -3 -0.94099072 

0.3 -2 -0.86995771 

0.4 -1 -0.77541773 
0.5 0 -0.66187208 

0.6 + 1 -0.53457293 
0.7 +2 -0.39917932 
0.8 + 3 -0.26141366 
0.9 +4 -0.12672559 
1.0 + 5 0 

BACK--CHECK CALCULATION: h = 0.1 

0.2 -3 -0.94099072 
0.3 -2 -0.86995771 
0.4 -1 -0.77541773 
0.5 0 -0.66187208 
0.6 +1 -0.5345729/3 
0.7 +2 -0.399179302 
0.8 +3 -0.26141306 
0.9 +4 -0.1267250059 
1.0 +5 0 

WORK SHEET: MILNE 5-POINT 
FOR DOUBLE INTEGRATION BY 

Example: d2y/dx2 = (x2 -

122 

-65.999178-
63.046378 
58.287167 
51.952988 
44.345470' 
35.816386 
26.745014 
17.514715 
8.490615 
0 

'+7.527926-
6.959662 
-̂6.203342* 
5.294981 
4.276583 
3.193435 
2.091309 
1.013805 
0 

-106.134841 
94.600963 
80.748467 
65-. 217897 
48.699877 
31.892467 
15.460522 
0 

Length Factor: h2/240 = 0.01/240 

17 

-15.996842 ̂  
14.789281 
13.182101 
11.251836 
9.08770040* 
6.786048 
4.444032 
2.154335 
0 

232 

k-201.830189 
179.896913 
1̂53.554462' 
124.020920 
92.609602 
60.647969 
29.400337 
0 

222 

-172.142736 
146.935735 
118.675190 
88.617809 
58.033833 
28.133081 
0 

FORMULA 

x = 0.6 
y_4 

-*-5 

0.01/48 (67 u -
-4 

8u +122U 
-3 -2 

- 8u +67u) 
-1 0 y 

-u 

TRIAL 

0.88249690 
0.99501248 
1.00000000 
0.87750938 
-0.04223921 
0.83527017 

, 0.53457291 

CHECK 

y 0 0.88249690 
y_2 0.95599748 
-y_3 0.98019867 

0.85829571 

.01/240 (17u+232u+222U+232u+17u) 
- 3  - 2 - 1 0  1  

£y = 4 E = .00000004/26 

-0.02302550 
Final y+1 0.83527021 

-u+1 0.53457293 

The remainder of the Work Sheet is similar except that all subscripts are ad­
vanced by 1, with values entered accordingly. 

/ 0jL6 1 
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REMARKS: 

CASE I: 

CASE II: 

SOLUTION OF RIGHT TRIANGLES 

Location of Drilling Centers 

In machine shop layout work, particularly in connection with layout of drilling 
jigs, it is often necessary to locate centers of holes when they are not indi­
cated on the drawing in the manner necessary for use with layout tools or boring 
machines. Obtaining the proper dimensions for such cases is easily done with 
the aid of a Marchant Calculator, 

NOTE: In all cases as described below, the words "distance between holes" sig­
nify distance between their centers. 

Linear Location Given all dimensions shown, to find X: 

In sketch (not to scale), the loca­
tion of hole A is known by dimensions 
that permit its center to be easily 
located on the work. Hole B, on the, 
other hand, is located only by its 
vertical distance from A and its ac­
tual distance (on the slope) from A. 
For proper layout of the work with 
the facilities at hand, it is necess­
ary to know the horizontal distance 
of hole B from hole A. 

What is the horizontal distance of 
hole B from hole A to within £ of 
1/1000 inch? '• : 

Obviously, it is necessary to find the distance "X". This is done by solving 
the right triangle when given its hypotenuse (13.468) and the length of one 
side; thus, X«1/l3.468z - 5.0G25Z 

r*. 
Angular Location Given all,1- dimensions shown, to find X .<• Y: 

This case is similar to Case I, ex-
ceptjjfclggjt hole B is located only by 
its actual d?4¥^fienv<£qgAc£he slope) 
from A, and by the angi&T̂ jj[¥M̂ tŴ f 
center - line connecting both holes 
bears from the horizontal. 

What are the horizontal and vertical 
distances of hole B from hole A to 
within £ of l/lOOO inch? 

P 
°I 'RUFORUlA 

I 

i 

32 ' 14 '$'! 

^4 2 3. 
>. S. o 

X 

i'y 

Obviously, it is necessary to find distances "X" and "Y", respectively; thus, 

X = sin (90 - 32 '14'8") x 13.750; Y = sin 32'14'8" x 13.750 

(over) 
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A. 
C A S E  I I I :  Distance Between Holes Given ;all dimensions shown, to find X: 

In this case, the holes A and B are 
located with reference to each other = ^ 

lr\ 

by their vertical and horizontal dis- 04 
VO 

tances. 4 ® 

What is the distance between the two j 
holes to J of l/lOOO inch? 

Obviously, it is necessary to find the hypotenuse X when given the two sides 

of the right triangle; thus, X = 1/12.480 + 5.0625"^ 

It is assumed that extracting square root by Marchant Method as outlined on 
Marchant Table No. 56 and obtaining angular functions from tables of Marchant 

Method MM-99 are understood. 

MARCHANT METHOD FOR CASE I 

Use any Marchant 8-column M or D model with decimals as follows: Upper Dial 6, 
Middle Dial 11, and Keyboard Dial 5. In all cases, set the decimals as far to­
ward the left as will accomodate the factors in order that a 5 figure square root 
may be obtained without the necessity of re-setting any part of the problem. 

(1) Set up 13.468 in Keyboard Dial and multiply by 13.468. 

(2) Clear Upper and Keyboard Dials only, set up 5.0625 in Keyboard Dial, move Manual 
Counter Control toward the operator, and reverse multiply by 5.0625. Move 

Manual Counter Control away from operator. 

(3-) Clear Upper and Keyboard Dials only, shift to 7th position, set up in Keyboard 
Dial nearest number to 155.758, etc. that appears in Col. A of Table 56 (156.) 

and add. 

Middle Dial now reads 311.758, etc., but it need not be separately noted. 

( 4 )  It should now be noted that the square root will contain two whole numbers (at 
left of its decimal), so carriage is shifted to 8th position so the root will 
appear properly pointed off by Upper Dial Decimal. 

(5) Set up in Keyboard Dial the proper Square Root Divisor (2497999) that appears 
in Col. 1 adjacent to Col. A, so that left-hand figure of divisor is directly 
below left-hand figure of Middle Dial amount. The divisor from Col. Jl_ is se­
lected because the number of which the root is desired (155.758 etc.) has one 
figure in the left-hand "period" when 155 is separated into periods of two fi­
gures beginning at decimal point; thus 1*55'. Depress Division Key. 

Distance "X" (12.480) appears in Upper Dial. This value is correct to 5 
places; that is to say, the error of 6th figure does not exceed 5, so it 
satisfies the conditions of the problem; viz., the amount is correct to 
within J of l/lOOO of an inch. 

N O T E :  N o t  m o r e  t n a n  5 f i g u r e s  o f  U p p e  -  D i - l  a m o u n t  m a y  b e  u s e d ,  b u t  t h e  5 t h  f i g u r e  
s h o u l d  b e  i n c r e a s e d  b y  " 1  "  i f  t h e  6 t h  f i g u r e  i s  "5" cr o v e r .  I f  a  5- f i g u r e  
r o o t  d o e s  n o t  p r o v i d e  t h e  d e s i r e d  a c c u r a c y ,  c o n v e r t  t o  a  g - f i g u r e  r o o t  b y  
method described on reverse side of Marchant Table 56. . 
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MARCHANT METHOD FOR CASE I I  

Use any Marchant  8-column M or  D model  with decimals  as  fol lows:  Upper  Dial  4 ,  
Middle  Dial  11,  Keyboard Dial  7 .  The desired accuracy requires  use of  not  more 
than 6 places  of  the t r igonometr ic  funct ion,  but  inasmuch as  the tables  of  Mar-
chant  Method MM-99 provide 7 places ,  such values  wil l  be used to  avoid possi­
bi l i ty  of  error  in  rounding off  tabular  values  to  s ix  places .  

(1)  Set  up in  Keyboard Dial  s in  32*14'  f rom table  of  MM-99 ( .5333685)  and,  with car­
r iage in  5th posi t ion,  add into Middle  Dial .  

( 2 )  Set  up in  Keyboard Dial  (a t  extreme r ight)  the increment  for  8  seconds corres­
ponding to  32*15'  (328) ,  and add.  

( 3 )  Set  up in  Keyboard Dial  the amount  that  appears  in  Middle  Dial  ( .5334013) ,  c lear  
Upper  and Middle  Dials ,  and mult iply by 13.750.  

Distance Y (7 .334. . . )  appears  in  Middle  Dial .  Copy i t  as  7 .334."  

( 4 )  Clear  a l l  dials ,  set  up in  Keyboard Dial  90* in  terms of  degrees ,  minutes ,  and 
seconds;  thus,  8 .9059060 ( the decimal  between 8  and 9 has  no s ignif icance) ,  
shif t  to  1st  posi t ion,  and add.  

(5J  Similar ly ,  se t  up 32*14'8"  in  Keyboard Dial ;  thus,  3 .2014008 and subtract ,  thus 
producing complement  of  32 '14 '8"  (57*45'52") .  

( 6 )  Clear  a l l  dials ,  shif t  to  5th posi t ion,  set  up in  Keyboard Dial  s in  57*46'  
( .8458830)  and add.  

( 7 )  Set  up in  Keyboard Dial  (a t  extreme r ight)  the increment  for  52 seconds corres­
ponding to  57*45'  (207)  and subtract .  

( 8 )  Set  up in  Keyboard Dial  the amount  that  appears  in  Middle  Dial  ( .8458623) ,  c lear  
Upper  and Middle  Dials ,  and mult iply by 13.750.  

Distance X (11.6306. . . )  appears  in  Middle  Dial .  Copy i t  as  11.631."  

MARCHANT METHOD FOR CASE I I I  

Same decimal  se t t ing as  for  Case I .  

( 1 )  Set  up 12.480 in  Keyboard Dial ,  and mult iply by 12.480.  

( 2 )  Clear  Upper  and Keyboard Dials  only,  se tup 5.0625 in  Keyboard Dial ,  and mult i ­
ply by 5 .0625.  

( 3 )  Clear  Upper  and Keyboard Dials  only,  shif t  to  7th posi t ion,  setup nearest  num­
ber  to  181.3. . .  f rom Col .  A of  Table  56 (181) ,  and add.  

( 4 )  Shif t  to  8th posi t ion,  set  up in  Keyboard Dial  the proper  Square Root  Divisor  
(2690725)  so  that  lef t -hand f igure of  divisor  i s  direct ly  below lef t -hand f i ­
gure of  Middle  Dial  amount ,  and divide.  

Distance "X" (13.4677. . . )  appears  in  Upper  Dial .  CojJy i t  as  13.468",  as  
i t  is  correct  to  f ive f igures .  

I t  is  noted that  this  problem is  the reverse  of  that  of  Case I- .  
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REMARKS: 

EXAMPLE: 

GIVEN: 

FIND: 

OUTLINE: 

OPERATIONS: 

WATKINS METHOD FDR AREA. BELOW CURVE 
WHEN END SECTION HAS DIFFERENT SPACING 

FROM THAT OF ADJACENT SECTIONS 

• 
Marchant Method MM-215 provides means of solving certain problems in­
volving fractionally-spaced ordmates. However, it does not care for 
cases in which there is a single area of unequal spacing adjacent to 
several areas having equal spacing. 

William H. Watkins, Senior Naval Architect and Supervisor of the Scien­
tific andTest Groups, Design Section, Puget Sound Navy Yard, has devel­
oped a most satisfactory method of solving such problems by a formula 
derived from integration of the LaGrange Interpolation Formula of 3rd 
Degree. The method also has the advantage that the area with unequal 
spacing may have its limiting ordinates spaced either greater or less 
than that of adjacent sections having equally-spaced ordinates; further­
more, only two such sections bounded by equally-spaced ordinates are re­
quired. 

The method assumes that a third-degree curve is passed through the four 
points; consequently it does not apply if the actual curve has abrupt 
changes of curvature or points of inflexion. 

y0 = 4.0, yx = 5.6 

Area of shaded part A. 

The formula applying is 

A = n h (K0y0 + K1y1 - K2y2 + K3y3) 

in which the values of KQ, , etc., are obtained from table on reverse 
side hereof, or from curve on Page 3. 

By using direct and reverse accumulative multiplication as described in 
Marchant Method MM-215, solution of the above formula is a continuous 
calculator process, requiring no copying of intermediate amounts to work 
sheet. In the above case, the formula with substituted values is 

A = 0.4-5.0(0.4286*4.0 + 0.6067-5.6 - 0.0419-7.8 + 0.0067-9.0) = 9.691 

(ove r) 

MARCHANT CALCULATING MACHINE COMPANY OAKLAND. CALIFORNIA 
PRINTED IN U. ®. A. 
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COEFFICIENTS FOR WATKINS METHOD FOR AREA. BELOW CURVE 

WHEN END SECTION HAS DIFFERENT SPACING FROM THAT OF ADJACENT SECTIONS 

K0 K2 *5 

0 o 

Do mR 578 750 -.021; 808 . 003 750 
0-3° -K ' ii, VS. .032 893 .005 10U oC * I, ocj 185 .592 6oU .032 893 

*?n 128 571 606 667 .Ohl 905 -006 667 
12 '522 S3 ifcO 938 -051 789 -008 838 

:SI 667 • .635 hl6  .062 500 .010 817 .50 

1.00 

A a A 1.11 290 .650 10U -.073 998 .012 6oU 
to 'k06 250 . 665 000. .086 250 . 015 000 

•S U01 515 .680 101; .099 223 -017 60U 
*70 *397 058 .695 Ul7 -H2 892 .020 U17 
*Z?  Mo 857 .710 937 .127 232 -023 1*38 .75 .392 857 *710 937 

n AA 388 889 .726 666 -.lU2 222 .026 667 
*a< *385 135 .7^2 60U *157 8U3 *030 10U 
In '381 579 I7S0 750 .178 079 -033 750 
'95 *378 205 -775 108 -190 913 -037 608 
•yy iL 7o"i AAV .208 333 .0I4I 666 

7 At 371 951 .808 U37 -.226 326 .0U5 938 
?A ' 11 -  1 )7  825 1x16 .2lxU 880 .050 U17 

12 *366 ?79 182 M8 -263 987 -055 108 
'20 1363 636 . 860 000 . 283 636 -060 000 

% .361 lil .877 608 .303 819 -065 108 

1-30 - 358 696 . 895 817 - 328 529 - 070 816 
35 .356 383 -913 U37 -3U5 757 -075 931 
I r, Ml 7A7 931 667 .367 500 .081 666 

12 -.352 SS 1^ 108 . 339 789 , 087 608 
VQ ^3^0 000 .968 750 'bl2 500 .093 7a 

3 55 3U8 039 .937 6oU -.^35 7U7 -100 10h I t  I i ' M  -.883 t3  S S  
: 'jteSM S .503 825 .120 816 

.3U0 909 1.065 10U .533 617 -127 60U 

i Rn 339 285 1.085 000 -.559 285 .135 000 
R? *337 719 1.105 10H .585 U27 .^2 60U 
' 'Ml £2 1 125 U16 -612 0U0 .150 U17 
• °5 « l!l85 937 . 639 120 .158 837 

2*qo .333 333 1.166 667 .c>66 666 .166 666 
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MATHEMATICS 
February, 1943 

REMARKS. 

EXAMPLE: 

SUMMATION OF X, XY AND XY 

In certain cases of statistical c omputing, it is often 
sired to find Hxy and^xy 2. when given a large num­
ber of pairs of factors "x" and "y". This method is suitable 
for cases m which the factors have no more than two digits 

each. 

Find: Given: X y 

2 7 
3 12 
31 43 
14 17 
5 22 

xy 

-xy 

55 

= 1731 

64315 

OPERATIONS: Decimals; Upper Dial 5 & 0, Middle Dial 10, 5 & 0, Keyboard 
Dial 5 &-0. Use Model ACT-10 M. 

h) Set up first »y" (7) at 5th Keyboard Dial decimal and multiply at 

right-hand Upper Dial decimal by first "x" (2). 

U) Decrease right-hand figure of "y" by -1" and set up all 9's In 
columns at right thereof (Keyboard Dial then reads 6.99999), 
and multiply at 5th Upper Dial decimal by «xy« (14) which ap­
pears directly below at 5th Middle Dial decimal. The Middle 
Dial should now show all ciphers at right of 10th decimal. 

xy2 (98) appears at 10th Middle Dial decimal and xy (14) 
at 5th Upper Dial decimal, but the amounts need not be 

separately noted. 

(3) Clear Keyboard Dial only and proceed as in Steps 1 and 2 for the 

remaining pairs of values. 

2 appears at left of Middle Dial, 
n » « » Upper Dial. 
n " right of Upper Dial. 

xy 
xy 
X 

MOTE- If 51 x at right of Upper Dial equals the sum of the x values when 
they are separately added, it is substantially a proof that all 
x values have been correctly entered as multipliers. Any error 
of entry of xy as multiplier in Step 2, or the improper filling-
in of 9's, is signalized by Middle Dial failing to clear after 

Step 2. 

It will thus be seen that this process provides first-run accu­
racy control, except for values of "y". However, the likelihood 
of an error in setting "y" is remote because it appears in the 
Keyboard Dial and it is also separately noted in that dial when 

its right-hand figure is reduced by 1. 

(*) The symbol indicates "the summation of.".. 

MARCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
PRINTED IN U. S. A. 
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Remarks: 

HANSEN-AHLBERS METHOD FOR OBTAINING 
PARABOLIC TRENDS 

.... 
Advantage Is taken of this as the basis for th ^'"th °iconstant second difference, 
of several forms. Examples are * The CUrves m°V have any 

13j y = a + b/X + c/XJ III L°3 v = a + bX + cX' 

The example herein is in the form of 11) If 2 anolie. T- + bX + cX') 

fot'K t& Kv"? K2V Vl ft 
divided by the X*s gives X ' If (4l anohes t t V°lueS °f X'X' which wllen 

It „ 

Preliminary: Compute four adjacent values of y in th» n • uu l  j 
with differences, a check of correctness beina Th'9 , , 20 anc' tabulate 
thus, correctness berng the constancy of the second difference: 

1.8 7.27y8836 lstdiff- 2nd diff. 

1.9 7.340324 .061488 
.067576 
.073664 

Example: 

Decimals: 

.006088 
.006088 

(2) 

(3) 

(4) 

20 7.407900 
2-1 7.481564 

Dio1 ,o s '• By dur ?¥ 7 i** 
°kl°f„1'71°"d rr< 

wits 

33S#p; Note A. ' rounded value of .079752). See 

DeP'e of'Middle ?,? I £ 7ft°T'. 

LtSfcp of̂  085840) Ded™' " î,S«d '777 && 

S Upp" Dbl *«*i x-NOTE A: Constant 2nd diff. should be *t "Z ̂  ̂  'T'"3 °f X" 

NOTE B- If V 'imitatfons,'ePuire sh°"'d be in 1st diffs. and "s P Rounding that space 

.-Pi—tov t.~ b„ds. „», 

COntr0' tOWOrd °P€rat°ri 

Then, proceed exactly'as outWd in'thTabo^6 '"th^d'®" Starf from the smallest y. 
Control toward the operator °V£ meth°d ""P* have Counter 

Submitted by Garland McWhirter 

Kansas City, Mo. 

Reprinted from MATH-MECHANICS, February z943 

MAR CHANT CALCULATING MACHINE COMPANY OAKLAND. CALIFORNIA 
P R I N T E D  I N  U .  S .  A .  
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INDEX OF MARCHANT METHODS AND TABLES ISSUED TO AUG. 1942 

relating to 

B A S I C  A N D  S T A T I S T I C A L  M A T H E M A T I C S  

(Not including "Business," "Financial'Mathematics, or "Survey" problems) 

N O T E :  F o r  I n d e x  o f  m e t  h o d s  r e  L a t  m g  t o  Financial Mathematics« s e e  M a r < ~  
chant M e t h o d  H M ~ - i 6 6 < >  
T h e  f i e l d  o f  B u s i n e s s  M a t h e m a t i c s  i s  a l s o  c o m p r e h e n s i v e l y  c o v e r e d  
i n  t h e  M a r c h a n t  M e t h o d s  s e r i e s .  C i v i l  E n g i n e e r i n g  S u r v e y s  a r e  a l s o  
c o v e r e d  i n  a  s e p a r a t e  g r o u p  o f  M a r c h a n t  M e t  h o d s .  

This index is issued in order that all issued Marchant Methods and Tables applying to 

basic mathematical operations will be summarized. 

The index is printed on one side, with the idea that newly-issued Tables and Marchant Me­
thods relating to this subject will be summarized by the recipient in a form similar to 
that used in this index and typed on the reverse side hereof. 

SIMPLE ARITHMETICAL OPERATIONS: 

Simultaneous Multiplication and Division: 
There are a number of short—cut techniques that are helpful when there is much 
work of this type. The exact method to be used in any case depends upon the 
size of the factors and which ones are constant, if any. These methods are es­
pecially suitable when certain factors are constant. The methods comprise seven 
solutions of-^. also (A —§) with record of-£; also obtainingx C and -ttg* x C 

simultaneously; etc. 

In requesting Information as to these, state nature of problem and special in­

structions will be supplied. 

M M - n o  Continuous Multiplication and Division without transferring intermediate 

amounts to work sheet or Keyboard Dial. 

A method of solving the usual linear formula with avoidance pf errors be­
cause of incorrect transfers or intermediate copying. 

^ MM-66 Constant or Nearly Constant Divisor. 

Method for use when number of repeated divisions is not sufficient to 

warrant use of reciprocal of the divisor. 

V  M M - i 1 4  Constant Dividend to be Divided by a Series of Variable Divisors. 

MM-jyg Division by Amounts that Can Be Put into the Form of (1-X) or (1+ X). 

A short-cut application based upon series expansion. 

MM-85 Multiplication - When Factors Exceed Capacity of Calculator. 

A simple means of caring for this frequently-encountered case. 

M N - i q o  Division — When Factors Exceed Capacity of Calculator. 

The Series Approximation in the case of large divisors. 

MABC8JUTT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 
PMMTCD IN U. ». A. 
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MM-108 Accumulation of 3-Factor Multiplications. 

The number of digits of all three factors, decimally considered, cannot 
exceed 10. Compare also MM-177 (see Page 5) , which in some cases is an 
improvement over this method. 

MM-ioq Accumulation of 3-Factor Multiplications. 

The number of digits of the factors may exceed the limit set in MM-108. 
This method separates the multipliers in Upper Dial. 

100 Differencing. 

Rapid method of computing Differences of Tabulated Functions. 

MM"it5 Addition and Subtraction of Unusual Fractions. 

CONVERSION: 

138 Conversion - Illustrated by Exact Time Calculations. 

Shows method of wide application for adding and subtracting amounts of 

varying unit ratios to each other and converting the total to least com­
mon denominator. 

PM~207 Conversion of Decimal Equivalent to Nearest Common Fraction. 

Conversion of Decimal Ratio to Common Fraction. 

A rapid method employed in determining simple and compound gear ratios. 
An improvement on the usual "continuing fraction" process. 

ROOTS AND POWERS; 

Table 56 Square Root to 5 Places with Extension to 9 Places. 

Short—cut 3—step process using divisors. 

h o l e  57 Similar to lable 56, but uses multipliers which are reciprocals of the di­
visors of Table 56. 

NM—32 Cube Root to 5 Places,with extension to nine places. 

Short->cut 3—step process using divisors. 

22 Fifth Root to 5 Places. 

Short-cut 3-step process using divisors. 

MH-88 Approximation Method for Extraction of Any Root. 

Application of Merchant to the Method in Preface to Barlow's Tables. 

NOTE: Inasmuch as Table 56, MM—g2, and MM—222 provide complete divisors for 
square, cube, and fifth rpots„ respectively, this method is only in­
teresting as a guide to obtaining higher roots than the 5th. 

MH—125 TO Raise Decimal Fraction to an Odd Power. 

MM-178 Solving Equations Containing VF in Numerator or Denominator Without Having 
to Evaluate VF. 

Uses Table 56 Square Root Coefficients. 
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GEOMETRY: 

MM-230 Grid Coordinate Solution of Three-Point Problem. 

With special reference to its application in military surveys. 

MM-240 Solution of Right Triangles. 

With special reference to its application in machine-shop layout work. 

TRIGONOMETRIC TABLES: 

MM-99 7—place Natural Sines, Cosines, Tangents and Cotangents with Increments to 
Seconds, by Charles E. Sharp, Jr. Price 25 cents. 

Based upon Benson's Tables (after correction). Tangents above 45* (and 
Cotangents below 45*) are obtained by computing Reciprocal of Tangent 

of Complementary Angles (and similarly for Cotangent). 

HM-192 7-Place Table of Natural Cosines with the Argument in Natural Sines, by 

R. A. Davis, 

Argument Interval (.001) - 0 to 1.000* 

Also useful for problems in the form of y= Vl - x* 

MM-193 6—Place Table of Radians with the Argument in Natural Sines, by R. A. Davis. 

Argument interval (.001) - 0 to 1,000* 

ALGEBRAIC EQUATIONS: 

y' HU-182 A Short Method of Evaluating Determinants and Solving Systems of Linear 
Equations with Real or Complex Coefficients, by Prescott D. Crout, Ph.D. 

Reprint of paper presented at A.I.E.E. Summer Convention June 16~*20> 1041. 

A distinct advance in this field. Also shows short-cut when equations 
are symmetrical, as in certain applications of Statistical Method. 

V HM-183 Notes on Marchant Calculator Application to the Crout Method of Solving Si­

multaneous Equations (see MM—182)• 

Gives schematic outline and calculating pattern. 

MM-225 Birge-Vieta Method of Finding a Real Root of Rational Integral Function. 

An exceedingly useful method which greatly simplifies the usual pro­
cesses to accomplish this result and also provides superior accuracy 
control. This method was developed as a result of investigation by 
Dr. Raymond T. Birge, Ph.D., Professor of Physics and Chairman of De­

partment, University of California 

MM—226 Setting up an Approximating Polynomial of Degree "n" from equidistant 

Tabulated Values of a Function. 

A basic application for use when it is desired to express experimental 
or approximate values in algebraic form. Solving such an equation by 
the Birge-Vieta Method (see MM-225) provides simple means of inverse 
interpolation. The equation resulting from application of this method 
is also helpful in identifying the natural laws which govern experimen­

tally determined values, etc, 

V MM-233 How Many Figures for the Answer? 

A reprint of an article in Marchant Math-Mechanics, giving basis of 
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computing probable error and-or standard deviation of the "answer" to 
any problem when the probable error of each of its factors is known. 

The Nogrady Method of Solving Cubic Equations, 

Shows application of Marchant to procedure described in the monograph, 
"A New Method for the Solution of Cubic Equationsby Henry A, Nogrady. 

INTERPOLATIONS 

MM-x8g Direct Interpolation - Straight-Line and Curvilinear. 

A complete explanation, with short-cut method, showing use of Bessel or 
Everett Central Difference Formulas, the Comrie "Throw-Back," etc. 

Includes curve of Bessel and Everett 2nd Difference Coefficients. Method 

takes into account 4th Differences up to 1000-

MM'~i 8()& 
MM-i8gb Appendix to MM-189, giving elementary mathematical basis of the method. 

MM-64 Direct Curvilinear Interpolation with LaGrange Coefficients. 

With Table of Rutledge-Crout exact 5-Point Coefficients. 

MM-228 Seven Place LaGrange 5-Point Interpolation Coefficients for Values of p 
from 0 to 2, with Argument to O.Ool (in preparation). Price 15 cents. 

MM-152 Direct Curvilinear Interpolation, Assuming Constant Second Differences. 

A build—up method from increments of sub-divisions with adjustment at 
pivotal points. A rapid method under conditions that warrant its use. 

MM-220 Inverse Curvilinear Interpolation — Short-Cut Method Includes Effect 01 

2nd Differences Only. 

Using Bessel°s Central Difference Formula. 

MH-aog Inverse Curvilinear Interpolation and Finding Roots of Tabulated Function. 

"Divided Difference" method using LaGrange Newton formula. 

MM—221 Inverse Curvilinear Interpolation and Finding of Roots of Tabulated Func­

tion. 

The Comrie "Two-Calculator" Method, Using Bessel's Central Difference 

Formula. 

NOTE: See also MM-225 <*nd NH-226 (Page 3) for alternate methods of In­
verse Curvilinear Interpolation. 

NUMERICAL INTEGRATION AND SOLUTION OF DIFFERENTIAL EQUATIONS: 

MM-215 Area Below Curve for Fractional Portion of Distance between Equidistant Or-

dinates• 

Original contribution for simplifying approximate integration of conti­
nuous function with limits not an integer. Assumes constant third dif­
ferences. Includes curve of coefficients. Useful in ship and tank de­

sign, etc. 

MM-227 Area Below Curve when End Section Has Different Spacing from That of Bal­

ance of Sections. 
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Similar to MM-215, except that it relates to unequal spacing of ordi-
nates in end section, as compared with spacing in adjacent sections. 

Includes curve of coefficients. Useful in ship and tank design, etc. 

MM-i67 Moment of Inertia of Sections Composed of Rectangular Areas. 

A systematic work sheet for computing the constants of structural shapes. 

MM-216 Milne Method of Integration of Ordinary Differential Equation. 

Complete explanation and systematic work sheets for this popular method. 

Includes much heretofore unpublished information. 

MM-216A Appendix to above relating to 2nd order equations without any term of first 

order. 

STATISTICAL AND LEAST SQUARES: 

L-""' MM-nq Linear "Least Squares" Line of Regression and Coefficient of Regression, 

A short-cut method for solving the most usual form of Least Squares prob­

lem. Should also be considered in the light of MM--165j Example C. 

MM-i65 Summations in Statistical Method. 

A full explanation of short-cut self-proving methods for obtaining the 
various kinds of summations used in Statistical Method. Merchant Method 

MM—177 should also be used in connection with this. 
_ a a 

MM-177 Summations of X2 and/or (UX ) or X . 

This also provides means of accumu>ating products of three—factor multi­
plication when number of digits in all three factors does not exceed 10. 

MH~i84 Summation of Factors of the Type of when A, B, and K Are Variable, 

MM--45 Pearson Correlation Coefficient. 

With formula especially adapted to calculator computation. 

HH-45A Checking by Adding Machine Tape Control and by Charlier Method. 

HH-45B Computing Standard Deviation from Summations. 

MH-146 Standard Deviations — Data Grouped by Class Intervals. 

A rapid method of obtaining this value when scores are grouped by tal-

1 ies. 

MM-242 Summations of X, XY and XY2. 

A special simplified method. 

M-245 Hansen-Ahlberg Method of Extending parabolic Curves. 

A method based upon constant 2nd differences for rapidly extrapolating 

any second degree function. 
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INDEX OF MARCHANT METHODS AND TABLES ISSUED TO AUG. 1942 
relating to 

B A S I C  A N D  S T A T I S T I C A L  M A T H E M A T I C S  

(Not including "Business," "Financial*Mathematics, or "Survey" problems) 

N O T E :  For I n d e x  o f  methods, relating to Financial Mathematics, s e e  Mar-
chant Method MM<"i66° 
T h e  f i e l d  o f  B u s i n e s s  M a t h e m a t i c s  i s  a l s o  c o m p r e h e n s i v e l y  c o v e r e d  
i n  t h e  M a r c h a n t  M e t h o d s  s e r i e s .  C i v i l  E n g i n e e r i n g  S u r v e y s  a r e  a l s o  
c o v e r e d  i n  a  s e p a r a t e  g r o u p  o f  M a r c h a n t  M e t h o d s .  

This index is issued in order that all issued Marchant Methods and Tables applying to 

basic mathematical operations will be summarized. 

The index is printed on one side, with the idea that newly-issued Tables and Marchant Me­
thods relating to this subject will be summarized by the recipient in a form similar to 
that used in this index and typed oh the reverse side hereof. 

SIMPLE ARITHMETICAL OPERATIONS: 

Simultaneous Multiplication and Division: 
There are a number of short—cut techniques that are helpful when t ere is much 
work of this type. The exact method to be used in any case depends upon the 
size of the factors and which ones are constant, if any. These methods are es­
pecially suitable when certain factors are constant. The methods comprise seven 
solutions of-^fi also (A — with record of-£; also obtaining-^ x C and x C 

simultaneously; etc. 

In requesting information as to these, state nature of problem and special in­

structions will be supplied. 

M M - n o  Continuous Multiplication and Division without transferring intermediate 
amounts to work sheet or Keyboard Dial. 

A method of solving the usual linear formula with avoidance pf errors be­
cause of incorrect transfers or intermediate copying. 

M M - 6 6  Constant or Nearly Constant Divisor. 

Method for use when number of repeated divisions is not sufficient to 
warrant use of reciprocal of the divisor. 

M M - i 1 4  Constant Dividend to be Divided by a Series of Variable Divisors. 

MM-~ij9 Division by Amounts that Can Be Put into the Form of (1-X) or (1 + X) . 

A short-cut application based upon series expansion. 

MM-85 Multiplication ~ When Factors Exceed Capacity of Calculator 

A simple means of caring for this frequently-encountered case. 

M N — i  g o  Division — When Factors Exceed Capacity of Calculator. 

The Series Approximation in the case of large divisors. 

MARCHANT CALCULATING MACHINE COMPANY 
PRINTED IN U. S. 

OAKLAND, CALIFORNIA 
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HM-i08 
Accumulation of 3-Factor Multiplications. considered, cannot 

The number of digit, (^e'p'.gi 5), -hlcb 1» •<"• cases » an 
exceed 10. Compare also MM 177 
improvement over this method. 

Accumulation of 3-Factor Multiplicat ^ MM-108. 

Ih. number of JTSS^ • 
This method separates tne m 

»»-!« Differencing. of Tabulated Functions. 
Rapid method of computing Difference, 

Mdltlon .nd Subtraction of Unusual Fraction,. 

MH-ioq 

Ht i - i l5  

AVERSION: 

w.V-207 

^°8 Conversion - illustrated by Exact ""^"Subtracting amount, of 

zxz 2 —slhe toult0 co"" 
men denominator. faction, 

conversion of Decimal Egulv.len, to Ne.res 

Conversion of Decimal Ratio to Co ^ compound Rear ratios. 

a rapid method employeri in,d.f-etion- process. 
An improvement on the usu 

L)TS AND POWERS! oinres. 
Lis 50 souare Soot to 5 Places .1th Extension to 0 Places. 

Short-cut 3—step process using« _ reclprocai, of the dl-

. 5r. but uses multiplier 

M U 5, ®im"gppg°0f Table 56. 

cube Hoot to 5 Pl.ce„.ith extension to nine places. 

Short-cut 3-step process using divisor,. 

HM-222 * ' i f t h  R O O t  t 0  5  P l f t C e S * 
Short-cut 3-step process using divisors. 

HM-88 

snori-~t"v . 

:: i: : —;;;or 

teres tmg as  a  guxae 

To dais. O"1-1 """7" wr^erl'tor or Denominator Without Having 

Solving Equations Contain! g 
« 1 ^ a A/N . 

MH-13 5 

Solving EquMiu"" 
7 to Evaluate VTT. 



GEOMETRY: 

MM-230 Grid Coordinate Solution of Three-Point Problem,, 

With special reference to its application in military surveys. 

MM-240 Solution of Right Triangles. 

With special reference to its application in machine-shop layout work. 

TRIGONOMETRIC TABLES: 

MM-99 7-Place Natural Sines, Cosines, Tangents and Cotangents with Increments to 
Seconds, by Charles E. Sharp, Jr. Price 25 cents. 

Based upon Benson's Tables (after correction). Tangents above 45' (and 
Cotangents below 45') are obtained by computing Reciprocal of Tangent 
of Complementary Angles (and similarly for Cotangent). 

MM-ig2 7-Place Table of Natural Cosines with the Argument in Natural Sines, by 
R. A. Davis, * 

Argument Interval (.001) - 0 to 1.000. 

Also useful for problems in the form of y= Vl - x2 

MM-ig3 6-Place Table of Radians with the Argument in Natural Sines, by R. A. Davis. 

Argument interval (.001) - 0 to 1.000. 

ALGEBRAIC EQUATIONS; 

MM-t82 A Short Method of Evaluating Determinants and Solving Systems of Linear 

Equations with Real or Complex Coefficients, by Prescott D. Crout, Ph.D. 

Reprint of paper presented at A.I.E.E. Summer Convention June 16-20, lull. 

A distinct advance in this field. Also shows short-cut when equations 
are symmetrical, as in certain applications of Statistical Method. 

MM-183 Notes on Merchant Calculator Application to the Crout Method of Solving Si­
multaneous Equations (see MM-182)• 

Gives schematic outline and calculating pattern. 

MM-225 Birge-Vieta Method of Finding a Real Root of Rational Integral Function. 

An exceedingly useful method which greatly simplifies the usual pro­
cesses to accomplish this result and also provides superior accuracy 
control. This method was developed as a result of investigation by 

Dr. Raymond T. Birge, Ph.D., Professor of Physics and Chairman of De­
partment, University of California 

MM-226 Setting up an Approximating Polynomial of Degree »n" from equidistant 
Tabulated Values of a Function. 

A basic application for use when it is desired to express experimental 
or approximate values in algebraic form. Solving such an equation by 

the Birge-Vieta Method (see MM-225) provides simple means of inverse 
interpolation. The equation resulting from application of this method 

is also helpful in Identifying the natural laws which govern experimen­
tally determined values, etc. 

MM-233 How Many Figures for the Answer? 

A reprint of an article in Marchant Math-Mechanics, giving basis of 
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computing ProJabl® ̂ '^^^errSro^acrJ^its factors is known, 
any problem when the probable 

m_235 The Nogrady Method of Solving Cubic Equations. 

-M .Hon of Marchant to procedure described in the monograph, 
£ th'. "optionof Cubic Equations," by Henry A. Nogrady. 

1NTSRPOLATION: 
Direct interpolation - Straight-Line and Curvilinear. 

Hnn wlth short-cut method, showing use of Bessel or 

Everett*Central^!fference Formulas, the Cowrie "Throw-Bach," etc. 

Includes curve of Bessel and Everett Dnd Difference Coefficients. Method 

takes into account 4th Differences up to 1000-

Z-Z Appendix to MM-1S9, giving elementary mathematical Basis of the method. 

Direct Curvilinear Interpolation .ith LaOrange Coefficient.. 

with Table of Rutledge-Crout exact 5-Point Coefficients. 

seven Place LaCr.nge h-Pomt lnterpol.tlon Coefficient f,^ tlue.^p 

from 0 to 2, with Argument to O.Ool (in P P 

Direct Curvilinear Interpolation, Assuming Constant Second Differences. 

. montc nf sub-divisions with adjustment at 

tiroit1.rUpPoirtstodATpid"Cmrthod under conditions that .arrant its use. 

evxnpt—Put Method Includes Effect 01 
inverse Curvilinear Interpolation - Short-Cut Metn 

2nd Differences Only. 

Using Bessel«s Central Difference Formula. 

Inverse Curvilinear Interpolation and Finding Roots of Tabulated Function. 

-Divided Difference" method using LaGrange Newton formula. 

Inverse Curvilinear Interpolation and Finding of Roots of Tabulated Func-

The Comrie "Two-Calculator" Method, Using Bessel's Central Difference 

M M - 6 4  

M M - 2 2 8  

M M - i 5 2  

M M — 2 2 0  

M M - 2 0 Q  

M M - ~ 2 2 1  

Formula. , r_ 
,  ,  c  / p a P e  o i  f o r  a l t e r n a t e  m e t h o d s  o f  1 *  

N O T E :  S e e  a l s o  M M - 2 2 5  * n d  M H - 2 2 6  l P * g e  3 >  
v e r s e  C u r v i l i n e a r  I n t e r p o l a t i o n .  

UilEKICAL INTEGRATION AND SOLUTION OF DIFFERENTIAL EQUATIONS: 

M_15 Area Belo. Curve for Fractional Portion of Distance bet.een Equidistant Or-

dinates. 

original contribution for 

ferences"CtIncludes « .f coefficients. Useful in ship and tang de-

.hen End Section Bas Different Spacing fro. That of B.l-

ance of Sections. 



Simi la r  to  MM—^  a ^ a S e  5 

na tes  in  end  sec t ion ,"as  compared  wi th^pa^  U n G . q U a l  s P a c l n g of  o rd i -
Inc ludes  curve  of  coef f ic ien ts .  Usefu l  in  ,  a d J a c ^t  sec t ions .  

Moment  o f  Iner t ia  of  s  „  *  ^  d 6 S l g n '  6 t c '  
ec t ions  Composed  o f  Rec tangular  Areas .  

sys temat ic  work  shee t  for  commiUn. th  uir;r/f—- ~ ;:r-1— 
Inc ludes  much he re^of^  t h i s  P°P" la r  method .  

~ -—— - - „/ thou t  any  wm of  n r s t  
STATISTICAL AND ITS AST SQUARES:  

MM-i 67 

MM"216 

MM-216 A 

MM-! Linear  "Leas t  Souarpc i t  r  **  m 
. . ^ e of Regress ion  and  Coef f ic ien t  o f  Regress ion  

shor t -cu t  method  for  so lv lna  tv ,  
l e» .  Should  a l so  ho  cons idered  i ' " 8 '  P r < "-

Summat ions  in  s ta t i s t i ca l  „ e t h o d .  

A fu l l  explana t ion  of  s h o r t -c . t  
var ious  k inds  of  summat ions  used  in  S ta t i^M* ™ e t h o d s  f o r  obta in ing  the  

"  S h °" l d  a I s o  b e  ""1  iu  connec t ion  .1 th  tMs Method  
-177 Summat ions  o r  X 2  and/or  (UX 2 )  o r  x ' .  

Tuiii:: :~cz «.»<-

Summat ion  o r  Sec tors  o r  the  ry  e  r  X h  ^  1 0 "  

— Pearson  Corre la t ion  c . r^LT T  '  '  ̂  K  

»l th  rormula  espec ia l ly  adapted  to  ca lcu la tor  computa t ion .  
bechlng  b y A d d l „ K  l | a c M n e  ^  C o n t r o i  ^  ̂  ̂  

4,B Comput ing  s tandard  ,de la t ion  f rom Summat ions .  

»*-,<* Standard Oev.atlons - Oat. Cropped by Class Intervals. 

j j ap id  method  o r  ob ta in ing  th i s  va lue  .hen  scores  a re  grouped  by  t . l -

MM-242 Summat ions  o f  X,  XY and  XY 2 .  

A spec ia l  s impl i f ied  method .  

Hansen-Ahlberg  „e thod  o r  Extending  Parabol ic  Curves .  

any  second degree  " func t ion!^  ^  d l f f , s r e n C 9 s  rap id ly  ex t rapola t ing  

MM-45A 

MM-245 
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MIME METHOD OF STEP-BY-STEP INTEGRATION OF ORDINARY 

DIFFERENTIAL EQUATIONS WHEN STARTING VALUES ARE KNOWN 

R E M A R K S :  

E X A M P L E :  

O P E R A T I O N S :  

T h e  M i l n e  M e t h o d  i s  h i g h l y  r e g a r d e d  b e c a u s e  i t  u s e s  t a b u l a r  v a l u e s  i n s t e a d  o f  
d i f f e r e n c e s  a n d  b e c a u s e  i t s  a s s o c i a t e d  S t e f f e n s e n  i n t e g r a t i o n  f o r m u l a s  h a v e  
s m a l l  r e p e a t e d  c o e f f i c i e n t s  w h i c h  r e a d i l y  l e n d  t h e m s e l v e s  t o  t h e  p r e p a r a t i o n  
o f  t a b l e s  o f  f a c t o r s  f o r  u s e  i n  c o n n e c t i o n  w i t h  a n y  p a r t i c u l a r  p r o b l e m .  T h e  
m e t h o d  a l s o  p r o v i d e s  m e a n s  f o r  e s t i m a t i n g  t h e  e r r o r ,  p r o v i d e d  t h e  o r d e r  o f  
d i f f e r e n c e s  t h a t  t e n d  t o  d i s a p p e a r  i s  k n o w n .  T h e  e x a m p l e  c o m p u t e d  h e r e i n  i s  
t h e  s a m e  a s  t h e  d i f f e r e n t i a l  e q u a t i o n  t h a t  w a s  c h o s e n  f  o r  c o m p a r i n g  p r o c e s s e s  
b y  t h e  C o m m i t t e e  o n  N u m e r i c a l  I n t e g r a t i o n ,  N a t i o n a l  R e s e a r c h  C o u n c i l  ( B u l ­
l e t i n  N o .  g 2 ) .  T h e  e x a m p l e  h a s  s u b s t a n t i a l l y  l a r g e  h i g h e r  o r d e r s  o f  d i f f e r ­
e n c e  s o  t h a t  u s e  o f  o n e  o f  t h e  i n t e r m e d i a t e  f o r m s  o f  t h e  M i l n e  M e t h o d  i s  r e ­
q u i r e d .  T h e  s i m p l e s t  e x e m p l i f i c a t i o n  o f  t h e  m e t h o d ,  w h i c h  i s  s u i t a b l e  f o r  
u s e  w h e n  4 t h  d i f f e r e n c e s  t e n d  t o  d i s a p p e a r ,  i s  d e s c r i b e d  i n  t h e  a p p e n d e d  E x ­
p l a n a t o r y  N o t e s ,  w h i c h  a l s o  d i s c u s s  o t h e r  p e r t i n e n t  m a t t e r s .  

T h o u g h  t h i s  c o m p u t a t i o n  a p p e a r s  f o r m i d a b l e  i n  r e v i e w ,  i t  i s  a c t u a l l y  e x t r e m e l y  
s i m p l e  t o  a p p l y .  T h e  s c h e m a t i c  d i a g r a m s  a n d  w o r k  s h e e t s  h a v e  b e e n  d e v e l o p e d  
f o r  t h e  p u r p o s e  o f  r e d u c i n g  t h e  c o m p u t a t i o n  t o  s i m p l e  s y s t e m a t i c  p r o c e d u r e .  

Integrate dy/dx = -xy from x = 0.5 to x = 1.0, with initial value y = 1 when 
x = 0, and with starting values as follows: 

dy/dx = u = -xy 

0 
0.1 
0.2  
0.3 
0.4 
0.5 

y-s 
y_4 
y_ 3  

y-2 
y-i 
y 0 

1.000 000 00 
0.995 012 48 
0.980 198 67 
0.955 997 48 
0.923 116 35 
0.882 496 90 

u 
u 

-5 
-4 
-3 
- 2  

-1 

-0.000 000 00 
-0.099 501 25 
-0.196 039 73 
-0.286 799 24 
-0.369 246 54 
-0.441 248 45 

The method of obtaining the above "starting values" or determining how many 
starting values are needed in any case is beyond the scope of this method. 
See Marchant Methods MM-260 and 261. 

The computing plan for this example comprises the use of the 5-term "open-
type" formula for integrating ahead and the 5-term "closed-type" formula for 
back checks, with a final refinement of the entire group of five values by 
use of the 9-term "closed-type" formula. 

Decimals; Upper Dial 8, Middle Dial 16, Keyboard Dial 8, 
"M" model with Upper Green Shift Key down. 

Use any 10-column 

( 1 )  Compute the factors that are in the three right rows of the Upper and Lower arrays 
of Page 5 for values from and including x = 0 to x = 0.5, setting up each 
value of "u" from the example and multiplying it successively by 11, 14, 26, 
7, 32, and 12 insofar as the arrays show that it is necessary to use the fac­
tors; for example, it is not necessary to multiply u_u (0.099 501 25) by any 
multiplier except "11" (for the single entry in the upper array). 

C O P Y R I G H T  1 9 4 2  ( o v e r )  

MABCHANT CALCULATING MACHINE COMPANY 
PRINTED IN U.  S.  A.  

OAKLAND. CALIFORNIA 
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COMPUTING TRIAL VALUES OF "y" AND "u" 

(2) The first step in obtaining the trial value of y for x = 0.6 (y+1) is to integrate 
u from u_5 to u+1 by using its values from u_^ to uQ inclusive (not using 
the end values of u_g and u ) . This is done by summing the factors of the 
upper array diagonally, as indicated by the line with the arrows; thus, the 
sum of these "u" functions, as per formula at upper left of section "0.6" 
Work Sheet (Page 6) is 1.094 513 75 - 2.744 556 22 + 7.456 780 24 - 5.169 
451 56 +4.853 732 95 = 5.491 019 16, which appears in Middle Dial. It is 
negative as all of the u's are negative. 

(3) Transfer the Middle Dial amount to Keyboard Dial, clear Middle Dial and multiply 
by Length Factor (.03). 

Increment in y from x = 0 to x = 0.6 (0.164 730 57)> which is also nega­
tive, appears in Middle Dial. 

(4) Transfer the Middle Dial amount (0.164 730 57) to Keyboard Dial, clear Middle Dial, 
and subtract. Set up y_5 (1.000 000 00) and add. 

Trial Value y (0.835 269 43) appears in Middle Dial. Copy to Work Sheet 
(Page 6). 

(5) Next, proceed with the calculation of dy/dx when x= 0.6 from its equation, both 
the y and x being known. In this case, the value of dy/dx = u is obtained 
by multiplying the known "y" by the known "xn (-0.6); thus, transfer Middle 
Dial amount (0.835 269 43) from Middle Dial to Keyboard Dial, clear Upper 
Dial and multiply by "0.6". 

Trial Value ux (0.501 161 66) appears in Middle Dial. Copy to Work Sheet 
(Page 6). 

(6) Transfer the Middle Dial amount (0.501 161 66) to Keyboard Dial and multiply by 11. 

Copy Trial Value u_x (0.501 161 66) to Work Sheet (Page 6) and to the 
Lower Array of Factor Sheet (Page 5). 
Copy Middle Dial amount (3.508 131 62) to Lower Array of Factor Sheet. 

COMPUTING CHECK VALUE OF "y" AND "u" 

(7) The first step in obtaining the Check Value of y+1 is to integrate u from u_3 to 
u^, using these values as well as those that are in-between. This is done 
by summing the factors of the Lower Array diagonally, as indicated by the 
line with the arrows; thus, the sum of these "u" functions as per formula at 
lower left of section "0.6" of Work Sheet (Page 6) is 1.372 278 11 + 9.177 
575 68 + 4.430 958 48 + 14.119 950 40 + 3.508 131 62 = 32.608 894 29, which 

is negative. 

(8) Move Upper Dial decimal from 8 to 9 and Keyboard Dial decimal from 8 to 7, set up 
reciprocal of the common multiplier (225) and divide. 

Increment in y from x = 0.3 to x = 0.6 inclusive (0.144 928 842) appears 
in Upper Dial, which enter in Work Sheet (Page 6) as negative. 

(9) Move Middle Dial decimal to 17 and Keyboard Dial decimal to 8, set up y_3 (0.980 
198 67) in Keyboard Dial, depress Add Bar, and then depress Subtract Bar. 
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(10) Set up "1" in 9th column of Keyboard Dial and reverse multiply by Upper Dial amount, 
except use rounded figure of "2" in 2nd dial instead of "19" as appears in 

2nd and 1st dials. 

Check value of y.. (0.835 270 25) appears in Middle Dial. 
Upper Dial shows all ciphers, or all 9's, in every dial, except 1st dial 
will show effect of rounding. Copy to Work Sheet. 

CORRECTING THE CHECK VALUE 

(11) The Check Value is usually more nearly correct than the Trial Value, because it is 
obtained as an integration of only four "sections" (0.3 to 0.6), using 
"ordinates." The difference $y between the Trial and Check Values is ob­
tained and given such sign that when it is added to the Check Value their sum 

equals the Trial Value (see Explanatory Notes); thus, 

0.835 270 25 - 0.835 269 43 = 0.000 000 82 recorded as negative 

(12) For the conditions of this example (see Explanatory Notes) the Check Value should 
be corrected by Sy/35 = -0.000 000 02, reducing y+1 to 0.835 270 23. 

(ia) Substitution in the formula for dy/dx is then made (in this case multiplying 0.835 
270 23 X - 0.6, producing the Check Value of u+1 - 0.501 162 14, which is 
entered in the Upper Array of the Factor Sheet. The value previously entered 
in the Lower Array is corrected, as shown, and again multiplied by 11, 14, 
and 26, to produce the corrected factor in the "11" column and also the values 
in the other columns. The Lower Array is, likewise, completed by multiplying 

by 7, 32, and 12. 

(14) The above cycle from Steps 2 to 13 is repeated for the remaining values, dropping 
off values "at the top" as new ones are obtained at the bottom, all as per 

Work Sheet (Page 6) . 

In preparing this Work Sheet, it is found convenient to reproduce the 
formulas used, as shown, and to place the symbol number that identifies 
the term in the Factor Arrays directly below each term. This provides 
a "pattern" of calculating that serves to clarify and expedite the pro­

cess . 

The checked y's are tabulated below: 

X y 

0.6 0.835 270 23 
0.7 0.782 704 55 

0.8 0.726 149 06 

0.9 0.666 976 83 

1.0 0.606 530 69 

FINAL REFINEMENT OF VALUES 

ly the preceding process, there has been obtained the first group of five values beyond 
:he starting values. Before calling the work complete, however, we may make an overall 
•heck by using the 9-term closed formula for integrating the differential "u" in the eight 

sections from x = 0.2 to x = 1.0 inclusive, thus 
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Multiplier 

0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

-0.196 
0.286 
0.369 
0.441 
0.501 
0.547 
0.580 
0.600 
0.606 

039 73 
799 24 
246 54 
248 45 
162 14 
893 19 
919 25 
279 15 
530 69 

989" 
5888 
- 928 
10496 
-4540 
10496 
- 928 
5888 
989 

= -13241.86039 X 
0.8 
28350 

-0.373 668 02 
which added to y for x 
produces new y for x 
of 0.606 530 65. 

0.2 
1.0 

This is .000 000 04 less than the previously found 

- - - —- - - -
'calculated. 

Distributed New n ytt 

0.6 0.835 270 23 
.7 .782 704 55 
.8 .726 149 06 
.9 .666 976 83 
1.0 .606 530 69 

- .8 
-1.6 
-2.4 
-3.2 
-4.0 

0.835 270 22 
.782 704 53 
.726 149 04 
.666 976 80 
.606 530 65 

New "u" 

-0.501 162 13 
-0.547 893 17 
-0.580 919 23 
-0.600 279 12 
-0.606 530 65 

These new values .r 

r^arf ohtai„lng a Tlnal reilneaent „T 

0.6 
.7 
.8 
.9 
1.0 

Difference in "u" 

+• .000 000 01 
2 

• 2 

4 
4 

X -4540" 
10496 
-928 
5888 
989 

= .000 362 16 

x 0-8 _ +.000 000 01 
28350 

This increase in is, liaise, an .emulation „ integr.te* differences through-

out 5 terms, so it is distributed as follows: 

0.6 
0.7 
0.8 
0.9 
1.0 

Correction of 
y (rounded) 

.000 000 00 
0 
1 
1 

.000 000 01 

Final "y" 

0.835 270 22 
.782 704 53 
.726 149 05 
.666 976 81 
.606 530 66 

. . q were to be obtained, a new column of values of u cor-
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FACTOR SHEET MILNE-STEFFENSEN 5 POINT (6 ORDINATE) FORMULA 

FOR INTEGRATION BY STEP-BY-STEP METHOD 

ORIGINAL CALCULATION: h = o.l 

ii 

0 

O.l 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

u 
-5 

u 
-4 

U 
~3 

-2 

-1 

+ 1 

+ 2  

-t-3 

+ 4 

+ 5 

u = -xy 

0.000 000 00 

-0.099 501 25 

-0.196 039 73 

-0.286 799 24 

-0.369 246 54 

-0.441 248 45 

-0.501 162 14 

-0.547 893 19 

-0.580 919 25 

-0.600 279 15 

-0.606 530 69 

BACK-CHECK CALCULATION: h = O.l 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

u 

"3 

-2 

'-1 

U +1 

'+2 

+3 

+4 

+5 

u = 

-0.196 

-0.286 

-0.369 

-0.441 

-0.501 

-0.547 

-0.580 

-0.600 

-0.606 

-xy 

039 73 

799 24 

246 54 

248 45 
2 14 

163-66-
3 19 

892-61-
9 25 

918 42 
9.15 

278-24-
30 69 
529 74-

Length Factor: 3 h/10 = .03 

—  C o l u m n  M u l t i p l i e r s  —  

H -14 26 

1.094 

2.156 

3.154 

4.061 

4.853 

5.512 

6.026 

6.390 

6.603 

513 75 

437 03 

791 64 

711 94 

732 95 

783 54 

825 09 

111 75 

070 65 

2.744 556 22 

4.015 .189 36 

5.169 451 56" 

6.177 478 30 

7.016 269 96 

7.670 504 66 

8.132 869 50 

7.456 780 24 

9.600 410 04 

11.472 459 70 

13.030 215 64 

14.245 222 94 

Length Factor: 2 h/45 = 1/225 

—  C o l u m n  M u l t i p l i e r s  

1.372 278 11 

2.007 594 68 

2.584 725 78 

3.088 739 15 
• 4 98 

32 

9.177 575 68 

11.815 889 28 

14.119 950 40' 

16.037 188 48 

12 

3.508 131—62 
• 52 33 

3.835 247-67- ^ 17 532 582 08 
• 34 75 — 

4.066 428 94 ^> 18.589 416 00 
54 05 \ 

W 19. 

4.430 958 48 

5.294 981 40 

6.013 945 68 

6.574 718 28 

6.971 031 00 

4.201 947 47 

4.245 708 18 

.208 932 80 

(one r) 
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EXPLANATORY NOTES 

T h e  d i a g r a m  
r e l a t e s  t o  
a  t y p i c a l  
f u n c t i o n ,  
n o t  t o  t h e  
o n e  u s e d  i n  
t h e  e x a m p l e .  

Curve of"y 
-  Ju dx + OM 

PRINCIPLE OF STEP-BY-STEP SOLUTION OF DIFFERENTIAL EQUATIONS: Let  i t  be assumed that  in  
'  * T 7  S l V e n  o r d i n a ry different ia l  equat ion of  f i rs t  order  dy/dx = u =  f  ( x  v)  

tervL 7 7  ^ U  a r S  J" 0™ f° r  S e v e r a l  "Part ing" values  of  x a t  equal ly  spaced in-
11n«£f  "  *  V  X ° i *  A S S U m e  t h a t  t h e s e  v a l u e s  a r e  Pit ted as  the sol id  curved 

es  of  the diagram in  which AEB represents  the known values  of  dy/dx,  and MN repre­
sents  the corresponding known values  of  y when the ini t ia l  value i s  OM. From the re la-
rpm v, S !T n :  !h  i S  a p p a r e n t  t h a t  t h e  a r e a  OABCO i s  a  measure of  the increment  in  v 
(PN) above the ini t ia l  value MO, or  y  =  NC; that  i s  to  say,  any point  on the curve MN cor l  
responding to  any value of  x may be obtained by measuring the area under  the different ia l  
curve up to  that  value .of  x  and adding the resul t  so obtained to  the ini t ia l  value of  y ,  

I f ,  n o w ,  w e  h a v e  m e a n s  o f  d e t e r m i n i n g  t h e  a r e a  O A B ' C ' O ,  w h e n  g i v e n  o n l y  t h e  s o l i d - l i n e  
curve AEB, i t  is  apparent  that  the area so obtained is  l ikewise a  measure of  the incre­
ment  in  y ,  P 'N'  ,  which when added to  the ini t ia l  value OM would give a  new y correspon-

lng to  a  point  x+ r  By subst i tut ing the new y ,  so found,  in  the given different ia l  equa­
t ion,  x of  course being known,  the  new value of  dy/dx = u,  or  the point  B'  becomes known.  

2?  C y° 1® n°W  c o mP l e t e> a nd by l ike means we can compute other  values  a t  the r ight  of  
and BB ,  thus cont inuing the solut ion to  any desired point ; .  

The crux of  the solut ion res ts ,  of  course,  in  the determinat ion of  the area OAB'C'O when 
given only the values  of  u from A to  B.  The process  i s  essent ia l ly  one of  extrapolat ion,  
and var ious ways exis t  for  performing this  "extension."  I t  is  obvious that  errors  made 
in  computing the f i rs t  extension s teps  are  cumulat ive,  jus t  as  i f  one were construct ing 
a  cantelever  br idge,  so any process ,  to  be successful ,  must  have means of  reducing these 
errors  to  a  minimum. Also,  i f  possible ,  i t  must  provide over-al l  checks to  correct  a  
ser ies  of  values  so that  the completed s t ructure  wil l  have dy/dx = u for  every value of  
x and y .  

TRIAL COMPUTATION OF THE MILNE METHOD: The area OAB'C'O i s  obtained by using only the or­
dinate  of  the curve AB a t  points  such as  x_ 4 ,  x  ,  x_ 2 ,  X - 1  and xQ ,  for  example,  which 
values  are  known as  they comprise  a l l  but  one of  the assumed s tar t ing values .  I f  these values  

( o v e r )  
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of u are differenced (see Merchant Method MM-100) and it is found that fourth differences 
are negligible, then it would not he necessary to divide the length AB into five sections 
(six ordinates) . It would be satisfactory to divide it into three sections (four ordi­
nates) ; t'he sections would be larger, and the work would proceed that much faster. If it 
is desired to-take account of 7th differences of u (corresponding to 8th differences of 
y), the curve AB should be sectionalized still further — into 7 sections (8 ordinates), 
etc. In any case, the number of ordinates should be even, because the accuracy of the 
computation based upon any such even number of ordinates is substantially equal to the 
case if the next higher uneven number of ordinates is used. 

Consideration of the above matters provides a hint for proper choice of interval (h) and 
of the number of ordinates to be used for the solution of any equation. The subject will 

not be further explored here. 

In the example of this method, six starting values are known, corresponding to the solid-
line ordinates of both curves. The area OAB'C*0 is then obtained by applying the proper 
Steffenson "open-type" integration formula. In the case diagrammed, the area OAB'C'O, 
spanning seven ordinates, is found by using five of the known ordinates, excluding the 
end ordinates for x: and x_5. The formula is: 

(l) Area OAB'C' = length oc' (llu „ - 14u_, + 26u - 14u 4- llu0) 
20 

which will be recognized as that which was used in the example, because length OC ' equals 

6h and 6 x 0.1/20 = 0.03. 

The general Steffensen formulas for various numbers of terms are given below: 

Nrr°" °f Coefficients to Central Value Divisor Remainder 
Terms 

3  2 - 1  

5 11 -14 

3 0.000 31 F^4) (Xi) 
26 20 0.000 001 1 F(6) (Xi) 

7 460 -954 2196 -2459 945 0.000 000 002 1 F 
( 8 )  

9 4045 -11690 33340 -55070 67822 9072 0.000 000 000 002 7 F!i0/ (Xi) 

The use of the above coefficients and divisors will be apparent by analogy from what has 
been previously described. The remainder of the 3-term formula contains the expression 
F' (xi), which designates the 4th derivative of u (or the 5th derivative of y) with 
reqpect to x for some value of x (unknown) that is found within the entire length OC . 
This amount makes it possible to determine the maximum error if we know the maximum 4th 
derivative. The actual error, however, may be less than this, and usually is. The com­
puter rarely needs to pay attention to this matter because the Milne Method offers a sim­

plification of this point, as will be later explained. 

The Milne computation of the error is also to be preferred because the above expressions 
for the Remainder apply to the case when the length OC1 is taken as "1". If it has any 
other value, the above Remainder Coefficients must be multiplied by the length raised to 
the r th power, in which "r" equals "no. of terms of formula used, plus 2"; i.e., if the 
length OC' is 6 units long and the 5-term formula is used, the Remainder Coefficient (0. 

000 001 1) is to be multiplied by 67. It therefore equals 0.31. 

We have now obtained the area OAB'C'O which, as stated, is a measure of the increment in 
y. This increment, P'N"', added.to the initial value OM, gives the new value y1? corres­
ponding to x,. It then only remains to substitute the now known yj^ and the known in 
the given differential equation and thus obtain ux, or the point B'. 
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cycle is  now complete,  and If  we are sat icf iaH t<-u *-

could proceed to the next  s tep by f inding the area T ?! a C C U r a c y  8 0  f a r  obtained,  we 
to  x2  and adding the increment in y so found to the "  r  !  d l f f e r e n t- l  curve from x 
™>l"eofy2 .  y  d  t 0  t h e  v a l u e  ° f  thus producing the 

THE MILNE CHECK-BACK: The f i rs t  refinement nf  tho 
re-calculat ing y in a different  manner from that  orevt  ^  ̂  7  f°F  ** 1 8  o b t a i n e d  by 
termination of  yx  l s  obtained by f inding the area I  e m p l°y e d-  T h i s  second de-
tween and including the values x and x and adm u ° f  t h e  d i f f e r e n t ial  curve be-
This could be done by Simpson • s  Rull ,  i f  desired but"su h 6  *n C r e m e n t  s o  obtained to y 
this  example because i t  would not  take into account 5th Hif?™"^ W°U l d  n 0 t  S U f f i c e  f o r  

that was used in the example takes into account such 5th dxffe^^Vthu" ^ 

^ Area 0^0= (7u^ +  Mu. a  +  ̂  +  ̂  '  

inasmuch as the length DC- in  the example is  4h,  the mult ipl ier  is  4 X O.^O = l / ? 25 

-e  general  Newton-Cotes formulas for  various numbers of  terms are given below: '  

Terms ^eff icients  to Central  Value Divisor Remainder 

3 1 4 
5 7 32 i2 6 -0.000 35 fel) 
7 41 216 27 272 c9° ~°'000 000 52 F<6) £xi) 
9 989 5888 -928 10496 -4540 283^0 ~n'°0° °°° °0° 64 F (Xi> 

The use of  the above coefficients  di  1 • ^  °°° °°° ^  
what has been previously described.  V  HoweveT r* & P p a r e n t  a n a l°gy from 
when compared with that  of  the Trial  formula^ i fusedT ^  & b°V e  °h e C k  f o r m u l a> 
a comparison of  coefficients  indicates This T  ® M e t h o d> ^  smaller  than 
area with a  shorter  base l ine,  itVeln'g J2  J3  p°™ula integrates an 

and r  terms respectively,  J  OP t .Trl .1 „  

rs: r-i-r:::;: yr ci™ - —«-— 
Of the end „ rdl„. t„ s l m l l l p l y  designated '" .0pe„1Je™fo™^" ""  

The formula for  3 terms .111 be recognised as Simpson's  1/3 Rule.  

f" t h e  a b°*<> «pon "d 

s  ^ n ; 5 £ £ S  ~ =  formula,  then i t  is  evident  that  the X t h  d e r l v a t l v e  ^ posit ive in the case of  each 
be less  than i ts  true value because the RemaLdeJ"^^os 1°p e n" t yP e  will  
s  seen that  the closed-type formula nrodnpa S  B y  similar  reasoning,  i t  

The t rue value then ^ t^" 

order are"clonely0proport ionate^we6 'may^' l ikewise m^IuT1  ^ d 6 r l V a t l v e s  o f  the same 
exceptions,  that  i f  the seventh differences of  ,  conclude,  subject  to remotely unusual  
wil l ,  l ikewise,  l ie  between i ts  ^^7"^ cnLnfTk  ^ t r U 6  V a l u e  o f  t h e  integral  
(of  course,  the s ixth differences that  control  thi  6  closed and open-type formulas 
than identical ,  because the two 5-term formul a  e r r o r  a r e  a dJ a c ent differences,  rather  
but  I f  those adjacent  differences should ITof!" ° f  "" "-"cal  five ter l  
would be substantial ly non-existent  because of  the ,T" " e  "°U l d  k"" '"  t h a t  t hey 
tend to vanish).  C a U 8 e  o f  t h e  assumption that  seventh differences 

(  over)  
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Ihe .0,. reasoning barbae,££ 
error (in this case, ^he between its "open type and x . conciusion 
the true vaiueof the ine^n.^ ̂  .-.U. « «= * „ term fomula 

êsToTy T* «"-*-• provided that the n + a 

 ̂ ,̂-1 cVl _ is assumed to vanish. <TI4l~rB were computed, Milne de-
to the original expansion from which theremai of  iM[h  becomes 

By reference to the c o l c l u s i o n  f„ the amount of' the or ^ ^ ̂  t h  

,elops the fol g t ha t  the error must be .  ^ cooes between it and 

known when it  " Jem c losed-type formula so the 

integral when the open-type formula. 
the value when obta .  ^ ̂  ̂  ̂ ob ta lned  by 

under  the assumptions 'hef*™.T1^ action of the 

» = - . . .  ,  

4 . is to be remembered that the corn 

in applying t he  ab°^* by the closed-term formula. 
plied to the value obtained .  ^ between the 

1  a re  found  in  texts in which the truevalu ^  ̂ t h&t  h ighe r  

Sometimes examples values but if these be examin ,  . .  inasmuch as the 

open-term and closed-t permitted by the above as P interval are usually 
orders of differences exis tto P ^  ̂  solution and of the i  ^ t h< j  

Choice of the number of ^'htlng „utllned above, 
such that differences o f u s u  ̂  ^ ±s easy t0 apply. 
Milne Error Check is a qvstems of differential 

equations^of"the"^^^°^^n™^^u^°^hese°y'values^aine^ubs t i  tuted^in^ the simultaneous 

Independently for its ® ®P 0f*u for each equation. 

&re reduclble to a system of 

r ;r. S£ffi»• -rrr:-— 
REFERENCES: The following list 

^  " g  Milne N u m e r i c a l  ^ r a t i o n 0 ,  O r d . n o r y  ^ e r e n ^  * " » ~  
W" Am. Math. Mo. 33: «5-460 (1936). ^^ ^ E ,uo t l„„s 

w  E Milne, O n  t h e  M u m e r t c a  I  I n  S  ^  322-327 (1933) .  
o f  t h e  S e c o n d  O r d e r ,  Am. Mat .  • I n t e g r a t i o n  o f  D i f f e r e n t i a l  

National Research Council, Mo. 92, E_ u l lne ,  H. Bateman) (1933). 

E q u a t i o n s  ^ ^ ^  7 .  
j  F .  S t e f f e n s e n ,  i n i e r p o t .  

C 0 -  ( 1 9 2 7 ) '  ,  >.I M a t h e m a  , P .  9 8 0 - 2 8 3 ,  T h e  J o h n s  
j .  1. Scarborough, Ato>er,r«t M a t h e m a  

Hopkins Press, Baltimore (1930). 
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E N G I N E E R I N G  

N a r c h  i g 4 4 ,  r  

R E M A R K S :  

O U T L I N E :  

AREA BELOW CURVE IN THE CASE OF FRACTIONALLY-SPACED ORDINATES 

(Also Suitable for Integration of Equations of 3rd Degree, or Less) 

T h e  u s u a l  r u l e s  f o r  a p p r o x i m a t e  i n t e g r a t i o n  ( S i m p s o n ,  W e d d l e ,  e t c . )  r e q u i r e  
t h a t  t h e  b a s e - l i n e  b e  d i v i d e d  i n t o  s e c t i o n s  b y  e q u i d i s t a n t  o r d m a t e s .  W h e n  
t h e  h e i g h t s  o f  t h e s e  o r d m a t e s  a r e  k n o w n ,  t h e  a r e a  o f  a n y  o r  a l l  o f  t h e  i n ­
d i v i d u a l  s e c t i o n s  m a y b e  r e a d i l y  c o m p u t e d  w i t h i n  l i m i t s  o f  e r r o r  w h i c h  v a r y  
a c c o r d i n g  t o  t h e  f o r m u l a  u s e d  ( i n  S i m p s o n ' s  1  / 3  R u l e ,  3 r d  d i f f e r e n c e s  a r e  
t a k e n  i n t o  a c c o u n t ) .  S e e  N o t e  C  o n  r e v e r s e  s i d e  h e r e o f  f o r  l i m i t a t i o n s .  

I t  is  often desired to know the area of  a  fract ional  part  of  one of  the sec­
t ions bounded by such equidistant  ordinates.  This  problem frequently oc­
curs in computing areas and volumes of  i rregular  shapes in ship construc­
t ion and elsewhere.  The problem is  one of  approximate integrat ion of 
y = f  (x)  when the upper l imit  of  integrat ion is  a fract ion.  

T h e  m e t h o d  h e r e i n  t a k e s  i n t o  a c c o u n t  3 r d  d i f f e r e n c e s ,  y e t  i t  d o e s  n o t  r e ­
q u i r e  t h e  c o m p u t a t i o n  o f  t a b l e s  o f  d i f f e r e n c e s  o f  t h e  o r d i n a t e s .  S o  f a r  a s  
W l  a r e  a b l e  * °  d e t e r m i n e •  t h e  m e t h o d  i s  a n  o r i g i n a l  c o n t r i b u t i o n  o f  t h e  M a r -
c h a n t  C a l c u l a t i n g  M a c h i n e  C o m p a n y ,  t h o u g h  i t  h a s  i t s  f o u n d a t i o n  i n  w e l l -
k n o w n  p r o c e s s e s .  

///. 

IP 
h i  n = — 

f «  h  •  — h  h  -J  
The shaded area of the above diagram is  obtained by the fol lowing formula,  
assuming that  4th differences may be disregarded:  

f x  0+nh 
Area = y(dx) = h (K0y0  + K i y i  -  K2y2  4- K3y3)  ,  

in which the values of  the »K" constants  are taken from table below at  
various values of  n.  The table shows constants  to f ive decimals.  Exact  
values wil l  be supplied upon applicat ion.  

0 . 1  
0 . 2  
0.3 
0.4 
0.5 
0 . 6  
0.7 
0.8 
0.9 
1 . 0  

KO K1 K2 K3 
.09116 + .01418 - .00685 - .00151 -
.16593 + .05353 + .02486 + .0054 .22616 + .11351 + .05051 + .01084 -.2736 .18987 - .08053 + .01706 + 
.30990 - .27864 + .11198 - .02344 -.3366 .3762 .1422 .0294 
.35516 + .47918 + .16885 .03451 -.36693 + .58453 + .18986 + .0384 
.37316 + .68952 - .20352 .04084 -.375 .79167 - .20833 + .04166 + 

MARCHANT CALCULATING MACHINE COMPANY 
PRINTED IN U.  9 .  A.  

OAKLAND. CALIFORNIA 

( o v e r )  
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Values of K's on preceding page that are not followed by + or - are exact. 

The attached curve of these coefficients enables their values tobe approx­
imately determined at intermediate values of "n". 

EXAMPLE' In the diagram on reverse side, the values of y at points 4 ft. a.pnr„ re 
y = 6.342, y: = 8.502, y2 «= 8.680, and y3 = 7.128. Find area A when yn is 
2?8 ft. from left-hand ordinate (h1 = 2.8, or n = 2.8/4 —0.7) . 

OPERATIONS: Decimals; Upper Dial 4, Middle Dial 9, Keyboard Dial 5. Any Merchant model. 
Upper Green Shift Key should be down if M models are used. 

(l) Set up in Keyboard Dial K0 for n= 0.7 (.35516) and multiply by y0 (6.342). 

faJ Clear Upper and Keyboard Dials only, setup K, (.47918) in Keyboard Dial and mul­

tiply by y1 (8.502) . 

(a) Clear Upper and Keyboard Dials only, move Manual Counter Control toward operator, 
and similarly reverse multiply K2 (.16885) by y2 (8.680). 

f4) Clear Upper and Keyboard Dials only, move Manual Counter Control away from ope a-
tor, and multiply Kj (.03451) by y3 (7.128). 

Area /h (5.10678) appears in Middle Dial. 

(5) Clear Upper and Keyboard Dials only, shift to 5th position, transfer Middle Dial 
amount (5.10678) to Keyboard Dial, clear Middle Dial, and multip. 

(4.0) . 

Area desired (20.427 sq. ft.) appears in Middle Dial. 

e-

or 

NOTES 

A- The ordmates m the above example are taken as four significant figures 
equation y = .000656 & - .06981 X2 + .80875 I + 6.342. the integration oj 

which, between limits of X = 0 to X =2.8. is 20.427. the same as found ,y 
the above process. This illustrates that the method may be used for 

grating 3rd degree equations, or any of lesser degree, and of coursi 

the approximate integration of equations of higher degree. 

B• If only the ordmates y  ,  y .  and y 2  are available, and it is not convenient <001-
vide the distance between yQandy2 into three equal spaces the best Proce­

dure is to draw a free-hand, curve to extend it to a hypothetical y^, wh c. 

is then approximately measured. 

C- This method obtains the area under a smooth curve of minimum continuous curve. e 
that connects the four points. If the curve has waves in any of the equal 

sections, or angularities showing abrupt changes of curvature, the me: tod 
does not apply. Mathematically, this Process integrates a continuous s in­

gle-valued function having constant third derivative. 

D- The rounding of the exact coefficients to five figures has been slightly adjusted 
in order that the algebraic sum of the coefficients of any row will equal 
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B A S I C  M A T H E M A T I C S  

METHODS 5 ' -

R E M A R K S :  

f i f t h  R O O T  

C h a r l e s  S .  L a r k e y  w h o  h a s  f o l l o w e d  t h e  p A n  h ^  ^  W ° r k  ° f  M r '  
T a b l e s  56 a n d  68 r e l a t i n g  t o  s q u a r e  a n d  c u h  V e x e m i > l l f l e d  *» M a r c h a n t  
t h e  m e t h o d  t o  t h e  e x t r a c t i o n  o f  f i f t h  m n i -  I  r e s p e c t i v e l y ,  t o  e x t e n d  
P r o d u c e d  h e r e w i t h  w i t h o u t  c h e c k i n g  o f  t h e  / h  T '  L a r k e y ' s  m a n u s c r i p t  i s  r e -
a s  w e  d o  o f  h i s  s k i l l  a s  a  I t h e Z t i c  i a n  "  b y  M '  b u t  

h i s  t a b l e  w i l l  p r o d u c e  t h e  d e s i r e d  r e s u l t '  a V e  c o n f i d e n c e  t h a t  
f o r t h  i n  t h e  e x p l a n a t i o n  " e  o f  a c c u r a c y  s e t  

f i f th  root  of  any number,  correcTta" '^"  ° f  d l v l s l°"> the 

TO OBTAIN FIFTH ROOT CORRECT TO 5 SIGNIFICANT FIGURES 

Select ion of  Proper  Number in  Column of  Table;  

the fifth root of a n^bw^the nmbe1*8! 10,000 t0  100>000. In finding 

is selected, it being understood that the"d neares t  the  S lven number srs zit-L ^srr-
the  nearest  number s ince '"" '  " tar t !  ten 'soi 'ao b" 3° ' 1 2 9  'S  

T &  Si.rvalue 18 
Finding Column for  Divis  or ;  

Firs t  separate  the number whose f i f th  root  i s  to  v,~ r  
f ive digi ts  each,  beginning a t  the decimal  noin^ T into per iods of  
of  d igi ts  in  the f i rs t  ner iod 1 < =  *-u  P o l n t '  In  general ,  the  number 
v isor-  but  in  mi  „f  1  "!? """"h" 0 f  t h« ^luwn for  the dl-
zeros  Immediately fol lowing the" de l ' d d c l m a 1 '  s u b t ract  the number of  
f ive such that  the remainder  Is  edu."  ^  fL"e f""  ° r  * ° f  

Column number of  the divisor .  or  less ,  this  remainder  i s  the 

i t 'becomes '124 '53575^ a 'nd^CoZn" £  "  l n t°  P e r l° d S  

0.012453575,  Column 4 is  to  be used.  * whereas ,  i f  the number i s  

Determining the Fif th  Root  to  5 Signif icant  Figures;  

la t ingMachine ^STt^l iLVto thHight ' for^f  J e ± D l a l 8  ° f  t h e  c a l c u~ 
the nearest  number f rom Column°N as  found above with the" '  ^  K e y b° a r d  

gits  opposi te  those in  the Middle  Dial  and mult inl  v  hv r  c o r^sponding di-
the number appearing in  Column 1 ,  2 ,  3  4  or  5  L th^ ' '  d l V i d e  * y  

the  select ion as  explained above. '  V e ' p a t i e n t  T i l l  £  J ^fmh '  ̂
the  number,  correct  to  f ive s ignif icant  f igures .  r° 0 t  ° f  

(  o v e  r )  
MABCHANT CALCULATING MACHINE COMPANY OAKLAND, CALIFORNIA 

r>B IIJTr-n ... .. _ PRINTED IN U. S. A. 
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EXTENSION OF CALCULATION TO NINE SIGNIFICANT FIGURES 

Divide the number whose nine-figure root is desired by the fourth power of 
the five-figure root already obtained, carrying the quotient to ten places. 
Add four times the five-figure root to this quotient and divide by five. 
The result will be the fifth root correct to nine significant figures. 

FORMULAS FOR CALCULATIONS 

The operations described above may be expressed in formulas as follows: 

R = S/T = x + 4N 
5 D 

correct to five significant figures, and 

+4R) 

correct to nine significant figures, where X is the number whose root is 
sought, N is the nearest basic tabular number, and D is the indicated divi­
sor from the table. 

EXAMPLES 

Example 1: 
Find the fifth root of 12,453,575. 

Writing this number in periods of five digits, it becomes 124*53575. The 
nearest corresponding value under N is 12,497, and since there are three di­
gits in the first period, the divisor 237.911 from Column 3 is to be used. 
After adding four times 12497000 to 12453575, the Middle Dial reads 62441575. 
Dividing by 237.911, the root is found to be 26.246, the number of periods 
to the left of the decimal in the number determining the number of digits 
to the left of the decimal in the root. 

To determine the root to nine places, square 26.246 by multiplying it by it­
self, and then square the result, thus obtaining the fourth power of the 
five-figure root. This gives 474,517.7888 which is contained in 12,453,575, 
26.24469576 times, carrying to the full capacity of a 10-column machine. 
Set this quotient in the Middle Dial and add four times 26.24600000, causing 
the Middle Dial to read, 131.22869576. Divide by five, giving 26.2457392 
as the value of the root correct to nine figures. 

Example 2: 
Find the fifth root of 0.000125. 

The nearest value of N is 12,497. Since there are three zeros after the de­
cimal point, subtracting from five this leaves two for the number of the 
column for the divisor which is found to be 37.7064. Proceeding as in Exam 

pie 1, the root is found to be 0.16572. 
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REMARKS: 

DIVISION — WHEN FACTORS EXCEED CAPACITY OF CALCULATOR 

J l l T d i n e c e k  i>y t k e  d . v . s o r a n d  a d d r n e t h e  * » • « .  

1234567891234^ _ 12345678910000 4 234^ 
~J 123456 12345 123456 123456 

If the divisor has more digits than the number of columns of the Mar-
cLnt, the problem Is solved by an expansion of series; thus, 

_1_ = ®. ( 1  ~  +  ...) 
A + s 

When s Is small, compared with A, the final terms may be eliminated, re-

duclng to B 
- T > *  A 

XAMPLE: Solve .01875438 
10.285 714 285 71 

Substituting in the above, 

to 13 significant figures, assuming that only 

a io-column model is available. 

Then 

B = .018 754 38 
A = 10.285 714 28 
s = .000 000 005 71 

3 _ .018 754 38 
A _ 10.285 714 28 

1334 
= -001 823 342 501 

= .001 823 342 501 013 0 

Now, B 

s .000 000 005 71 _ .000 000 000 555 il 
T = 1^285~ 714 28 

(g 
1  

- M A \ A a, 

JL] need be computed 
A 

to four figures, at most; thus, 

.001 823 3d x .000 000 000 555 1 - -000 000 000 001 012 2 

which, being subtracted from B/A, shows final guotlent of 

„01 823 342 500 001 (to 13 significant figures). 

A Marchant Method that short-cuts the above worh Is on reverse side here-

of. 

4  + h e  „ r i e s  m a y  b e  d i s r e g a r d e d  d e p e n d s  u p o n  a c  
O  W h e t h e r  h i g h e r  t e r m s  o f  t h e  s e r i e s  y  h  p L a c e  

c u r a c y  d e s i r e d .  I n  t h i s  c a s e ,  o b v i o u s l y ,  s  w  
y r- _ 1/ l r . ~ +  n b b l i c a t i o n .  

MABCHANT CALCULATING MACHINE COMPANY OAKLAND. CALIFORNIA 
PRINTED IN U. •• A. 
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MARCHANT APPLICATION FOR EXAMPLE ON REVERSE SIDE 

OPERATIONS: As it is desired to utilize the full 10-figure capacity, •decimals will 
be set by inspection of the results. Use 10-column Model M with Upper 

Green Shift Key down. 

(1) With carriage in 10th position, setup the significant figures of B (1875438) 

at extreme left of Keyboard Dial and add. 

(2) Similarly, Set up figures of A (1028571428) and divide. 

Significant figures of A/B' (1823342501) appear in Upper Dial. Copy to 
report in relation to decimal. Remainder (13338..) appears in Middle 

Dial. 

(*) Clear Upper and Keyboard Dials, set up at extreme right of Keyboard Dial the 
leftmost five significant figures of A (10286), shift to 5th posit o , 

and divide. 

The figures to be affixed to A/B appear in Upper Dial. It is noted 
that the first figure produced as a result of the division, though a 
cipher, is significant. The 14-figure quotient is thus .001 823 342 

501 013 0. 

(4) Clear all dials and, by division in the manner of step (1), obtain s/A as 
.000 000 000 555 l,asit need not be computed to more than an additional 
place of "s." Divisor need not be set up to more than six significant 

figures. 

(K) Clear all dials and by suitable Keyboard-Dial entries, carriage shifts, and 
Add-Bar depressions, enter the 14 significant figures of B/A at extreme 
left of Middle Dial, and point off in triads by placing decimal markers 
where commas would appear in the amount as written. 

(6) It is noted from a rough estimate that B/A x s/A is approximately .000 000 000 
001. Set up in Keyboard Dial in columns 5 to 1 (extreme right) the left­
most significant figures of B/A (18233), move Manual Counter Control to­
ward operator and, noting that the leftmost figure of s/A is "5," shift 
carriage so that reverse multiplication by a "5" will cause approximately 
«1« to be subtracted from the "1" of the triad "501" that appears in 
Middle Dial. By this rule the reverse multiplication by s/A should be 
started with carriage in 5th position, whence reverse multiplying by the 
significant figures ofs/A (5551) causes the complete final quotient to 
appear in Middle Dial to 13 significant figures, as 

.001 823 342 500 001 

/ 0 2-6 6 VJ6 
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MM-209 
/W ̂"2"W nor MATHEMATICS 
ill L» I il V aJJ^( r e v l s e d  May 1946) 

CURVILINEAR INTERPOLATION WITH UNEQUAL INTERVALS OF THE ARGUMENT 
THE METHOD OF DIVIDED DIFFERENCES 

REMARKS: When the independent variable (argument) i s tabulated at unequal intervals, inter­

polation in the column of the corresponding dependent variable (function) may be 
performed by the method of divided differences. Instead of using actual differ­

ences (and differences of differences), as in difference-interpolation when argu­
ments are tabulated at equal intervals (see Marchant Method MM-i8g) , the calcu­

lation is based on the average difference Per unit of argument in the range of 

the tabular values. These are the first-order divided differences. Similarly, 
the average difference per unit of argument of these first-order divided differ­

ences becomes a second-order divided difference, and so on. 

The method is equally suitable for direct or inverse interpolation because inas­
much as the argument intervals are unequal, the problem does not change character 
if the columns of independent and dependent variables are interchanged. In such 

a case, however, the number of terms required to obtain a result within a given 

limit of error may differ materially in cases of direct and inverse interpolation 

in the same portion of the table. 

OUTLINE: The nomenclature is as follows: 

Argument Function 
1st 

xo y0 - O
 

X 

f(xlx0> f(xlx0> 
X1 f(xx) 

f (x2xx) f (x2xx) 

x 2 y2 
= f (x2) 

f (x3) 
f (x3x2) 

X3 y3 
= f (x3) 

f (x4x3) f (x4x3) 

X 4 y4 — f(x4) 

and so forth , in which 

Orders of Divided Differences 
2nd 3rd 4th 

f(x2x1x0) 

f(x3x2xx) 

f (x4x3x2) 

f(x3x2x1xQ) 

f (x4x3x2x1) 
f(x4x3x2x1xQ) 

(1) 
f(x.) - f(x ) f(x ) - f(x ) 

f(Xlx0) = —X ; f(x2Xl) = _ ; etc. 
X1 - xo x2 - Xx 

f(x,x.) - f(x.x0) , f(x3x ) - f(xtx#) 
(2) f(x2Xlx0)= u__ i_! ; f(x3x2Xl) = _ , etc. 

X 2  X 0  3 1  

f(x,X?Xl) - f(x.2xlXo) __ f(*4x3x2) - f(x3x2x4) ; ̂  
(3) f(x x2x xQ) = I > f(x4x3x2x:) — , 

3 ~ 0 41 

(4) f (x4x3x2x1xQ) = 
f(x4x3x2xx) - f(x3x2x1x0) 

etc. 
X4 " X0 

(over) 

> 

KAKCHANT CALCULATING MACHINE COMPANY OAKLAND. CALIFORNIA 
PRINTED IN U. S. A. 
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Then, f o r  any  unknown  x ,  s ay  u ,  

(5 )  f ( u )  =  f (x 0 )  +  (u  -  x 0 ) f ( x 1 x Q )  4 -  ( u  -  x 0 )  ( u  -  x 1 ) f ( x 2 x 1 x 0 )  

4 -  ( u  -  x Q )  ( u  -  x t )  (u  -  x 2 )  f  ( x 3 x 2 x 1 x Q )  

4 -  ( u  -  x 0 )  ( u  -  x x )  ( u  -  x 2 )  ( u  -  x ? )  f  ( x 4 x 3 x 2 x 1 x 0 )  

e t c .  

F o r  g r ea t e s t  p r ec i s i on .  t b .  a r r ay  o f ^v lded  d = c e s  sh o u ld ^as  £  

symmet r i c  w i th  r e spec t  t o  u ,  i . e . ,  „  nh i - a in ing  va lue s  o f  u  i n - t he  v i c in i t y  

. a i ue s .  -  ̂  

2 #  
l a t i ng  nea r  t he  end  o f  a  t ab l e  

I f  t h .  d iv ided  d i f f e r ences  o f  o rde r  - n "  a r e  r i go rous ly  " "^ • " 'L^^Tpo lyno l l . r i n " !  
r ep re sen t ab l e  by  a  po lynomia l  o f  deg ree  '  n  ,  o r  n  a P r a y  ' t o  be  u sed  f o r  c a l c u l a t i ng  - sivrrss 
t o  be  u sed  i n  t he  ca l cu l a t i on  wou ld  be  

f  (x . )  
f ( x 2 x 1 )  

f ( x 2 )  f ( x 3 x 2 x 1 )  

f  (x3)  
f  (x 3 x 2 )  

wh i ch  a r e  symmet r i c  w i th  r e spec t  t o  x 2 -

i n  t h i s  c a se  ( 5 )  ma y  be  o r .  " t o  
X 2  a s  X 1»  e t c *»  °  '  

(6 . )  f ( u )  -  f(x l)  + (U  -  X, )  f(x2x1)  + <d  -  *1>  <« -  " l>  

I „  p r ac t i c a l  . o r b ,  t he  compu t ing  s - me  beco  c s  memor i s ed^  l i t t l e  a t t en t i on  i s  p a l  

i den t i f y ing  t he  va lue s  excep t  by  t he i r  pos i t i on  

I t  i s  no t  o f t en  t h a t  t he  d iv id ed  d i f f * r e ™®® c ° / e * ^  o^ dec rea s^ in^ a l i l ,  i t  o f t en  w i l l  be  
t he  u sua l  f unc t i ons  t ha t  e x h d b **  *  J™ ^ f f e r e n c e s  have  t o  b e  compu ted  be fo r e  one  i s  found  - — •< «•> - sffected to the 
number  o f  p l a c e s  I t  I s  d e s i r ed  t o  r e t a i n .  

x t v i n t  t h e  divided di f ference that  appears  
One  s h o u l d  be  c e r t a i n  whe n  app ly ing  t h i s  p r  nc  p ± g  c l Q s e  t Q  z e r o  m e rely  
t 0  be  s o  sma l l  t h a t  I t s  e f f ec t  ma y  be  " •™^^* a a J a c e n t  va l ue s .  I n  suc h  a  c a se ,  t he  
because  o f  app roa ch i n g  change  o f  s i gn  ~ n i f icant ly  affect  the  result .  Calculat ion 
b„:°xt higher order of d iv id ed  d l f f t he  or de r  t ha t  i t  I s  p roposed  t o  
n f .  „  f » w  nd l a c e n t  va lue s  o f  t ne  a i v i  
d i s r ega rd  w i l l  u sua l l y  d i s c lo se  t h i s  cond i t i on .  



EXAMPLE: Find t «uk u ind  f  (9b.94)  when g iven the  values  of  f (x)  a t  r ie-ht -  tw 
of x  a t  le f t .  The columns of  x  and f l^  1  correspond to  the  values  
Of  d iv isors ,  „  .  e t c .  ' /  f « "P«-ated  t„pe™it  showing t „e  a r r a y  

1 0  ' 2  A o '  e t c * j  x ^  -  x Q ,  e t c .  

x o 

x  

96.55 

X 1 -  x 0 
e tc .  

X  2 "  
e tc  

X 1 96.70 
.15  

.20  
.35  

X 2 96.90 
.12  

.32  

X 3 97.02 
.23  

.35  

X 4  97.25 
.15  

.38  

X 5  97.40 
.11  

.26  

X  6  97.51 

As 96 .94 l ies  between x ,  and x ,  

X 3 ~ x 0 
e tc .  

.47  

.55  

.50  

.49 

X 4  ~  X 0  
etc .  

X 5 ~ x o 
e tc .  

.70  

.70  

.61 

.85  

.81 

f (x)  

f ( x o)  1 .4452 112 

f (x 1 )  1 .4498 542 

f (x 2 )  1 .4560 764 

f (x 3 )  1 .4598 272 

f (x 4 )  1 .4670 530 

f < x 5 )  1.4717 918 

f (x 6 )  1 .4752 802 

Page 2) ,  as  below:  

f U j )  

f (x 2 )  

f (x 3 )  

f (x„)  

1 .4498542 

1 .4560764 

1 .4598272 

1 .4670530 

f (x 2 ) - f ( X l )  
e tc .  

.0062222 

.0037508 

.0072258 

f (*2 x i )  
e tc .  

.0311110 

.0312567 

.0314165 

f ( X 3 x 2 )  f ( X j X ^ )  
e tc .  

.0001457 

.0001598 

f  (x 3 x 2 X l )  
e tc .  

.0004553 

.0004566 

d i f ferences  "as  thVL^ 0""h^e"  shown ToooTldO) ^  r"" ' " 8  0 , 6  "vlded 
i s  .0000007,  which af fec ts  f<96.94> by applying as  fo l ios :  d l f f "« n c e s  

(u  -  X x )  (u  -  x 2 )  [  error  In  assumed f (xxx)]  = ,  e r ror  In  f (u)  

* 2 4  « 0 4  .0000007 .000000007 

\l °ay reasonably be 

cvh"t Tizzr\?sr°g*r\t h e  e r f e c t  ° f  d i v i d e d  d i «-™ 
.,4  x ' ,041 -:0rtoi p p i j ' i n 6 i t i ' 1  < 6 d >-« »•  *  

The des i red  f (96.94)  I s  then computed as  fo l lows:  

P(x x )  
(u  -  x 1 ) f (x 2 x 1 )  =  .24  x .0311110 
(u  -  x x )  (u  -  x 2 )  £f (xxx)  assumed constant^  

.24  x  04 x  .0004560 
To 7  p laces  

1 .4498542 
.00746664 

.00000438 
1 .4573252 

(over)  
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Effect of Rounding, etc.: The calculation assumes that values of x and f(x) are exact, 
whereas normally f(x) at least would have final figure rounded. Analysis of the effect of 
this is possible, but not overly helpful. The practical way of taking it into account is 
to note whether the column of any order of divided differences shows alternate changes of 
sign yet the average of an even number of adjacent values is close to zero. In such a case, 
the fluctuation may be assumed as due to rounding, or lack of adequate smoothing of . the 
original data. The order of divided differences in which this occurs is then considered to 
vanish. In the example, the fourth order of divided differences contains values -.0000109, 
-f .0000114, -.0000090, so may be assumed to vanish. Furthermore, as has been seen, the ef­
fect of the third-order divided difference does not significantly alter the desired value. 

Application of the Marchant is obvious in cases when only a single value is desired. How 
ever, if a series of values is to be had, such as when converting smoothed observations to 
tabular form at equal intervals of the argument, computing work may be reduced by following 

the suggestions outlined below. 

The divided-difference method should be used only to obtain pivotal points of the desired 
tabulation. The in-between values may then be readily had by sub-tabulating'within these 
pivotal values by the more rapid direct-interpolation methods of Marchant Method MM-189 or 

MM-228. 

At the start a few widely separated values should be obtained by the method of divided 

differences as previously outlined for single values. This Is for the purpose of deter­
mining the order of divided differences that may be assumed to vanish In the region 
selected points and by Inference to vanish also at other parts of the table, provided the 

function is of the usual type, 

following sections. 
first-order 

f(xt) - f(xQ) 

96.55 

96.70 

96.90 

97.02 

97.25 

97.40 

97.51 

f (x) 

1.4452 112 

1.4498 542 

1.4560 764 

1.4598 272 

1.4670 530 

1.4717 918 

1.4752 802 

X1 - xo 
etc. 

second-order 
f(x2) - f(xQ) 

X  2  "  X 0  

, etc. 

E 0 
1 
£ 
t-

.0046430 _ .0309533 

.15 

.0062222 _ .0311110 
.20 

.0037508 _ .0312567 

.12 

.0072258 _ .0314165 

.23 

.0047388 _ .0315920 

.15 

.0034884 _ .0317127 

.11 

.0001577 .0004506 

.35 

.0001457 _ .0004553 

.32 

.0001598 _ .0004566 

.35 

.0001755 _ .0004618 

.38 

.0001207 _ .0004642 

.26 

CO 

.47 

.55 

.50 

.49 

itinneH on next naee) 



OBTAINING THE DENOMINATOR-PORTION OF THE ARRAY: 
MM-209 (revised) 

Page 5 

O p e r a t i o n s :  Decimals: Upper Dial 0, Middle Dial 2, Keyboard Dial 2 

(1) With carriage at extreme left, set up largest "x" (97.51) in Keyboard Dial and 
depress Add Bar. 

(2) Set up the next smaller argument (97.40) in Keyboard Dial, reverse-multiply by 
1. Copy difference (.11). 

(3) Clear Middle Dial and depress Add Bar. 

(4) Repeat Steps 1, 2, and 3 for the remaining adjacent and decreasing values, thus 
completing the first column of divisors. 

(5) The general method of obtaining a column of divisors from the column at left is 
to add the diagonally opposite amounts of the column next-to-the-left and sub­
tract the directly opposite amount of the second column of divisors to the left 
of the one being computed. In computing the second column of divisors, the 
"second column of divisors to the left" is nonexistent, so the second column 
is obtained as follows: Set up .15 and add; set up .20 and multiply by 1. 
Copy .35. Clear Middle Dial and add; set up .12 and multiply by 1. Copy .32. 
Clear Middle Dial and add; setup .23 and multiply by 1. Copy .35, and so forth. 

(6) For this example, there is no need for additional columns of divisors, so the work 
thus far would be checked as follows: To 96.55, add the second column of divi­
sors and subtract the interior amounts of the next column of divisors to the 
left; i.e., 96.55 plus (.35 to .26 incl) minus (.20 to .15 incl) equals 97.51. 

Note: If additional columns of divisors are required, they are obtained by applying 
the principle of Step (5), slightly modified to permit continuous operation. 
At the extreme right of the array will be noted a column of divisors for third-
order divided differences (not needed in this computation). They are obtained 
as follows: 

Set up.35 and add; set up .20 and subtract; set up .32 and multiplybyl. Copy 
.47. Clear Middle Dial and add; set up.12 and subtract; set up .35 and multiply 
by 1. Copy .55. Clear Middle Dial and add; set up .23 and subtract; set up.38 
and multiply by 1. Copy .50. Continue in this manner for a considerable sec­
tion of the column. 

The check of any column is made in a similar manner to Step (6) ; i.e., to the 
starting value of x (96.55) is added the right-hand column of divisors (.47, 
.55, .50, .49), from which is subtracted the interior values of the next column 
of divisors at left (.32, .35, .38). The remainder (97.51) checks with the final 
value of x (97.51). 

OBTAINING THE NUMERATOR-PORTION OF THE COLUMN OF FIRST-ORDER DIVIDED DIFFERENCES: 

Though it is possible to obtain each divided difference by the continuous calculator-
operation of finding the difference of the proper values of f(x, etc.) and dividing by 
the corresponding divisor, obtained mentally or by aid of another calculator, the most 
time-saving routine when large amounts of work are to be done appears to be as follows: 

O p e r a t i o n s :  Decimals: Upper Dial 9, Middle Dial 17, Keyboard Dial 8. Start with Non-
Shift Key down and with Division-Clear Lever toward operator on 10-column M-
series Marchant. 

(1) With carriage in 10th position, set up largest f(x) (1.4752802) in Keyboard Dial 
and depress Add Bar. 

(over) 



209 (revised) reverse-multiply by 1-
6 /J A7i7qi8) and reverse 

. smaller amount (1.47 

Similarly set "^'^Iratcr (.0034884). adjacent 
Copy correspondl g Keyboard Dial to read the Sunerator 

clear Diddle Dial and d= of *• 

r̂ r̂tlnn. in this manner 

has been completed. 4452112) 10 the t01™" 

V thus far by adding the end W J*-™ (1.4752802). 

;4) Check the «ork lncl) to give th progressing do»n-
(.004630 to .0 values of the column. thls oase.) 

<°> c#ns: 
Similar has accomodate these posslbi -
ences. If f method is requ check the work 
Obvious alteration column of differences, c Qf 

t t.ton of a considerable section o -functl0D the a"""*""6 Ration, as 1" 

W UP°thrPfaer\y adding tojhe endwl-̂  ̂  ̂  „d value 

differences, which 

Step 4. 

\ 

This is done by divJ;clin| ls suitable for tni 
Ihe decl;afl-e^tl-anf0appears In the numerator. 

"lflC,n , ORDERS OF DIVIDED DIFFERENCES-. obtained In a 
0BTAININ0 ADDITIONAL ORD®S ^ ̂  „f higher orders, ̂  

Second-order divided> "fferences, ? 18 based 

be th* oase' the approximate deldlvlsors are exact, 

: : f o r i  r  r r r r  r i :  ~  - n r  
That portion of tne the example, 
tion (5) is »f"et;uld be used, as follow-
97.25, inclusive, woui nnni2567 

' ' .... - -rsrasw 

™ " r ; r . r . . . .  '  
In the example, there are 

these principles. 

f (97.00) 

1.4560764 
.00312567 
00000091 

TT4592012 
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