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NOTES ON THE GEOMETRY PROBLEM 

M. L. Minsky 

1, The language„ 

One of the reasons Plane Geometry might- be a rewarding domain 

for artificial intelligence is that there is a good chance that we 

could find a language that was simultaneously suitable for machine 

use and human use. A rather small vocabulary is required, and 

very little grammar outside that of propositional calculus would 

be needed. A little bit of lower functional calculus and some 

special grammatical states or "moods" would be all that need be 

added. The "moods" are sentences which bear on the various part3 

of the master organizations they assign to a proposition the 

status of fact, assumed premise, question to be answered9 order 

("work on this subgoai; ") etc. I think that incorporation in 

the object language of terms which can describe machine orders 

will cost little and lead to valuable observations, but I would 

concede that it might be overambitious on a first study. These 

terms will appear in some form in the pre-assembled program, in 

any case. 

Nouns n "AB" 9 "/ ABC" a "P_", C(P,r) etc. represent line segments, 

angles, points, circles, etc. Other terms like "square 

ABCD" can be a priori or later defined. 

Relation terms: Equality: AB = CD (length equality) 

/.k =ZJ3 

Congruence ~ 

Similarity 

Parallellsm || 

Perpendicularity etc. 

Most of elementary geometry can be handled through proposi-

tional calculus, or at least most of the formal proofs. The 

formalization of "construction" may be a little tricky. 

r— 
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There  i s  one  pa r t i cu la r ly  in t e res t ing  domain  o f  p rob lems ,  
namely  " locus  p rob lems" ,  i n  which  some  func t iona l  ca lcu lus  migh t  
be  u se fu l .  The  un ive r se  o f  l oc i  cou ld  be  p rac t i ca l ly  reduced  to  

a  f in i t e  domain .  
Ano the r  i n t e res t ing  aspec t  o f  t he  log ic  i s  the  fo l lowing .  I t  

seems  to  me t ha t  the  p ropos i t iona l  ca lcu lus  tha t  seems  na tu ra l  i n  
Euc l idean  deduc t ion  i s  lops ided  in  an  in t e res t ing  manner .  One  u ses  
subs t i tu t ion  and  de tachment  i n  a  na tu ra l  and  uncompl ica ted  manner .  
One  u ses  the  log ica l  connec t ives  =  ,  .  ,  f r ee ly .  Bu t  one  does  
no t  o f t en  use  "  " .  For  t h i s  reason ,  i t  migh t  be  r a the r  easy  to  
use  a  se t  o f  l og ic  rou t ines  l ike  tha t  p roposed  by  More ,  where  j u s t  
such  an  asymmet ry  be tween  log ica l  ' and"  and  ' ' o r "  i s  apparen t ,  a t  
l eas t ,  i n  the  ea r ly  s t ages  o f  More #  s  t r ea tmen t .  The  same  remark  
app l i e s  to  the  i n i t i a l  Newel l -S imon  p rogram.  

Much  o f  geomet ry  can  a l r eady  be  expressed  wi th  the  above  
t e rms ,  r e l a t ions  and  log ica l  connec t ives .  A t yp ica l  ea r ly  theorem 

would  be  
(AB J_  PQ) . (CD i  PQ)  (AB |  j CD) .  

One  has  to  de f ine  " In te r sec t ion" ,  e t c . ,  a s  a .  t e rna ry  r e l a t ion ,  
X i s  the  in t e r sec t ion  of  AB and  CD.  The  p roper ty  tha t  a l l  r ad i i  o f  
a  g iven  c i r c l e  a re  equa l  cou ld  be  expressed  wi thou t  any  g rea t  d i f ­
f i c u l t y  b y  d e f i n i n g  t h e  c i r c l e  t h r o u g h  A  w i t h  c e n t e r  0  b y  C ( 0 9 A )  
and  de f in ing  a  " rad ius"  a s  any  l ine  OB wi th  OB =  OA.  

3.  Diagrams .  I  In tend  to  con t inue  deve lopment  o f  the  p rogram fo r  
the  d iag ram-bu i ld ing  mach ine  a s  ou t l ined  in  my "Exp lo ra t ion  Sys ­
tems"  paper .  I  th ink  the  sugges t ion  o f  McCar thy  has  g rea t  mer i t s  
Represen t  t he  d iag ram by  ana ly t i c  dev ices  wi th  fu l l  mach ine  p re ­
c i s ion .  Le t  any  unce r t a in ty  in  the  "empi r i ca l "  measurement  
rou t ine  l i e  in  the  method  o f  measurement  r a the r  than  in  the  d i a ­
gram.  Th i s  has  the  mer i t  t ha t  one  can  in i t i a l ly  wr i t e  the  p rogram 
wi thou t  hav ing  to  wor ry  tha t  a  measured  equa l i ty  i s  due  t o  a  mere  
acc iden t  —-  by  cho ice  o f  "genera l "  o r  "a rb i t r a ry"  pa ramete r s ,  so  
tha t  the re  i s  no  s imple  r a t iona l  r e l a t ion  be tween  the  pa ramete r s  
and  t he i r  square  roo t s ,  such  a  con t ingency  i s  ve ry  un l ike ly .  A 
p repa red  t ab le  can  be  used  fo r  such  dec i s ions ,  fu r the r  s impl i fy ing  
the  p rogram.  Th i s  use  o f  fu l l  mach ine  p rec i s ion  would  a l so  make  i s  
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not  too  of ten  necessary  to  redraw d iagrams.  I  th ink  tha t  th i s  
would  s t i l l  a r i se  of ten  enough to  make  the  d iagram-drawing  p ro­
gram in te res t ing .  

i|. Charac te rs  and  methods .  

In  th i s  domain  I  th ink  tha t  i t  wi l l  no t  be  d i f f icu l t  to  do  a  
grea t  dea l j  in  par t icu la r ,  i t  i s  easy  enough to  f ind  good se t s  of  
charac te rs  and  methods .  Fur thermore ,  the i r  in te rconnec t ions  a re  
suf f ic ien t ly  c lear  tha t  i t  would  no t  be  surpr i s ing  i f  i t  were  
feas ib le  to  cons t ruc t  the  whole  charac te r -method  machine  ou t l ined  
in  my Ju ly  paper .  Even  the  abs t rac t  "charac te r  a lgebra"  could  be  
cons t ruc ted .  I t  would  be  very  exc i t ing  i f  th i s  model  tu rned  out  
to  be  powerfu l  enough tha t  the  machine  would  no  longer  need  to  
draw d iagrams for  s imple  theorems.  I t  would  have  l ea rned  to  do  
them in  i t s  headJ  

There  a re  two k inds  of  charac te rs ;  charac te rs  of  the  log ica l  
propos i t ions  and  charac te rs  of  the  d iagrams.  To l i s t  a  few,  l e t  a  
propos i t ion  fo l lowed by  a  "?"  be  a  theorem or  subgoal  to  be .proven .  

Charac te rs ;  Methods ;  

1 .  Propos i t ion  has  the  form;  

AB =  CB? ( i )  Prove  they  a re  in  i sosce les  t r i angle .  
( i i )  "  "  "  "  congruent  t r i angles .  

A =  B? ( . J J  1!  »  H H  I I  »  

( i i )  "  "  "  "  s imi la r  "  
( i i i )  "  "  "  "  i sosce les  "  

( iv )  Oppos i te  angles  
(v)  Corresponding  angles  

(v i )  Al te rna te  in te r ior  angles ,  e tc .  
A =  g  B? ( i )  Bisec t  angle  B„ ?  

(NOTE;  The  i s  an  impera t ive  which  i s  an  order  to  the  
d iagram cons t ruc tor .  Naming  the  resu l t ing  angles  B- ,  and  Bp,  th i s  
method  cont inues  wi th  the  new subgoals  "  A =  B^?"  o r  "  A =  B^?")  

2 .  Met r ic  d iagram charac te rs .  

( In  proving  two angles  equa l )  
Does  one  angle  measure  3O0? . . . . . .  P r o v e .  ( S u b g o a l )  

\\$°1 . . . . . .  "  "  
90°?  Prove  r igh t  t r i angle .  (Subgoal )  
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Charac te rs  Methods  

Met r ic  d iagram charac te rs  (cont . )  
AB = l /2  B£ Prove  ABC i s  30°  r t .  t r iangle„  

(Subgoal )  

(NOTEs The  semant ica l  bookkeeping  might  be  s impl i f ied  by  
use  of  spec ia l  symbol  "="  fo r  empir ica l  equa l i ty ,  to  d i s t inguish  
i t  f rom the  log ica l  "=" .  

3.  Conf igura t iona l  d iagram charac te rs .  

I s  g iven  angle  an  ex te r ior  angle  of  some t r i angle?  
I s  there  another  l ine  para l le l  to  g iven  l ine?  
I s  there  another  angle  equa l  to  g iven  angle?  
Are  two l ines  which  we a re  t ry ing  to  prove  para l le l  c rossed  

by  some t ransversa l?  

I t  seems tha t  there  a re  so  many usefu l  conf igura t iona l  charac te rs  
ava i lab le  tha t  the  subgoal  mus t  be  g iven  a  coarse  charac te r iza t ion  
f i r s t .  Then  th i s  charac te r  i s  used  to  se lec t  which  o ther  more  
spec i f ic  charac te rs  to  eva lua te .  E .g . ,  do  no t  t ry  to  charac te r ize  
the  whole  d iagram.  I f  subgoal  I s  concerned  wi th  a  g iven  angle ,  
on ly  look  a t  loca l  par t  of  f igure ,  and  on ly  a t  charac te rs  grouped  
a round angle  p roper t ies .  

I4 .  Spec ia l  charac te rs  and  methods .  

I f  problem I s  to  prove  a  un iqueness ,  then  use  reduc t io  ad  ab~ 
surdum log ica l  method .  

For  locus  problem,  cons t ruc t  n  (approximate ly  f ive)  po in ts  on  
the  locus .  Then  t ry  to  group  them in to  one  o r  two second degree  
a lgebra ic  curves .  (This  could  be  an  independent  subrout ine . )  F ind  
Geometr ic  t e rms  which  descr ibe  these  curves .  Now prove  tha t  th i s  
i s  same f igure  descr ibed  in  locus  problem.  
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Figure Construction,, 

When we are given a description of a figure in geometric lan­

guage we try to draw an actual particular figure in such a way as 

to display the constraints specified in the description,but to 

make the figure as "general" as possible,otherwise. As humans,we 

do this by choosing,when choice is possible,parameters of the dia­

gram in such a way that the resulting figure will suggest to us 

(as humans) as few falsehoods as possible. Thus we try to a\oid 

a final figure in which any angle"looks like" a right angle,if in 

fact the constraints do not require that the angle be,in fact,a 

right angle. We do this because our choice of heuristic is suggested 

by our impression of the drawn figure,and the presence of angles 

that look to us like right angles have a large effect on the choice 

of heuristic. 

In any case,in constructing a diagram from an abstract des-

cription,certain elements of the diagram have no constraints to 

speak of,others have partial constraints,and others are determined. 

This hierarchy of constraints does depend on the order in which 

parts of the diagram are added. In certain situations,the constraints 

have such a structure that it is quite difficult to draw the figure 

from the abstract description. I believe that when such situations 

arise,they reflect real logical aspects of the problem. An example 

of such a difficulty arises if one tries to draw a diagram of a 

triangle in which two angle bisectors are equal. McCarthy and I 

are investigating the question of whether problems in which this 

type of difficulty arises have a more complicated logical character 

than those in which it does not arise. It would appear that Inequailty 

argumentsBmonotonicity arguments,and uniqueness arguments are 

associated with the logical apparatus required to find proofs when 
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difficulty arises in diagram construction. Presumably,In such cases 

it will be necessary to extend the logical machinery beyond proposi-

tional calculus,probably not very far beyond, 

I will herein describe an algorithm for diagram construction 

which seems to work for "routine" geometric descriptions. The con­

jecture Is that the success of this algorithm in producing a figure 

consistent with the given description is a sufficient condition that 

the methods mentioned above will not be required in proof of the 

theorem. Of course,a great deal depends on what we allow for axiomss 

there will be some give and take between the logic required for 

proofs,and the kind of statements we require proofs for. 

Consider the following construction;From any point of the base 
of a. triangle .draw parallels to the sides, ~~ 

Now I am not contemplating writing a program that will accept 

the problem in this form,but the next version might be feasible. 

The required translation routine might not be too difficult to write. 

Given? 1(BAC),choose D on DC,find E on AB with DE||AC,find P on 

AC with DP||AB. ' . 

The following notation is even more machine-like,and the notation 
I intend to use for a while is introduced here. 

Given T°ABC „ . [E-D-C U A-E-B ]JDE [ |AC 1[A-F-C 1[DF [ [AB] , 

DEFINITIONSs"AB"is the line segment AB, 
"T°ABC" is the triangle with vertices A,B,C, 

"[AB=AC]" says that line segment AB has the same length as 
line segment AC, 

"[E-C-D]" says that B,C,D are collinear in that order,i.e., 
that C is on the line segment between B and D, 

c "[DE||AC]" asserts that DE Is parallel to AC, 
"AB+CD" is the sum of the lengths of AB and CD, 
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I will define a few more expressions which will be useful in this 

exposition No attempt is being made here to write down an exhaust­

ive set of notations for geometry, 

"C(Ppa)M for "the circle with center P and radius a" 
"CvPjAB)" for "the circle with center P and radius length 

of AB" 
33 | I (ApBC)" for "the line parallel to BC through the point A" 

" j{ApBC)" for "the perpendicular to BC through the point A" 

Now I will describe how the algorithm is used to construct the 

diagram. First list all terms and then all constraints. Perhaps the 

simplest way is lexicographical orders 

A, B, Cs Dp E, Fp ABpACpAEpAFpDEpDFp T°ABCP 

p[A—E—B]p[A—F—C]-[B—D—C]p [DEj|AC]P [DF 11 AB], 
(l) (2) (3) A) (5) 

A further convenience will be the replacement of the constraints 
by the string made up of the letters in each constraint„with an index 
on each such string which will make it possible to refer back to find 
what constraint the string came froms 

APB,CPBPEPFPABPACPAEPAF,DEPDF,ABCPAEB1PAFC2PBDC3PDEAC^PDFAB5.. 

_„™_Now choose the first symbol. This is the point A.s 

DRAW A 
(At this point,the machine will get an instruction to 
choose a point,with no conditions. It will pick a ran-
dom pair of coordinates, and assign them to be the pos-

'/\ ition of the point A, We will have more to say about 
the kind of "random"-ness we want for this kind of 
unconstrained choice,) 

-Select the next symbol. This is the point B, 
Look ahead to see if there are any terms which contain B and 
no letters which have not yet been drawn, (i,e,,contain only 
B and A,) 
—•—List these terras 2 • , , AB, 

—-—-Are any of the above terms from constraints? NO, 

DRAW B 
(There are no constraints on B, The machine selects 
coordinates for B which are random except that they 
are "geometrically independent"of any previously 
chosen coordinates,nunely those for A,) 

9 
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NOTSs I am not including an explicit discussion of the "generality" 
routine". The term sequence will first be run through a 
clean-up routine which handles the non-degereracy of figures 
in accord with the wording of the problem. The term ABC in the 
present problem is really a sort of constraint which should 
be interpreted as "A pBsar d C are not collinear"(which the 
random coordinate program will take care of automatically,and 
also "the terms AB,ACsand BC" should appear in the sequence". 
The latter should be fixed.,at this point.) See ## below. 

——The non-constrained line segments listed under B(namely just AB] 
can now be drawn. 

DRAW AB 

(The machine doesn't have to make any choice here since 
once the endpoints are determined,30 413 the segment. 
It should,however,store under the address corresponding 
to AB,data about the line,e,g.,its slope,etc.9and its 
endpoints.) 

--Choose the next symbol. This is C. 
«—.—Look ahead for terms involving C and only A and/cr B. These 

ares AC9ABC. ABC can be regarded as a constraint that C 
not lie on the line through A and B,and also as an in­
struction to add ABsAC„and BC to the li3t. if they are 
not there already. -*#The clean-up routine mentioned above 
may not really be necessary if this interpretation of 
the names of figures is used,since the necessary additions 
to the list of term, occur just when those terms can be 
interpreted in the drawing. 

DRAW C 

(Coordinates random except that they are non-collinear 
with AB.) 

DRAW AC. DRAW BC. 
--—Choose next symbol. This is D. 

™—-Look for all terms involving D and only AjB^and/or Cs 
bdo3 

——Are any of these terms from constraints? YESs 
BCD-, represents the constraint [B-C-D] 

3 
DRAW D such that [P-D-C ] 

(The machine chooses a pair of coordinates for D 
which satisfy the equation for the line through 
B and Cpis between those points,and is otherwise 
random.) 

Remarks Whenever a point is determined consistent with the 
constraint [X-Y-Z],then the two new segments XY and 
YZ should be added to the lexicon of geometric ob­
jects, 

DRAW BD 
DRAW DC 



Choose next symbolo This is E0 List all terms which contain 
E and points already drawn0 

AE SDE sAEB1j,DEAC^ 

—-Are any of these terms from constraints? YES; 

AEBX and DEAC^ 

DRAW E such that [A-E—B] AND L DE j j AC 3 (1) 

(The machine has to find the coordinates 01 the point 
which satisfies the two constraintscThe constraints 
can be converted into equations by the following defin­
itions; Replace the instruction (1) just above by 
the expression 

[A—E#—B ] AND [DE#||AC]0 

The asterisk denotes the unknown point. By the nature 
of the algorithm we are describing,the constraint could 
not have come to the machine's attention unless there 
is just one unknown in ito The constraints with one 
asterisk are interpreted as follows; 

[AB**j j CD ] means B e j|(ApCD) 
[A*B| |CD] means A e ||(B,CD) etc. 
[AB#=CD] means B e C(ApCD) etc. 
[A-B-"--C] means B e line through A and Cyand the 

inequalities necessary for the order.) 

(Two constraints determine a point,hence we can 

DRAW E) 

Because one of the constraints is the [X-Y-Z] type„we 

DRAW EA 
DRAW EB 

- Choose next point. This is P. The same kind of analysis as 
for E yields 

DRAW F such that [A-F-C] AND [DF[ jAB] 

And then 
DRAW AF 
DRAW FC. 

END 

(A check reveals no letters to be determined. A check should 
be made to see that all expressions are now interpreted.) 



The process can be abbreviated as follows 

oA where °X is a point taken in 
og ab , "general position"0 

Ag *X is a point with one 
°C AC BC constraint 

Ac 51 **X is a point determined 
gQ by two constraints0 

#j) [B-D#-C] I XY is a term now de t ermine do 
-XY is a new term defined by 

' the construction. 
IMS, AE 9 DE [ A—E#-B ], [ DE* | | AC ] 

A3 j Column I contains terms 
g3 determined at eajch step. 

~EB r. rnM||Jn1 Column II contains the 
AFSDP [A F-'-C ] p [ Dr"' j |AB ] constraints which become 

1 effective at each step. 
DF 

—FC I II 
END 

A\ 

The algorithm will work for this problem no matter what order 
in which the points may be taken. The machine never has to solve 

any problem more difficult than pairs of linear equations. For 

other problems,solution of a linear and a"circular" quadratic equation 

may be required,and in other constructions,pairs of quadratics may be 

required. 



For these computations,! think that complex number representation 

would be useful,and the associated vector addition properties would 

simplify the problem of assigning coordinates to a point satisfying 

a single constraintsif the point lies oh a circle,assign a random 

angle,if on a line,add a random multiple of the unit vector in that 

direction to some point on that line,, 

Heuristic note. 

This algorithm works on some problems and not on others. If 

it works,then I am fairly sure that it is a consequence of this fact 

that certain METHODS can be ruled out in the proof exploration 

process9e.g,,the methods mentioned on page 1. 

This suggests that it might be profitable to list several 

such algorithms for figure construction. Then Each such algorithm 

can be regarded as a character- for problems. The success or failure 

of a construction algorithm is surely a promising indication of the 

"character" of a problem. The failure of the algorithm described 

herein perhaps shows that certain methods are ruled out,and perhaps 

others are required. 


